
x = x(t), y = y(t)

dx

dt
= by,

dy

dt
= −ax, a, b > 0.

dx/dt = 0, dy/dt = 0

x = 0, y = 0,

(x, y) = (0, 0)

xy (x(t), y(t))

xy

t (x(t), y(t))
(x(t), y(t))

x′(t) ̸= 0
t = t(x)

y = y(t(x))

dy

dx
=

dy

dt

dt

dx
=

dy

dx
=

dy/dt

dx/dt
.

dx

dt
= y,

dy

dt
= −ax, a > 0.



dy

dx
= −ax

y
,

∫
y dy = −

∫
ax dx ⇒ ax2 + y2 = C.

C C = 0
(0, 0) C > 0

C < 0 (x, y) !

dx

dt
= y,

dy

dt
= ax, a > 0.

dy

dx
= −ax

y
⇒

∫
y dy =

∫
ax dx ⇒ ax2 − y2 = C.

C > 0 x
C < 0 y C = 0

y = ±
√
a x (0, 0) !

ẋ = X(x, y)

ẏ = Y (x, y).

X(x, y) = 0, Y (x, y) = 0.

dy

dx
=

Y (x, y)

X(x, y)
.

x = x(t), y = y(t).



ẋ = ax ⇒ x(t) = c eat,

ẋ = ax+ by

ẏ = cx+ dy.

{
ax+ by = 0

cx+ dy = 0
⇒

{
x = 0

y = 0

x = r eλt, y = s eλt,

r, s,λ

(a− λ)r + bs = 0

cr + (d− λ)s = 0.

r, s
(r, s) = (0, 0)

∣∣∣∣
a− λ b
c d− λ

∣∣∣∣ ⇒ λ2 − (a+ d)λ+ (ad− bc) = 0.

λ1,λ2 λ r
s

x(t) = r1 e
λ1t + r2 e

λ2t

y(t) = s1 e
λ1t + s2 e

λ2t.

[
ẋ
ẏ

]
=

[
a b
c d

] [
x
y

]
.



x =

[
x
y

]

A =

[
a b
c d

]
.

ẋ = Ax.

x(t) = eλt v, v =

[
r
s

]
,

v

ẋ =
d

dt

(
eλtv

)
= λ eλtv

Ax = A
(
eλtv

)
= eλtAv.

Av = λv λ

[
r
s

]
=

[
a b
c d

] [
r
s

]
,

λ 2 × 2
(r, s)

ẋ = −x− 3y

ẏ = 2y.

x = r eλt, y = s eλt.

(λ+ 1) r + 3 s = 0, (λ− 2) s = 0.

(λ+ 1)(λ− 2) = 0 ⇒ λ = −1, λ = 2.



λ = −1 (r, s) = (1, 0) λ = 2
(r, s) = (1,−1) λ1 = −1, λ2 = 2

v1 =

[
1
0

]
, v2 =

[
1
−1

]
.

x(t) = c1 e
λ1t v1 + c2 e

λ2t v2

⇒
[
x
y

]
= c1 e

λ1t

[
1
0

]
+ c2 e

λ2t

[
1
−1

]
.

x(t) = c1 e
−t + c2 e

2t

y(t) = −c2 e
2t

c1, c2

(x, y)(t = 0) = (1, 0) c1 = 1, c2 = 0
(x, y)(t) = (1, 0)e−t

x(t = 0) = v1 x(t) = v1 e−t

x(t = 0) = v2 x(t) = v1 e−2t !

v1,v2

cv1, cv2

v1
λ1 = −1

v2 λ1 = 2

cv1 = c(1, 0) cv2 = c(1,−1)
c(1, 0)

c(−1, 1)

ẋ = x− 2y

ẏ = 3x− 4y



∣∣∣∣
1− λ −2
3 −4− λ

∣∣∣∣ = 0 ⇒ λ2 + 3λ+ 2 = 0,

λ1 = −1, λ2 = −2 v⃗1 = (1, 1), v⃗2 = (2, 3)

x(t) = c1 e
−t + 2c2 e

−2t,

y(t) = c1 e
−t + 3c2 e

−2t.

c1, c2 ∈ R
(x, y) → (0, 0), t → ∞

t → ∞

x(t)

y(t)
=

c1 e−t + 2c2 e−2t

c1 e−t + 3c2 e−2t
.

e−t

x(t)

y(t)
=

c1 + 2c2 e−t

c1 + 3c2 e−t
.

x(t)

y(t)
= 1, t → ∞.

y = x y = x
(0, 0)

e−2t

x(t)

y(t)
=

c1 et + 2c2
c1 et + 3c2

.

x(t)

y(t)
=

2

3
, t → −∞.

t → −∞
v⃗2 = (2, 3)

v⃗1 = (1, 1)
t → −∞ v⃗2 = (2, 3)

t → −∞
!



ẋ = Ax, x := (x1, x2),

A 2× 2
n×n

λ1,λ2, . . . ,λn A n×n
{v1,v2, . . . ,vn}

Rn P = [v1,v2, . . . ,vn]

P−1AP = [λ1,λ2, . . . ,λn].

y = P−1x,

ẏ = P−1ẋ = P−1Ax = P−1APy.

ẏ = [λ1,λ2, . . . ,λn]y.

y(t) = [eλ1t, eλ2t, . . . , eλnt]y(0),

y(0) y

x(t) = P [eλ1t, eλ2t, . . . , eλnt]P−1x(0),

x(0)

2× 2 P P−1

P =

[
a b
c d

]
, P−1 =

1

∆

[
d −b
−c a

]

∆ = ad− bc



ẋ1 = −x1 − 3x2

ẋ2 = 2x2

A =

[
−1 −3
0 2

]
.

λ1 = −1, λ2 = 2

v1 =

[
1
0

]
, v2 =

[
−1
1

]
.

P =

[
1 −1
0 1

]
, P−1 =

[
1 1
0 1

]

P−1AP =

[
−1 0
0 2

]
.

ẏ1 = −y1

ẏ2 = 2y2

y = P−1x y1(t) = c1e−t, y2(t) = c2e2t

y(t) =

[
e−t 0
0 e2t

]
y(0).

y1(0) = c1, y2(0) = c2

x(t) = P

[
e−t 0
0 e2t

]
P−1 x(0) ⇒

{
x1(t) = x1(0)e−t + x2(0)(e−t − e2t)

x2(t) = x2(0)e2t

(y1, y2) (x1, x2)

ẋ1 = ax1 − bx2

ẋ2 = bx1 + ax2

∣∣∣∣
a− λ −b
b a− λ

∣∣∣∣ = 0 ⇒ (λ2 − a)2 + b2 = 0,⇒ λ = a± ib.



(1,∓i)

x1(t) = r1e
(a+ib)t + r2e

(a−ib)t = eat[r1e
ibt + r2e

−ibt]

x2(t) = −ir1e
(a+ib)t + ir2e

(a−ib)t = eat
1

i
[r1e

ibt − r2e
−ibt]

r∗2 r2 r∗2 = r1 r1 := c1/2+ic2/2 c1, c2 ∈ R

x, y

x1(t) = eat 2 [r1e
ibt] = eat [c1 bt− c2 bt]

x2(t) = eat 2 [r1e
ibt] = eat [c1 bt+ c2 bt].

x(t) = eat
[

bt − bt
bt bt

]
x(0),

x = (x1, x2) x(0) = x(t = 0) !

x0 bt
a > 0 a < 0 x0

z = x1 + ix2

ż = (a+ ib) z.

(r, θ)
z = r(t)eiθ(t)

{
ṙ = ar

θ̇ = b
⇒

{
r = r0 eat

θ = bt+ θ0.

a < 0
a > 0

a < 0 a > 0 !

a = 0
!

ẋ1 = ax1 + bx2

ẋ2 = cx1 + dx2



A 2n× 2n
λj = aj + ibj λ∗

j = aj − ibj wj = uj + ivj , w∗
j = uj − ivj

{u1,v1, . . . ,un,vn} R2n P = [v1,u1, . . . ,vn,un]

P−1AP =

[
aj −bj
bj aj

]
.

y = P−1x

ẏ = P−1ẋ = P−1Ax = P−1APy =

[
aj −bj
bj aj

]
y.

x(t) = P

[
aj −bj
bj aj

]
P−1x(0).

ẋ1 = x1 + x2

ẋ2 = −5x1 − 3x2

λ2 − 2λ+ 2 = 0 ⇒ λ1, λ2 = −1± i

(x1, x2) = (1,−2± i)

P =

[
0 1
1 −2

]
, P−1 =

[
2 1
1 0

]
.

y = P−1x ẏ = P−1ẋ = P−1Ax = P−1APy
P−1AP

ẏ =

[
−1 −1
1 −1

]
y.

a = −1, b = 1

y(t) = e−t

[
t − t
t t

]
y(0)

x(t) = Py(t) = Pe−t

[
t − t
t t

]
y(0) = Pe−t

[
t − t
t t

]
P−1x(0) ⇒

x1(t) = e−t [x1(0) t+ (2x1(0) + x2(0)) t]

x2(t) = e−t [x2(0) t− (5x1(0) + 2x2(0)) t]

(x1, x2)



ẋ1 = x1 + x2

ẋ2 = −5x1 − 3x2.

λ2 + 2λ+ 2 = 0 ⇒ λ1 = −1 + i, λ2 = −1− i,

λ2 = λ∗
1 λ = λ1 λ = λ2

s1 = (−2 + i)r1, s2 = (−2− i)r2.

x1(t) = r1 e
(−1+i)t + r2 e

(−1−i)t,

x2(t) = r1(−2 + i) e(−1+i)t + r2(−2− i) e(−1−i)t.

r2 = r∗1 r1 =
1
2c1+

1
2 ic2

x1(t) = e−t(c1 t− c2 t),

x2(t) = −e−t[(2c1 + c2) t+ (c1 − 2c2) t].

ẋ1, ẋ2

ẋ1 = ax1 + bx2

ẋ2 = cx1 + dx2.

δ = A = ad− bc τ = A = a+ d

λ2 − τλ+ δ = 0 ⇒ λ1,2 =
τ ±

√
τ2 − 4δ

2

δ < 0
δ > 0 τ2 − 4δ ≥ 0

τ < 0 τ > 0
δ > 0 τ2 − 4δ < 0 τ ̸= 0

τ < 0 τ > 0
δ > 0 τ = 0



A n
x0 ∈ Rn

t→∞ x(t) = 0 x0 ̸= 0 t→−∞ |x(t)| = ∞

A
x0 ∈ Rn

t→−∞ x(t) = 0 x0 ̸= 0

t→∞ |x(t)| = ∞

λj = aj + ibj
wj = uj + ivj

Es = {uj ,vj | aj < 0}
Eu = {uj ,vj | aj > 0}
Ec = {uj ,vj | aj = 0}

A =

⎡

⎣
−2 −1 0
−1 −2 0
0 0 3

⎤

⎦

λ1,2 = −2± i w1,2 = [0, 1, 0]T ± i[1, 0, 0]T λ3 = 3
u3 = [0, 0, 1]T Es (x1, x2)

Eu x3

Es, Eu, Ec n × n

Rn = Es ⊕ Eu ⊕ Ec.

x0 ϵ > 0 δ > 0
x(t = 0) ∈ Nδ(x0) x(t) ∈ Nϵ(x0)

t > 0



δ > 0 x ∈ Nδ(x0)

t→∞
x(t) = 0.

ẋ1 = ax1 + bx2 , ẋ2 = cx1 + dx2.

a, b, c, d



n

ẋ = f(x),

x n f n

ẋ1 = f1(x1, x2)

ẋ2 = f2(x1, x2).

x0

Df(x0) =

[
df1/dx1 df1/dx2
df2/dx1 df2/dx2

]

x0

.

ξ̇ = Df(x0) ξ, ξ := x− x0

x0

E Rn

f ∈ C1(E) ẋ = f(x) f(0) =
0 Df(0) k n − k

S k
Es

0 x0 ∈ S

t→∞
x(t) = 0.

U n− k
Eu 0

x0 ∈ U

t→−∞
x(t) = 0.

S U

ẋ1 = x1 − x2, ẋ2 = 1− x1x2.

f1 = x1 − x2, f2 = 1− x1x2

f1 = 0 ⇒ x1 − x2 = 0 ⇒ x1 = x2,



f2 = 0 ⇒ x1x2 = 1 ⇒ x1 = ±1 = x2.

(−1,−1) (1, 1)

[
df1/dx1 df1/dx2
df2/dx1 df2/dx2

]
=

[
1 −1

−x2 −x1

]
.

(−1,−1) ξ1 = x1 + 1, ξ2 = x2 + 1

[
ξ̇1
ξ̇2

]
=

[
1 −1
1 1

] [
ξ1
ξ2

]
.

λ1,2 = 1 ± i

ξ2 = 0, ξ1 > 0 x1
ξ̇1 = ξ̇2 > 0

(1, 1) ξ1 = x1 − 1, ξ2 = x2 − 1

[
ξ̇1
ξ̇2

]
=

[
1 −1
−1 −1

] [
ξ1
ξ2

]
.

λ1,2 = ±
√
2

(1, 1∓
√
2)

ẍ = −x+ ϵx3, ϵ > 0.

ϵ

ẋ = y

ẏ = −x+ ϵx3.



ẋ = 0 ⇒ y = 0

ẏ = 0 ⇒ x(1− ϵx2) = 0 ⇒ x = 0,± 1√
ϵ
.

(0, 0),

(
1√
ϵ
, 0

)
,

(
− 1√

ϵ
, 0

)
.

dy

dx
=

−x+ ϵx3

y
⇒

∫
ydy =

∫
(−x+ ϵx3)dx ⇒ x2

2
+

y2

2
− ϵ

x4

4
= C ′,

x2 + y2 − ϵ
x4

2
= C.

x = 0 C y = 0
C C

ϵ = −0.1
ϵ = 0.1

(0, 0)
ϵ < 0

ϵ = 0

ϵ > 0 (0, 0)

(±
√

−1/ϵ, 0)
x′ = x − x0 (x0, 0)

ẏ = −(x′ + x0) + ϵ(x′ + x0)
3 ≈ −x′ + x0 + ϵ(x30 + 3x20x

′) = (−1 + 3ϵx20)x
′ = 2x′.

ẋ′ = y

ẏ = 2x′.



λ2 − 2 = 0 ⇒ λ1,2 = ±
√
2

λ =
√
2 (1,

√
2) λ = −

√
2

(1,−
√
2)





N = N(t)

b d

dN

dt
= bN − dN, b, d > 0.

N(t) = N0 e
(b−d)t, N0 = N(t = 0).

b > d

dN

dt
= rN,

r

N

dN

dt
= rN

(
1− N

K

)

N ≪ K
r

N N
(1 − N/K) N ∼ K

N > K
K

N(t) =
N0Kert

K +N0(ert − 1)
.



r > 0 N(t) → K t → ∞

N

dN/dt = 0

rN

(
1− N

K

)
= 0 ⇒ N = 0 N = K.

N = 0 N = K
r > 0

t
N

r

s

Φ
p

r > s

N

dN

dt
= (r − s)N.

α := r−s r > s ⇒ α > 0
N(t) → ∞ t → ∞

dN

dt
= αN

(
1− N

K

)

K := pΦ N(t) → K t → ∞



n :=
N

K
, τ := αt

dn

dτ
= n(1− n)



x(t) y(t)

δt δx

ax δt, a > 0

−cxy δt, c > 0

δx = ax δt− cxy δt,

ẋ = ax− cxy.

δy

−by δt, b > 0.

dxy δt, d > 0.

y

ẏ = −by + dxy.

x ≥ 0, y ≥ 0

ẋ = 0, ẏ = 0

ax− cxy = 0, −bx+ dxy = 0.

(0, 0) (b/d, a/c).



dy

dx
=

(−b+ cx)y

(a− cy)x
,

x y

∫
a− cy

y
dy =

∫ −b+ dx

x
dx,

(cy − a y) + (dx− b x) = C.

C

f(x) + g(y)
f(x) = dx− b x g(y) = cy − a y f(x) + g(y)

d[f(x) + g(y)]/dx = 0 ⇒ df(x)/dx = 0 d[f(x) + g(y)]/dy = 0 ⇒ dg(y)/dy = 0

df

dx
= 0 ⇒ b

x
− d = 0 ⇒ x =

b

d
,

dg

dy
= 0 ⇒ a

y
− c = 0 ⇒ y =

a

c
.

(b/d, a/c)

ẋ
x = b/d, y > a/c

x(t), y(t)



x

a
cd

b ,( )

y

 O

a = 1, b = 2, c = 1, d = 1
(0, 0), (2, 1) C = 1.7, 2.2, 2.7, 3.2, 3.7

N1, N2

dN1

dt
= r1N1

(
1− N1

K1

)

dN2

dt
= r2N2

(
1− N2

K2

)
,

r1, r2
K1,K2

N1, N2

N2 −c1N2N1

N1 N1 r1 − c1N2

−c2N2N1

N2 N2



r2 − c2N1

dN1

dt
= r1N1

(
1− N1

K1
− b12

N2

K1

)

dN2

dt
= r2N2

(
1− N2

K2
− b21

N1

K2

)
.

b12, b21

N K

b12N2/K1

N1/K1 N1 N1

N2 N1 K1

N2 b21N1/K2

N2/K2 N2 N2

N1 N2

K2 N1

dN1

dt
= r1N1

(
1− N1

K1
− b12

N2

K1

)

dN2

dt
= r2N2

(
1− N2

K2
− b21

N1

K2

)
.

N1, N2 t

a ̸= 1, b ̸= 1

u1 =
N1

K1
, u2 =

N2

K2
, τ = r1t,

du1
dτ

= u1(1− u1 − a u2)

du2
dτ

= ρu2(1− u2 − b u1),



ρ =
r2
r1
, a = b12

K2

K1
, b = b21

K1

K2
.

u1 (1− u1 − a u2) = 0

u2 (1− u2 − b u1) = 0

(x, y) = (x∗, y∗)

u∗1 = 0, u∗2 = 0,

u∗1 = 1, u∗2 = 0,

u∗1 = 0, u∗2 = 1,

u∗1 =
1− a

1− ab
, u∗2 =

1− b

1− ab
.

u∗1 > 0, u∗2 > 0 a < 1, b < 1
a > 1, b > 1 a < 1, b > 1 a > 1, b < 1

(u∗1, u
∗
2) f1(u1, u2) := u1(1−u1−au2), f2(u1, u2) :=

ρu2 (1− u2 − bu1).

A =

[
∂f1
∂u1

∂f1
∂u2

∂f2
∂u1

∂f2
∂u2

]

u∗
1,u

∗
2

=

[
1− 2u1 − au2 −au1

−ρ bu2 ρ (1− 2u2 − bu1)

]

u∗
1,u

∗
2

.

A =

[
1 0
0 ρ

]

λ1,2 = 1, ρ > 0

A =

[
−1 −a
0 ρ(1− b)

]

λ1,2 = −1, ρ(1− b) b > 1
b < 1

A =

[
1− a 0
−ρb −ρ

]

λ1,2 = 1 − a,−ρ a > 1
a < 1



A =
1

1− ab

[
a− 1 a(a− 1)

ρb(b− 1) ρ(b− 1)

]

λ1,2 =
(a− 1) + ρ(b− 1)±

√
[(a− 1) + ρ(b− 1)]2 − 4(1− ab)ρ(a− 1)(b− 1)

2(1− ab)
.

a < 1, b < 1 λ1 < 0, λ2 < 0
a > 1, b > 1 λ1 < 0, λ2 > 0

H P

dH

dt
= (a1 − b1H − c1P )H

dP

dt
= (a2 − b2P + c2H)P,

a1, a2, b1, b2, c1, c2
P






