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Best Response Curves

 Used to solve for equilibria in games

» A player’s best response is the choice that maximizes its pay-off, taking
other players’ strategies given

 Consider a game of two players A and B
— b, (1) best response for A when B’s strategy 1S r
— bg(c) best response for B when A’s strategy is ¢
— A Nash equilibrium is a pair of strategies (c*,r*) such that
c* = by(r")
r* = bg(c*)



Example

 Player’s A strategies: Top with probability p, Bottom with probability 1 — p
» Player’s B strategies: Left with probability g, Right with probability 1 — g

« Profitof AP,(p) =q(1-p)+ A -)(-1-p))=q—qp+ A —-q)(p—-1) =(-2q+Dp+2q—1

« Profitof B: Pg(q) = p(—(l — q)) +31-p)(1—-qg)=Up—3)g—4p+3



Maximization problem for A: maxg<,<1[(—2q + 1)p + 2q — 1]

If(—2g+1<0)=>q> % then maximum is reached at p = 0
If (—2¢g+1>0)=>¢qg< % then maximum is reached atp = 1

If (—2q+1=0)=>q= % then maximum is reached atany 0 <p <1
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Best response curve p(qg)for A:
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Maximization problem for B: max<q<:[(4p — 3)q — 4p + 3]

If (4p —3 < 0) = p < 3/4 then maximum is reached at q= 0
If 4p—3>0)=p>3/4 then maximum isreachedatq =1
If (4p—3=0)=p=3/4 then maximum isreachedatany0 <q <1
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Best response curve g(p)for B:
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Both best responses cross at (p,q) = (Z,%), which is the unique Nash equilibrium
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Py=q2p)+(1-q@)A—-p)=3pg—p—q+1

Let p change by Ap then payoff changes by 4P, = 3q4p — 4p = (3q — 1)4p

A wants to increase p (4p > 0) whenever 3g —1>0& q > 1/3 (max4P;, » maxdp — p =1)
A wants to decrease p (4 < 0) whenever 3g—< 0 & q < 1/3 (max4P, » max4dp — p = 0)

A is happy with any value of 0 < p <1whengq =1/3
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Pp =pq+2(1-p)(1—q) =3pq —2p—2q+2

Let g change by Aq then payoff changes by 4Pz = (3p — 2)4q
If p>2/3 Bwantstoincreaseqgatq =1

If p <2/3 B wantsto decrease gatq =0

If p =2/3 B chooses any value of 0 < g < 1 as best response
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Nash equilibria are: (0,0), (1,1), (2/3, 1/3)
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Sequential Games
« Simultaneous game: Nash equilibria — (Top, Left), (Bottom, Right)
« Sequential game: A chooses first, B observes A and chooses next -_
— (Top, Left) is not reasonable in the sequential game ---
Extensive form of the game ---
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Repeated Games
 Each player has the opportunity to establish a reputation for cooperation
o If a player does not cooperate the opponent can punish for bad behavior

« When a game Is repeated a fixed number of times, players do not
cooperate

* When a game is repeated an indefinite number of times then the strategy
with the highest overall pay-off is ‘tit for tat’

- ‘t1t for tat’: do whatever the other player did in the last row



Example

--- Defect is dominant strategy for A and B in a one-shot game

I. Repeated number of times n = 10

At round 10: Both players defect (choose their dominant strategies) — same outcome as if only 1 round
At round 9: If player A cooperates then B will defect knowing round’s 10 outcome — so both defect

There is no way to enforce cooperation — same outcome as in a one-shot game

Ii. Indefinite number of times
Best strategy for A (tit for tat):
Round 1: cooperate
Round 2: if B defected at round 1 defect otherwise cooperate




Games of competition

Zero —sum games: payoff to one player is equal to the losses of the other

Example (penalty point in soccer)




Payoff maximization for A
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Red line: A’s payoff if B chooses “Defend Left”
Purple line: A’s payoff if B chooses “Defend Right”
Green line: for each p the best payoff of A (P,) since B will try to minimize A’s payoff

Maximum payoff is reached at p = 0.7



Payoff maximization for B
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Red line: A’s payoff if A chooses “Kick Left”
Purple line: A’s payoff if A chooses “Kick Right”
Green line: for each g the best payoff of A (P,) (A tries to maximize B’s losses)

Maximum payoff for B is reached at g = 0. 6 (the point at which A’s maximum payoff is minimized)



Coordination Games

Pay-offs are highest when players coordinate their strategies

Example: battle of the sexes

» Nash Equilibrium: (art, art), (action, action), (2/3, 2/3) mixed strategy

» How to coordinate: one player moving first
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Evpwnaikn Evwon

Evpunaixé Kowuns Tapeio

Me ™ ouyxpnuato8étnon e ENAGSac kai g Eupwnaiki Evwang



XpnuarodoTnon

*To TTaPOV EKTTAIOEUTIKO UAIKO €XEI avaTITUXOEi OTA TTAQICIA TOU EKTTAIOEUTIKOU
EPYou Tou OI0AOKOVTA.

*To £pyo «AvolkTd AKadnuaika MaBiuaTta oto MNMavermioTApio KpATNG» £XEI
XPNMUATOOOTACEI HOVO T AvVAdIAUOPPWON TOU EKTTAIOEUTIKOU UAIKOU.

*To €pyo uAoTtroicital aTo TTAQicIO ToUu ETmixelpnolakou Npoypduuartog
«EkTTaideuon kai Aia Biou MaBnon» kai ocuyxpnuatodoTeital atro TNV
EupwTraiki ‘Evwon (EupwTtraikd Koivwvikd Tauegio) kal atrd €Bvikoug TTOpouC.

EMIXEIPHZIAKO MPOTPAMMA
EKMAIAEYZH KAl AIA BIOY MAGHZH :-j EZ"A

e enévdyon TNy Uowvia. Tne yvuwon .
x =] Toimonovawm o
YNOYPTEIO MAIAEIAL KAl BPHIKEYMATAQN NIKO TAMEIO

Evpwnaiké Koivwviké Tapeio
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Me tn ouyxpnparodotnon tng EAAadag kat tng Evpwmnaiknig Evwong
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2NUEIWPA adeIodOTNONG

*To TTapdv UAIKO diaTiBeTal Je Toug Opouc TNG Gdelag xpriong Creative Commons
Ava@opa Anuioupyou - Mn Eutropik) Xpnon - MNapopoia Alavoun 4.0 [1]1 i
uerayevéoTepn, AleBvric 'Ekdoon. ECaipouvTal Ta auTOTEAN £pya TRITWYV TT.X.
PWTOYPAPIeS, DlaypAPMATA K.A.TT., TA OTTOIA EUTTEPIEXOVTAI OE AUTO KAl TA OTTOId
avag@EpovTal padi JE TOUG OPOUG XPNONG TOUG OTO «2NuEiwpa Xprions Epywv Tpitwvy.

©089

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

*()¢ Mn EpTtropiki opiletal n xpron:
—1tou eV mep\apBAvVEL AUECO 1) EUUECO OLKOVOULKO 0dEAOC amtd TNV XPron Tou £pyou, yLa To SLaVOUEN TOU
gpyou kot adelodoxo

—1tou eV mep\apBAVEL OLKOVOULKA cuVaAAayr) wc mpoUntoBeon yla Tt xprion r npocPfaocn oto £pyo

—1tou Sev pooTopilel oTo SLavopea Tou £pyou Kol adelod0x0 EUUECO OLKOVOULKO OdeAOG (m.X. Stadnuioslq)
aro tnVv npofoAr Tou £pyou o€ SLadLKTUAKO TOTO

*O BIKOIOUXOG UTTOPEI va TTAPEXEI OTOV ADEIOOOX0 EEXWPIOTN AdEIa VA XPNOIUOTIOIEI TO
EPYO YIQ ELTTOPIKN XPHoN, EPOCOV auTo Tou {NTNOEI.
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