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KegpdAaio 4

Metaoynuaticpnog Fourier

4.1 Opwopodc petacynuoatiopot Fourier

[o orjyota ou dev elvar eptodind und oplouéveg tpobino¥éacelc mou napouctalovTal ToEAXAT
opiletan o yetaoynpatiopds Fourier.

F@)z/ﬁf@k”mﬁ.

Or ouvirixeg Dirichlet e€acgariCouv v Gnapérn tou yetaoynuatiopod Fourier:

e To ofjua eivar andhuta OAOXANEGOGIPO O OAN TN SLdpEXEd ToU,

/MWMﬁ<m

—o0
e Y& OTOLOONNOTE TENEQUATUEVO OO TNUAL, TO ofua €Y EL TETEPACPEVT] UETABONY.

e To mifidog TV acuveYEl®Y Tou ofuatog elvar Tenepacuévo. Emmiéov ot aouvéyeteg, av
UTdEY 0LV, EIVAL TETEPATUEVOU EVEOUG.

O avtiotpogog petaoynuatiowds Fourier dideton and tn oyéon

f@:;/mm@wwk

—00

O petaoynuatiopde Fourier tne xatavourc Dirac eivon F(w) = 1, Vw.

IMapddetypa 1.1.1. To orua
z(t) = e u(t)

éyer petaoynuatiowd Fourier

X(w) = / e"lOtig — —— o> 0.
0

ITopdderypa 1.1.2. To orua



€yl uetaoynuationd Fourier

T e 2
X(w) = / ., e Wit = , =T
2

Y10 Uyfua 1.1 dideton ypagixd 1 cuvdptnor sinc.

Syfua 4.1: H ouvdptnor sinc

4.2 IdwoTtnteg tou petacynuatiopol Fourier
O petaoynuatiopds Fourier éyer i axdhovdeg tbrotnTee.

Feoppixotntae O petaoynpationds evog Yedpuxol cuvduaouol 8%o oNUdTeyY 16o0TAL YE TOV
id10 Ypouuixd cuvduaous Twy avtioTolywy yetacynuatiopdy Fourier.

Xepovixh petatonion Edv F(w) eivar o petaoynuatioudc touv ofuatoc f(t), téte o yetaoyn-
watiopée tou ohpatoc f(t — to) eiva

e W F(w).
Avtiotpogpn Tou yedvou Edv F(w) eivan o petaoynuationde tou ofipatos f(t), 1ote o uetaoyn-
watiopée tou ohgatoc f(—t) elvor F(—w).

Yyxéom ovluyiac Ta npaypatind ofpata f(t) woyder F(—w) = F(w). Edv to ofjpa eivar
emnAéov dpTlo, TOTE 0 peTacynuatiopds Fourier do eivon mpaypatinde, evéd €4V t0 ohpa
elvor MEQITTO,TOTE 0 Yetaoynuatiopos Fourier Yo elvar xadopd gavtaotinds.

AM\ay¥ tne xhipaxag touv xeévou O petaoynuatiopdc Fourier tou ofuatog f(at) o eivar
Lr (%).
]~ o

Metatomion cuyvotntag O nohhanhaotaouds evée ofuatoc f(t) pe tn avtaotixs exdetixn
cuvdpTtnor e suvendyetar T petatémion ot ouyvétnte F(w — wo).
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Autxotnta Edv F(w) givon o petaoynpatiopds tou ofuatos f(t), tdte o petaoynpatiowds tou
ofuatoc F(t) eivar 27 f(—w).

IMopaydyion O petaoynuatiopdc Fourier tne napaydyou evic ofpatoc wwobtar ye iwF (w).

OloxApworn O yetaoynpatiopds Fourier tou aopiotou ohoxAnpmuatog evog ohHpatog
t
| s
1

—F(w) + 7F(0)d(w).

1w

o0t UE

IIegodixd onpa O yetaoynuatiopds Fourier evog neptodino) ofuatog Pe avATTUYUR OE GELRA

Fourier -
)= Y cmen
elvat -
F(w) =27 Z c(n)o(w — nwp).

YuvéehEn O petaoynuatiopds Fourier tne cuvéhing 8o onudtwy 1oobTal UE TO YIVOUEVO TWV
dVo avtioTorywy petacynuatiop®y Fourier.

I'woépevo O yetaoynuatiopds Fourier tou yivouévou 800 onpdtewy mpoxintel and T cUVEAEN
TV BV avticTorywy petaoynuatiouwy Fourier,

/OO z(t)y(t)e “dt = L XY (w—v)dv

—0o0 27r —0o0

Evépyeia H evépyela 1ou 0fuatog napapével avalhoiwTn UE TO UETACYNUATIONO,

fA)dt = — |F(w)|*dw.
/oo 27 oo
IMpdxertar Yo T oyéon tou Parseval yia cuveyr| onfuata.

Yuvéneto TV Tapamdve WoThtey eivat o axdroudog mivaxag uetacynuatiousy Fourier.

f(t) F(w)
1 216 (w)
eiwot 276 (w — wo)

coswot | m(6(w — wp) + 0(w + wp))
sinwpt | im(d(w 4+ wp) — d(w — wp))

IMopdderypa 1.2.1. O petaoynupatiopdc Fourier tne povadiaia Brpatixic ouvdptnone u(t)
elvat )
— + 70
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agol TPoXUTTEL WS ohoxhfpwua Tng xatavourc Dirac. Koatd cuvénewn o petaoynpationds
Fourier tou ofjpatog npéonuo

2
f(t) =2u(t) —1 ebvar F(w) = =
IMopaderypa 1.2.2. To orua
z(t) =e " a >0
vedopeton z(t) = x1(t) + z1(—t), yroa t # 0, bnov
z1(t) = e “u(t).

Apa, Moyw ypauuxdtntag, Yo €yet yetaoynuatiopd Fourier

1 1 2a

X(w) = + =

ativ  a—iw a4 w?’

Y10 YUyfua 1.2 8idetar 1600 10 onud, 600 xal 0 Yetaoynuatiopds Fourier yio 8o tuég tng
Topauéteou a. Emdenevietar enopévee xan 1 18totnta T ahhayfic g ahipoxag tou ypdvou. H
welwomn NG Ypovinng €XTACNE TOU GHUATOS CUVETAYETAL PEYAAUTERO €0pog ouyvotAtwy. Katd

exp(-abs() 214

L L L L L L L L L L L L L L
-3 -2 -1 0 1 2 3 -5 -4 -3 -2 -1 0 1 2 3 a 5
t ©

exp(-2 abs(t)) al(4+e)

Eyfua 4.2: O petaoynuationds Fourier tou ofuatog tou Iapadelypatog 1.2.2 yia 800 Tipég
TOU Q.
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ouvémeld, Aoy duixdTnTag, 0 peTaoynpationds Fourier tou orjuatog

1
)= ——
z(t) o? 4 t2
elvaut .
X (w) = —e ol
()= "¢

IMapaderypa 1.2.3. O petaoynuatiopds Fourier tou orpatog

2(t) = sintat

7 4 .. /7
elvat, Aoyw duixdTnTaC,

7 w <L
X(“’)—{o, Wl > a

IMapddetypa 1.2.4. O avtiotpogoq petaoynuationds Fourier tou

1
X = arp

TEOXVUTTEL ¢ 1 oLVEMEN Tou ofuatog tou Tlupadetyyatog 1.1.1 pe tov evautd tou. Omndte
Beloxouye

t
z(t) = / e dr =te” ", a > 0.
0

IMoedderypa 1.2.5. To ofua s(t) = m(t)coswet ouviotd draudpenon tou TAdTous evéc
P€povToC TUITOVOEWOUC GHuaToc Yl T uetddoon tou ofuatoc m(t). H cuyvétnra we tou
PpépovTtoc ofipatoc efvar xatd TohG peyahlTeRn NS UEYIOTNG ouyvoTNTaC Tou ofjuatog m(t).
Tumxd to edpog cuyvothitwy Tou ofuatog Yo unopoloe va eivon 10 kHz, evd 71 @épouoa
ouvyvotnta elvar exatoviddeg kHz. O petaoynpationde Fourier o etvar

S(w) = %(M(w —we) + M+ w0)).

‘Eyoupe enopévewe yetatoémorn otn ovyvotna. O 8€xtng autol tou orfpatog ouvioviletat
ot @épouca ouyvétnTa Tou onuaiver Ott apyixd mohhanhaordler pe to @épov ofpa p(t) =
s(t) coswet. "Apa

Plw) = %M(w) + %(M(w — %) + M(w + 2w,).

Me xatdhinho @iktpo unopel va e€aydel 1o ohpo m(t).
4.3 Metaoynuationog Fourier xou ypoppixd xeovixd apetdBAnTo

CUCTHLATA

Ac vnotdéooupe 611 otNy £l00d0 €vOC Yoappixol xat Yeovixd aUeTIBANTOU cuaTHRATOC BldeTaL
eva xadapd QavtaoTixd exdetind ofpa pe ouyvotnta w. H andxpion tou cuatiuatog Yo eivar

/ h(r)ee™ T dr = ce™ H (w).

—00
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Enoyévag 1 andxpiomn eivar eniong éva xadapd gaviactixd exdetind ofua pe tny (dla ouyvotnta,
xor adhdler o ouvieheothc nou eivar molhamhaotaocpévoc pe H(w). Apa dev undpyet alhayh
NG CUYVOTHTAS, AAAE TOU TAATOUG Xat TNG PAONG, AVAAOYA PE TY) GUYVOTNTO. ZNUEUDVOUUE
6Tt 1 Umopdn tou petaoynuatiopol Fourier tou cuotratoc mpobnodéterl tny evotddeia tou
OUGTAHUATOC.

Edv oty eloodo evog ypouuxol xat yeovixd auetdBAntou cuothuatog dodel Eva neptodixd
ofua pe avdntuyua oe oepd Fourier

x(t) = Z c(n)emot,

n=—oo
1 andxptorn Yo eivar eniong évo neptodixd onua
[e.o]

y(t) = Z c(n) H (nwp)e™!,

n=—oo

TéNog enavepy OUATTE GTN YEVIXY) OYE0T TG GUVENENG XAl GTT) GYECT TOU CUVDEEL TNV €{G000
xor TNy €000 0710 TEDIO TWV GUYVOTHTWY

Enopévwe o petaoynuatioudéc Fourier tne xpoustixfic andxplone H(w) deiyver 6t 10 ypop-
wxd ypovixd apetdfBinto olotnua Asttoupyel wg @idtpo otig ouyvétntee. H andxpion otig
ouyvotnteg ovoudletal eniong pdoud Tou cuoTAdatoc. Egdoov 1o gdopa tou cuathuatog eival
Wiy oadix | cuvAeTNoT Unopel va tapaotadel Ye To U€Tpo xat 1o Gploua, Tou opilel T oLVAETNOT)
e gdone. Ieplopilduevor ot mpaypatind ohuaTa YVwplloupe 0Tt YIo TIC ApVNTIXES CUYVOTNTES 1)
andxpron elvat ouluyric auThc Tou TpoxdNTEL Yio Tig avtioToryeg Vetixée ouyvotnteg. Enouéving
T0 pétpo Va elval war dpTior ouvdpTnon xat 1 gacr Vo eivar wa tepttth ouvdptnon. Kat yia
o B%0 efvor apxetd va tapaotatody pévo v tic Vetinée ovyvétntee. To [H(w)|* ovoudletan
pdopa toydog tou ouvothuato. H mhnpogopla mou mepiéyetan ot @don elvarl TOAD onuoavTixy.
Y10 Eyfuo 1.3 dideton plo exxdva mou anoxatactdinxe wévo pe Ty TAnpogopia Tng @dorng,
OToU QalveTal OTL OT1 QACT) TEPLEYETAL TANPOYORIN YId TIS AMOTOUES AANAYES TOU CRUATOS TNG
EXOVAC.

Yuyvé elvat TeOTWATERO TO YoYU TOU OHUATOS Vo TapacTadel Ypapxd ot éva hoyoprduxd
drdypouuo 1600 Yla TIC anoxploelg, 600 xdl yia T cuyvoTnTES. Autdc 0 TpoéTOC TopdoTAOTC
BLEUXOADLVEL OTNY TERITTWOT TOU GUVOLALOVTAL CUGTARATA OTY) GELRA. LUYXEXPWEVAL YLd TO UETEO
dideTon 1) YpapIxY TAEdoTACT) TOU

2010gy | H ()

H nocétnra aut yetptétar oe decibels (db) xou nopiotdvetar oe hoyoprdpwxnd dZova xar yio Tig
ovyvotnteg. H ypaguxr| napdotaot nou npoxintet ovopdletar didypapua Bode.

IMapddetypa 1.3.1. Av 1) xpouotxt) anoéxEIoT EVOC CUGTALATOSC EIVAL
h(t) = e *u(t),a > 0,

t61€ 1 andxpton otig ouyvotntee eivon (Bhéne Iapdderypo 1.1.1)

1
o+ iw’

H(w) =
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Syfupa 4.3: Mia etxdva xat 1 avanapdotao e WOvo e TNV TANpopopia Tng paoTg.

To pétpo xat n @dor Yo eivar

1 w
= —arctan —.

T < el) o

To yétpo xat 1 gdaon maploTdvovtal Yeapxd oto Lyfua 1.4. Aidovtar axdurn to SlaypdpuaTto
Bode oto Xyua 1.5.

[H(w)| =

Usqri(+a?) -atan(w)

Eyfua 4.4: To yétpo xou 1 @don tng andxpiong tou cuothuatog tou Hapadetypoartog 1.3.1.

‘Eva giktpo ovoudletan tdavind edv dratnpel avalloltnTeg 0ploUéves GUYVOTATES, EVOEYOUEVA
UE YU UETAPOAY TNS QAOTS, EVE ATOXOTTEL TEAEIX OAES TIC dAAES oLy VOTNTES. 'Evar tdovind
Badumepatd QiATEO, PE GUYVOTNTA AMOXOTAS We, EXEL ATOXPLOT OTIC GUYVOTNTES

1, |w| < we
H(w) = { 0, |w|>we
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Magnitude (db)
\ |

L L L
-05 0 0.5 1

; i i ; ;
-05 0 05 1 =3 -25 -2 ! -1
log10(alpha*omega)

; ; ;
=3 -25 -2 -15 -1
log10(alpha*omega)

Eyfua 4.5: To ddrypauuo Bode yio to uétpo xaw T 9dorn 1 andxpiong Tou CUGTARATOSC TOU

Mapadetypatog 1.3.1.

Enoyéveg 1 xpouotixn andxplon Tou cLoTALATOS Elval

sin wt

h(t) =

H xpoustixf auth| andxpion dev uhonoteitar axpiBee. e oyéon pe mpooeyyloeg avthc g
andxplong elvar TEoTIUOTERO va yenotponomPoly dika giktea mou umopovv va vAomotniolv
axpiBeg, xot emTAov va eivat ouTlatd, eG4V auTtéd anouteitar. Xe autr TNy TEpinTwaT 1 cuyvoTnTa
anoxonfc Tou PBadunepatol gihtpou opiletan exel dmov 1 andxplon eivar —3 decibels we npog
™V amdxplon, 0Ty cuyvotnta 0, dnhady) uetdvetar xatd 1o fuou. I'a to obotnua tou a-
padeiypatog 1.3.1  ouyvétnta anoxonic elvar a. Lnpet@vetar Tt 1) andxplon ot cuyvotnta 0
elva

7t

H(0) = / " ).

— 00
Yuothuata 6mwe autd nou tapovstdlovial oty ouvéyela Yo uropoloay va yenotponotioiy
yioo Ty vhornolnon evog Badunepatol gihtpou. Yrmodétouye 6Tt 1) oyéon eloddou-e€680u TOU
ouoTARUTOC dibeTa Yéow piag draoptxic e€iowong

N k M kl’
S a(h)? diff) =3 o) dtf’).
k=0

Tote Vo 1oy et

Apa
M :
Y(w) _ 2 k=0 b(k)@w)k_
X(w) 3ol alk)(iw)k
Oa Yewprioouye diaitepa v tepintwon 6nou b(0) = 1,b(k) = 0,1 < k < M, ondte 1
andxPIoN 0TI GLUYVOTNTES TPOXVTTEL WS TO AVTIoTEOYO £VOE TOALWVIROU Tov iw. O Paduds Tou
ToAuevigou Tautietar ue TV TEEN TN Stagopinhc EEWaNGg xol xaT ENEXTACY] TOU CUGTHLATOS.

H(w) =
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To cbotnpa tpwtng taing napouactdodnxe oto [apdderypa 1.3.1. Oa e&etdooupe 610 axdhoudo
TOEADELY R TNV TEPITTWOTN EVOE cUoTALATOS dedTEPTC TAENG.

IMapddetypa 1.3.2. Ac eivar

w2

Hw) = w2 + 2Cwn(§w) + (iw)?’

pe ¢ > 0, n andxpton otig cuyvoOTNTES EVOE cuoThdatog. Edv ¢ =1

w2

T e

oToTE 1) xpOLSTIXY ATdXELOY Elvart
24 —wnt
h(t) = wite”“" u(t).

Edv ¢ # 1, o tohudvupo tou mapavouaoth €xet 800 daxpttés pileg,

o1 =—Cwn+wnV/(2—1 xa oo = —Cwp —wa /(2 — 1.

Mropolyue cuvende va ypddovue

wi w B

2 n 1 1
H{w) = (iw — c1)(iw — c2) B 2\/@7_1 (iw—cl iw—02>'

Eav ¢ > 1, ot pileg elvon mparypatixég xat 1 xpovotixr) andxpton o eivat

h(t)

(et — e®") u(t).

2\/¢? -1
Eav 0 < ¢ <1, ot pileq elvar myadiég xat 1 xpouvotxt| andxptor Yo elvo

wne—Cwnt
Vi-¢

Y10 Yyrfua 1.6 dideton 8edLd 1 xpouoTIXT] AnOXEIoT) TOU CUOTALATOS XATY OELPd ATO TAVE TEOS
oL X4 yioe Tig Tipég tou ¢ = 0.25,0.5,1,1.41. T tig dieg Tipég xan pe v (B oetpd dideTon
TO UETPO TNG ATOXPIOMNG OTIC GLUYVOTNTES APLoTERPd 0TO (D10 Lyfua. Xto Lyrua 1.7 didovtor ta
Srorypdupato Bode yia 1o pétpo (8edid) xou ) @don (apiotepd).

h(t) = sin(wp v/ 1 — C2t)u(t).
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0.5 (exp(-0.41 t)-exp(-2.41 1))
T T T

Usart((1-w)*+8 o)

Yyfua 4.6: H xpouotin) andxpion xow 10 UETRO NS AndXQIONE OTIS GUYVOTNTES TOU GUOTAUATOS
tou ITopadeiyuoartoc 1.3.2 yia SagpopeTinég TwéS Tou (.

T T T T T T T
“osl
s
“10F
g -151
o 8
ER £
g [
g
= ok
a0l
25l
a0l
3l
; . ; ; ; . ; 35 ; ; ; ; ; ; ;
-3 -25 -2 -15 -05 [} 05 1 =3 -25 -2 0 05 1

-1 -15 E -0
log10(omega/omega,) log10(omega/omega )

Eyfua 4.7: To ddrypauuo Bode yio to uétpo xaw T @dorn tne andxpiong ToU CUGTARATOS TOY
Hapadetypatog 1.3.2.
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