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Kef�laio 5

DeigmatolhyÐa

'Estw èna sÔnolo periodik� diatagmènwn shmeÐwn ston �xona twn pragmatik¸n arijm¸n. To
sÔnolo autì dÐdei ta shmeÐa ìpou ja lhfjoÔn deÐgmata apì to suneqèc s ma. Ac eÐnai T h
perÐodoc thc deigmatolhyÐac. Me b�sh thn idiìthta thc katanom c Dirac,

f(t)δ(t− t0) = f(t0)δ(t− t0),

gia exagwg  deigm�twn apì èna s ma, orÐzetai h �sun�rthsh� deigmatolhyÐac

s(t) = T
∞∑

n=−∞
δ(t− nT ).

To apotèlesma thc deigmatolhyÐac tou s matoc f(t) eÐnai to ginìmeno autoÔ tou s matoc me
th �sun�rthsh� deigmatolhyÐac

fs(t) = s(t)f(t),

pou dÐdei

fs(t) = T
∞∑

n=−∞
f(nT )δ(t− nT ).

H deigmatolhyÐa sunep�getai periodikopoÐhsh sto f�sma twn suqnot twn. Pr�gmati o
metasqhmatismìc Fourier tou s matoc fs(t) prokÔptei apì th sunèlixh tou F (ω) me to S(ω), to
metasqhmatismì Fourier thc s(t). Epeid  h s(t) eÐnai periodik  sun�rthsh, mporeÐ na parastajeÐ
me th bo jeia miac seir�c Fourier, pou eÐnai h akìloujh

s(t) =
∞∑

n=−∞
ej2πn t

T ,

afoÔ oi suntelestèc aut c thc seir�c Fourier eÐnai Ðsoi me th mon�da.
Opìte brÐskoume

S(ω) = 2π
∞∑

n=−∞
δ(ω − 2πn

T
).

Epomènwc to apotèlesma thc sunèlixhc eÐnai

Fs(ω) =
∞∑

n=−∞
F (ω − 2πn

T
).
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H sun�rthsh aut  eÐnai profan¸c periodik , me perÐodo th suqnìthta deigmatolhyÐac ωs = 2π
T .

Sto z thma an eÐnai dunatì na anakataskeuasjeÐ to suneqèc s ma apì ta periodik� tou
deÐgmata ìpwc orÐsjhkan prohgoÔmena apant� to je¸rhma thc deigmatolhyÐac.

Je¸rhma deigmatolhyÐac

An to s ma f(t) eÐnai peperasmènhc z¸nhc suqnot twn, dhlad , an

F (ω) = 0, |ω| > ωM ,

tìte arkeÐ h suqnìthta deigmatolhyÐac na eÐnai megalÔterh apì th suqnìthta Nyquist,

ωs > 2ωM ,

gia na mporeÐ na apokatastajeÐ tèleia to suneqèc s ma apì to diakritì pou dÐdei h deigma-
tolhyÐa.

Sto Sq ma 5.1 faÐnetai h periodikopoÐhsh tou f�smatoc twn suqnot twn lìgw deigma-
tolhyÐac se sunj kec isqÔoc tou jewr matoc thc deigmatolhyÐac. H anakataskeu  tou sune-
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Sq ma 5.1: PeriodikopoÐhsh tou f�smatoc

qoÔc s matoc epitugq�netai qrhsimopoi¸ntac èna fÐltro pou dÐdei tèleia thn kÔria perÐodo tou
Fs(ω)

H(ω) =
{

1, |ω| 6 ωs
2

0, |ω| > ωs
2

Profan¸c èqoume
F (ω) = H(ω)Fs(ω).

O antÐstrofoc metasqhmatismìc Fourier tou H(ω) eÐnai

h(t) =
1
T

sinc
πt

T
,

ìpou sincx = sin x
x . Opìte h parembol  gia opoiad pote tim  tou t dÐdetai apì thn akìloujh

sunèlixh

f(t) =
∞∑

n=−∞
f(nT )sinc

π(t− nT )
T

.
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An h suqnìthta deigmatolhyÐac eÐnai k�tw apì th suqnìthta Nyquist, tìte prokÔptoun
epikalÔyeic sto f�sma twn suqnot twn, m' apotèlesma na eÐnai adÔnato na anakthjeÐ tèleia to
suneqèc s ma. Oi suqnìthtec pou lìgw epik�luyhc all�zoun jèsh onom�zontai yeud¸numec,
kai eis�goun paramìrfwsh sto suneqèc s ma. Sunep¸c tìte oi parap�nw exis¸seic den
isqÔoun. Gia ton periorismì aut c thc paramìrfwshc sunist�tai h qr sh tou fÐltrou H(ω)
prin th deigmatolhyÐa.

Par�deigma 5.1. Ac jewr soume èna s ma me mia kajar  suqnìthta ωM = 3, f(t) = cos 3t.
Gia na mhn emfanisjoÔn yeud¸numec suqnìthtec ja prèpei h suqnìthta thc deigmatolhyÐac na
eÐnai megalÔterh apì 2ωM . An wstìso upojèsoume ìti h deigmatolhyÐa gÐnetai me suqnìthta
ωs = 4, tìte h anadÐplwsh tou f�smatoc par�gei mia kajar  suqnìthta ω = 1 kai to s ma
pou anakt�tai eÐnai f̂(t) = cos t. Pr�gmati ta deÐgmata pou lamb�nontai eÐnai

cos 3n
π

2
= cos−n

π

2
= cosn

π

2
. ¤

Paramìrfwsh mporeÐ epÐshc na eisaqjeÐ, èstw ki an ikanopoioÔntai oi sunj kec tou jewr -
matoc thc deigmatolhyÐac, an to fÐltro thc parembol c den eÐnai idanikì. An dhlad  den
qrhsimopoihjeÐ to idanikì fÐltro, pou den eÐnai praktik� ulopoi simo, all� k�poio �llo pou
na to proseggÐzei, èqontac gia par�deigma peperasmènhc di�rkeiac apìkrish. Tètoia fÐltra
parembol c eÐnai ta akìlouja:

• h0(t) =
{

1
T , |t| 6 T

2

0, |t| > T
2

• h1(t) = h0(t) ∗ h0(t) =

{
1
T

(
1− |t|

T

)
, |t| < T

0, alloÔ

• h2(t) = h1(t) ∗ h0(t)

Sto Sq ma 5.2 dÐdetai h parembol  me h0(t) kai h1(t) gia èna hmitonoeidèc s ma me arai�
deÐgmata.
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Sq ma 5.2: Parembol  apì to plhsièstero deÐgma (h0)   ta dÔo plhsièstera deÐgmata (h1).
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