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KegpdAaio 6

Metaoynuaticpnog Fourier onudtwy
OLAXPLTOV YEOVOU

6.1 Opopoc petaoynuatiopot Fourier

Q¢ anotéheopa g derypotorndioc evéc ofuartoc x(t) hogfdvetar o ofjua twv derypdtov x(nT).
To @dopa cLUYVOTATWY TOU CHPATOS TWY BEYUATLY Va eivar TeEptodins, e nepiodo T cuyvoTnTA
¢ derypatorndiog 2%,

Xw)= Y Xalw- 27L").

Ané ) oyéon auth npoxintel Ot

Xs(w)=T Z z(nT)e T,

n=—0oo

Kavovixonoldvtag wg npog v nepiodo tne deryyoatoindiac, dnhadn Hétovtag T' = 1, npoxi-
et to dtaxpttd ofua z(n). O petaoynuatiopdc Fourier tou ofuatoc z(n) eivor xatd to avetépn
Qo TEPLOBIXT) CLVAETNOT TNS CLUYVOTNHTAC W Ue Teplodo 2T,

n=—oo

H dnopén tou petacynuatiopot npolinodéter 6Tt ot TIpéS TOU CHUATOC IXAVOTIOOLY T1) oUVIXT,

Z |z(n)| < oco.

n=—oo
O avtiotpogog petaoynuatiowds Fourier didel 1o apyind ofpa
1 m

z(n) = o X (w)e™™dw.

O petaoynuatiopde Fourier tou xpovotixol ofpatoc d(n) eivan ioog pe 1 yio xdde ouyvétnta
w.



IMapddetypa 6.1. To orua
z(n) = a"u(n), |a] <1,

éyer yetaoynuatiopd Fourier

X(w) = Za”eﬂ“’” =1 la| < 1.
n=0

— aew’
IMapddetypa 6.2. To oiua
z(n) =u(n) —u(n—N), N >0,
éyer yetaoynuatiowd Fourier

Nw

—iwN 3
1—e i N2—1 sin =5

N
X(w)zZe_i“mzize =,
n=0

— - N > 0.
l—ew sin 5

6.2 IdSiotnteg Tou petaoynuaticpoL Fourier

O petaoynpatiopog Fourier €yet tig axdhoudeg iBOTNTES, TAPOUOIES UE TIC LOLOTNTES TOU UETACY Y-
woattopol Fourier ouveydv onudtwy.

1. Dpopuixdtnta
Kdde ypouuwxds ouvduaouds onudtwy petaoynpatiletal 6Tov avtiotolyo yeuuuxd cuy-
duaoud Twv yeTaoynuationwy Fourier twv onudtov.

2. Xpovixy petatonton

o0

Z x(n —ng)e ™" = e X (W)

n=—oo

3. Avtiotpogr Tou yedvou
Edv X (w) eivoar o petaoynuatiopdéc tou ohfpatoc £(n), TO1E 0 YETUOYNUATIONOS TOU
ofpatoc z(—n) eivoar X (—w).

4. Yradepr| T

5. Yyéon ouluylag
Do npaypotid ofpata z(n) wyber X (—w) = X(w). Edv 10 ofpa eivar emniéov dptio,
ToTE 0 Yetaoynuatiopos Fourier Yo efvan npaypoatinds, eved €4v 1o onpa elvon Teptttd,TOTE
o yetaoynuotionds Fourier Yo eivon xadapd gavtactixdc.

6. Metatomion ouyvotntac
O nolamhaotaopde evée ohipatoc z(n) pe to gavtaotind exdetind ofua e
) petaténion otn ouyvotnia X (w — wp).

o syvendyeTat
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10.

11.

[Mapayayton oty cuyvotnta
Me mapay®ylon w¢ npog TN ouyYVOTNTd TEOXUTTEL

[e.9]

iX'(w) = Z nx(n)e "

n=-—oo
nou 8idet to petaoynuatiopd Fourier tou ofipatoc nx(n).

YuvéEhgn
H suvéhin y(n) e h(n) pe my z(n) éyer petacynpatiopd Fourier

6mov H(w) elvar o yetaoynuatiopdc Fourier e h(n).

[Tohhamhactaoude

O yetaoynuatiopde Fourier tou yivopévou 8o onudtwy, x(n) xa y(n), didetur wg e€fic
e » 1 -
Z z(n)y(n)e 7" = — X ()Y (w — u)du,

2w
n=—oo -

6rou X (w) xon Y (w) elvan ot 890 avtiototyol yetaoynuotiopol.

Eowtepixd yivéuevo

00 1 - o
3wl =5 [ KT
Evépyeta
H evépyeia evog ofuatog Statnpeitor UETA TO YETAOYNUATIOUS,
S = L | X,
W 27 J_,

IMpdxertar Yo tn oyéon tou Parseval yia dtaxpttd orjota.

Axohovolv TapaBElY AT AVAAVTIXGY EXPRACEWY Yo TO Yetaoynuationd Fourier.

ITopdderypa 6.3. Ac eivar to ofua

z(n)=am, o <1.

Mropet vo ypagpet

z(n) = a"u(n) + o "u(—n) — i(n).

Me Bdor tic B16TTES TNG YRUUMXOTNTAC Xol TNS AVTIGTROPRS Tou Yedvou Peloxetar 6Tt

1 1 1—a?
X(w) = + —1 a

S l—e w1 — qew 1 —2acosw+ a2’
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Yyfhuo 6.1: To orua tou Hapadelyyatog 6.3 xou 0 UETATYNUATIOUOS TOU.

Y10 Yyua 6.1 didetar o petaoynuatiouds Fourier.

IMapddetypa 6.4. Ac eivar 10 orjua
z(n)=un+N)—un—-—N-1), N =0.
Ioyler 611
z(n) =u(n+ N)—u(n—2N —1+ N),
Tou €yetl yetaoynuatiopd Fourier

. 1 : 1
X(w) = (—iwN 5D (N + §)wein _sin(N + 5)w

3 w 3 w
Sin bl Sin bl

Y10 Uyfua 6.2 dideton o petaoynuationds Fourier.

Syfua 6.2: To oo tou Iupadeiypautog 6.4 xal 0 UETAGYNUATIOUOS TOU.

AfdovTar 0N GUVEYEIX PETACYNUATIONO! TOU EUTAEXOLY TIC YEVIXEUPEVES GUVUPTAOEIS. Y€
bhec g mepntooELs dibovtar ol petaoynpatiopol 0to xbpto didotnpa [—, 7], évtog Tepodixéc
ouvapThHoel; pe nepiodo 2.

z(n) X(w)
1 276 (w)
elon |wo| < 7 270 (w — wo)

coswon, |wo| < 7 | 7T(6(w —wp) + 0(w + wp))
sinwon, |wo| < 7 | im(d(w + wp) — d(w — wp))
u(n) e + T (w)

1—e—w
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6.3 Awxpitog petaoynuationog Fourier

Edav dewpnlel éva daxpitd xat meplodixd ofud, TOTE APEVOS TO QACU TV GUYVOTATOY Yo
elvol o Teptodixy] GUVAETNOT, Xt AQETERPOU, Aol xat To ohua eivar TEPLODIXG, TO PAoUd TWY
ouvyvotitwy Yo elvor Btaxpttd. Me autrh v nepintwon oplletar o Blaxpitdg PETACYNUATIOUOS
Fourier. O draxpitog yetaoynuatiowdéc Fourier opiletar yia onotodrrote Saxpitd ohpo nenepa-
OUEVTS DldpXeLag, UTOVETOVTOG EUpesa 6Tt elvat TERIOdIXO, PE xadoplogévn teplodo.
Ac elvan
z(n),n=20,...,N—1

ot Tipég tou afpatoc. O daxpitég uetaoynuationds Fourier Yo ebvar

N-1
X(k) = Z 2(n)e ' X* k=0,... N —1.

n=0

Ot deixtec k avtiotoryoby oTig cuYVOTHTES % Enetdy

@

N—
s _ [N n=0
0 n=1,...,N—-1
k=0
0 avT{GTPOYOS UETATY NUATIoNOG BideTar and 1 oyéon

1 3= )
¥ X(k)e'NF n=0,... N —1.

k=0

—_

z(n) =

O Sxprtdg yetaoynpatiopog Fourier efvan ypauwxde. Lo mpaypatind oruata €xet iddtnTeg
ouupeTpiog

RIX (k)] = R[X (N — k)], S[X (k)] = —S[X(N k)], k=1,...,N—1

H xuxhixn} ohlodnon tou 6UaTog xatd m Selypata EYEl ¢ ATOTEAECPUA TNY AANAYT) OT1) QACT)
- 27

Ue moAlamhactaoud UE eTtNEm o H xUXALX GUVEMEY 800 onpdtey (Blog Sidpxetag €xel »g

ANMOTEAEGUA TO YIVOUEVO TV 800 Sloxplt®y Yetaoynuatiopy Fourier. Ioylet enlong 1o Yedpnua

drathpnong g evépyetag tou Parseval

N-1 1 N-1
D lx(n)f = N > IX (k)
n=0 k=0

Me doouévo 6Tt ta orpata eivar TEAXTIXE TAVIOTE TEMEPUOUEVNS OLAPXEG O Olaxpitdg
petaoynuatiopds Fourier yenowonoteitor yioo 1ov unohoyiopd tou petacynuatiopwot Fourier yia
o Btaxpttd onpata. o tov unoloyiopd undpyet Yeriyopog akyoprduoc: Fast Fourier Transform
(FFT). Xto Xyhua 6.3 didovton tuhiuc evée ofigatos Loustxhc xot 1 apiovixt] Tou avdiuon uéow
tou FFT.
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Eyfpo 6.3: Tufua ofjuatog gouoixnc xat o Staxpltog yetaoynuationds Fourier autob.

6.4 Meraoynuatiopnog Fourier xout ypoppixd ypovixd apetdBAnta
CUCTAHUALTA

H oyéomn mou cuvdéet tnv elcodo xat TNy €£000 6T0 TEdiO TV CUYVOTHTWY Elvon 1) axdiouin
Y(w)=Hw)Xw).

Enopévewe 1o ypapuxd ypovixd auetdfinto cbotnua Aertoupyel w¢ GIATPO GTIC GUYVOTNTES.
H andxpion otig cuyvétnteg ovoudletal, 6TwS Xl OTNV TERINTWOTN TWY GUVEYWY GUCTNUATWLY,
pdoyo Tou ousTiuatos. Epdoov 1o pdopo Tou cusTALATOS lval Wio Wy adixr) cuVAETNoT, Unopel
va nopactave! ue To pétpo xat To oploua, mou opllel T cuvdptnot g edong. Ilepiopilouevor
o€ mpayMaTxd ofota Yvwpllovue 6Tt Yo TI¢ apvnTIXEC oUYVOTNTES 1) andxplon eivar culuYrg
QUTNG TOU TPOXUTTEL Yol TI¢ avtioTtotyeg Yetinée ouyvotnieg. Enopévwg to pétpo Yo elvan yia
Gptior ouvdpTnoT Xt 1 pdon Vo elvar pla TepitT ouvdptnor. Kot yla to 60 elvar apxeto
va mapactadoly wévo v tic Yetiée ouyvétniee. To |H(w)|? ovoudletar gpdoua toybog Tou
OUGTAHUATOC.

OcwpOoVUE OTN GUVEYELNL YRURUIXS XU YPOVIXA AUETABAN T cUCTHUATA OOV 1) oY EaT) ElGODOU-
€€600ou Tou cuoTAUATOG BideToL PEow wag €EI0MONG BINQPOPWY

Téte Yo 1oy et

Apa
Y(w) _ Yilob(k)e
Xw) - Yialkerior
Ou VYewprioovye diaitepa Ty nepintworn 6mov b(0) = 1, M = 0, ondte 1 andxpiorn oTC
GUYVOTNTES TPOXVTTEL W TO AVTIOTPOYO £VHE TONULVHROU Tou e~ . O Badude 10U TOAUEYIPOU

H(w) =
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tautiCetan ye v 1dn g edlowong dragopwy xal xat EnExTaot) Tou ovothuatos. To clotnua
TPOTNS T4ENE napovatdoinxe oto Hapdderypa 6.1. Yto Nynua 6.4 didovtar T Sty pdpuato TOU
HETEOU Xl TG GACNE Yo TNV andxplor ot ouyvotnta yia o = 0, 75.

i
o

Magnitude (dB)
.

o o

T T

i i

=)
T
I

I I I I I I n
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
Normalized Frequency (xmrad/sample)

!
o

Phase (degrees)

-50 I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized Frequency (xmrad/sample)

Eyfua 6.4: Ta darypdupata péteou xat @dong yio v o0oTHUA TeOTNS TAENG.

Oa e€etdoouye 0Tr cUVEYELR cuoThuaTa 8elTepng TAENG. Ag VewpcOuUE TRMOTA TNV TEPINTLOT
OTOU TO TOAUGYUPO TOU TapavouaoTy €yel 800 mpayuatixés pileg
1

H(w) = A , , <1, <1
(w) (1 — 0416_“")(1 — age—zw)’ a1 # a2 ‘Oél, ‘O‘?’

H andxpion otig ouyvotnteg unopel va ypouel

ay a2

A = a0 —ae ™)~ (=)l —aze )

H xpouotixr) andxpton autol Tou GUGTARATOS Elival

n+l  n+l
hn) =21 "% yp).
a1 — Q9

H xpouotind andxpior 6idetar oto Xyhua 6.5 yia ag = 0,975 xar ap = 0,75, 't Tig {Breg Tipée
WV TapauéTwy dldovton Ta Sarypdpuata BETEOY xat gdong oto Lyrua 6.6.
Yy nepintoon woag Simiig plag 1) xpouo Ty andxplon Tou cUoTALATOS efval

h(n) = (n + 1)a™u(n).
Yy nepintoon 800 ouluyoy wryadixdy ptlldv Yo éyouue

1
1 —2rcosfe iw 4 p2e—i2w’

H(w) 0<r<l1, 0<6<m,

OV YPdpETAL
1

(1 —refe—w)(1 —re-We—w)’

H(w) =

o1



Eyhua 6.5: H xpovotnh) andxpiorn evog cuothuatog debtepns 1d&ng pe dbo mpaypatixés pilec.

Magnitude (dB)

I I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xmrad/sample)

Phase (degrees)
]
[o2]
o

-80

-100

1 1 1 1
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xmtrad/sample)

-120

Eyfua 6.6: To draypdupata uétpou xat Gdong yio éva clotnua debtepng TdEng ue 8o mpay-
patixég pilec.
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H avdiuon oe 800 xhdopata, agol ot pileg dragépouy, didel

1 et e~ 0
H(w) = - — —
@) 2tsin 6 <1 —ree-iw 1 — re"%‘“")

H xpovotixr andxpion autod tou cusThwatog eivat

sin(n + 1)6
h(n) =222t 277 .
(n)=r sin 0 u(n)
H xpouctixy andxpion dideton oto Lyfua 6.7 yio r = 0,975 xou 6 = 5. T tic B Ttuéc twv
TopouéTeey didovTor Ta drorypdppata UETeou xat pdong oto Lyhua 6.8.

Yy 6.7: H xpouotin| andxplon evog cuothpatog dettepng tdéng ue 60o wryadixés pileg.

Magnitude (dB)
= N w
o o o

o

I I I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xmtrad/sample)

|
N
o

Phase (degrees)
i
ol o
o o o

|
a
o

1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized Frequency (xmtrad/sample)

-100 1 1

Yyfua 6.8: To Srorypdppata pétpou xot @dong yia éva cotnua debtepng T8ENG ue 800 wyadixég
otleq.
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XpnuatodoTnon
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