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KegdAaio 8

Metaoynuaticpnoc Laplace

8.1 Opiopdg tov petacynuaticpoL Laplace

O petaoynuatiopos Laplace anotehel yevixeuorn tou petaoynpatiopol Fourier yia ta ofjpota
ouveyolc ypbévou. O petaoynuatiopde Laplace tou cuveyolc ofjuatog () opiletoar e e&hc

o0

X(s) :/ z(t)e Stdt,
—00

omou s elvon wyadw| uetaPanty. Edv ¥éooupe s = iw, dnhoady| edv neplopiotolue oo @av-

TaoTxd d&ova, hagdvouue to petacynpatioud Fourier tou ofjpatog. To ohvoro twv Tiu®y tng

LETOBANTAC S Yo TIC omoleg T oAoxApwUd UTdpyEL, ovoudletal neptoyr obyxhong. Tlpdxertar

Yiot T0 GOVORO TOV TIHOV TNG UETOBANTAC S Yo TIC omoleg umdpyel To axdhoulto ohoxAfpwud

/ 2(t)|e R dt < 0o

—0o0

Enopévwce 1 neptoyn obyxhiong oplletat 610 myadixd eninedo e hwpideg TapdAANAec 0TO Qav-
TaoTx6 GZova. T ofuota METEPAOUEVNS Dldpxelag XAl AmOAUTA ONOXAMPOOIUA 1) TEPLOYN
obyxhiong elvar ohOXANEo To pryodixd eninedo. ['io awtiatd ofpata, 1 neptoy) cOyxAoTc elval
éva de&rd nueninedo oplbpevo and R[s] > . Ieavh ouvidinn v’ auté etvar |z(t)] < e, t > 0.

Moapdderypa 8.1.1. Edv x(t) = e™otu(t), téte |z(t)| < 1,¢ = 0. Apa undpyel 10 TaAPATEV®
ohoxhhpwpa yio R[s] > 0. Edv bpwc x(t) = ™0, Vi, 1618 10 ohoxhfipwpa Bev UTdpyEL, Apol
Yo anattodvtay yioo ) oOyxhion yio t < 0 va eivar R[s] < 0. Aev uropei enopévme va ouyxhivel
Tautoypova Yo t = 0 xat t < 0.

O yetaoynuatiopds Laplace Yo uropotoe va cuvdelel xat Ue 10 UETAOYNUATIONS £ UECL TNG
anexoviong z = e°, mou anewxoviler evdeieg napdAiniec 6To GavtacTixd dZova and To eninedo
s o xOxhoug e xEvtpo TNy apy” oto eninedo z. O (Bog o aviactxdg déovag anetxoviletat
oTo yovadtaio x0xAo Tou emnédou 2.

O avtiotpogog petaoynuatiopds Laplace 8idet to apyixd orua

1 o+100
x(t) = / X (s)etds,

127 —ioco
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omou 1 ohoxAfipwor Yivetal Tdvw ot wo evlela TUPdAANAT 0TO GAVTACTING GEOVA TTOU AVAXEL
otV EPLoY” aUYXAIOTLC.

O petaoynuatioudc Laplace tou xpoucstxol ohpatoc 6(t) opiletar oe 6ho 10 uryadind
eninedo xau eivon 1.

IMapddetypa 8.1.2. Ag dewproouue 10 ofua
z(t) = e “u(t).

O petaoynpatioudc Laplace Va etvar

< —at —st 1
X(s) = e Me Mt = o
0 s+

ue meptoy ) oyxhong R[s] > —a. Edv Véooupe a = 0 hapPdvouyue to petaoynuatioud Laplace
TOU BNuoTixol oHUUTog

O petaoynuatiopds Laplace Yo etvar

0 o) 1
X(s)=— / e e stdt = — / elotoltgp — —
0

o s+a’
e meptoy” ovyxhione Ris] < —a.
IMopaderypa 8.1.3. A¢ eivan o yetaoynpatiopos Laplace

1

X6 = e oG

we a > . Mropolye va avahlGoUUE € xAdouata &g e€Xg

1 1 1
X(S):ﬁ—a <s+as+ﬁ>'




8.2 Idiotnteg tou petaoynuaticpoL Laplace

Ac éMdoupe tohpa ot peptxéc 11oTNTES Tou Yetaoynuatiopol Laplace.

1.

ToappixdtnTa

Edv X1(s) eivar o petaoynpatiopde Laplace tou ofjpatoc x1(t) ye neptoyt| obyxhone Ry
xar Xo(s) etvan o yetaoynuatiopdc Laplace tou ofuatog za(t) ue neptoyr obyxione Re,
61 0 petaoynuatiowde Laplace evée ypapuixol cuvduacuol twy 80o arz1(t) + aswa(t)
elvor a1.X1(s) + a2 Xa(s) pe neproyf; odyxhiong mou eyxheiet Ty toph Ry () Re.

. Xpovixr) UETATOTION

/ z(t —to)e 5dt = e 0 X (s),

—00

we TV (Bl meptoyn oy xAiorg.

Avtuotpogn ypdvou

Av X (s) eivan o yetaoynuatiopde Laplace tou ofjpatoc z(t) pe neptoyr ovyxhione Ry,
t61€ 0 petaoynuatiopdc Laplace tou ofjpatoc z(—t) eivor X (—s), ye neptoyh ohyxhone
v avtidetn e apyixnic, mou oupBoiilovye R_. Edv éva ofua eivan dptio, x(t) = x(—t),
161 X (5) = X (—5). Edv éva ofjpa eivar neptttd, z(t) = —x(—t), té1e X (s) = —X(—s).
Kat otic 800 nepintwoete v neptoyr obyxhone Vo eivar Ry () R—.

- ANy 1) xhipoxag yedvou

Av X (s) eivor o petaoynuatioude Laplace tou ofpatoc z(t), t61€ 0 UeTdoYNUATIONOS
Laplace tou ofyatoc z(at) eivor ﬁX(g), HE TEPLOY | CUYAMOTNG WOTE TO & VoL AVAXEL OTNY

neptoyh olyxAong tou X (s).

Metatémion oto pryadixd eninedo

/ Stz (t)e Stdt = X (s — sp),

—00

UE TEPLOY T oUYAMONC WOTE TO § — S¢ VoL avhixet oty neptoyy) olyxhione tou X (s).

Yuvéhen
O petaoynuatiopde Laplace tne y(t), nou npoxinter we ouvéhin tne h(t) ue n x(t) éye
og e€1g

Y(s) = H(s)X(s)

6mou H(s) etvan o petaoynpatiopde Laplace tne h(t). Edv h(t) eivou 1 xpovotixh andxpon
evée ovothpatos, 1 H(s) ovoudletar ouvdptnor petagopds tou cuothuatoc. H me-
ooy obyxhione tou petacynuatiopnol Y (s) eyxheier v toph, Ri () R2, twv nepoymy
oUYxAMoNG TV 800 HEADY NG CUVEMENG.

[Mapayeyon oto yedvo
Ioy et ot
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8. IMopayoyton oto wryadixd eninedo

Ioy et ot
o0 _ dX(s)
tr(t)e stdt = — :
/_oo z(t)e ds

9. Ohoxhfipwon a1o ypdvo
Ioy et ot

[ ([ star)emsar = 500,

Iopdderypa 8.2.1. Ac dewprioovpe o ofua (SyAua 4.2)
z(t) = e M = e~y (t) + e*tu(—t).
O petaoynpatioudc Laplace Va eivar

1 1 2
X(s) = + - =

s+a —s+a a?—s?’

e meptoyh ovyxhione a > R[s] > —a. Apa Yo npénet va eivon a > 0.
IMopaderypa 8.2.2. Ag dewprioouye to oripa

x(t) = cos(wot)u(t) = % (e™0f 4 e~ 0t) y(t).

O ypetaoynuatopde Laplace ye neptoyf obyxhone R[s] > 0 Yo efvar
1 1 1 s
X = — — .
(5) 2<5—iw0+s—|—iwo> s + wk

ITopdderypa 8.2.3. Ag Yewprioouue to ofpa

2(t) = sin(wot)u(t) = % (cient — =it yp).

O petaoynuatiopdc Laplace pe neproyny obyxhone R[s|] > 0 do eivar

1 1 1 wo
X(s) = — - - .
() 2i <s —iwy S+ iwo) s? +wd

Iopdderypa 8.2.4. Ac Yewpriooupe to ofua (EyAua 2.6(a))

N | = —~

z(t) = e cos(wot)u(t) = = (e T8 4 e~ u(t).

O petaoynuatiopdc Laplace pe neptoyny obyxhone R(s] > —a Yo eivan

X(S)_1( Lo, 1 )_ s+a

2\s+a—iwy S+ a+iw (s+a)?+wi
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IMopddetypa 8.2.5. Ag Jewproouue 10 ofua

1 4 .
x(t) — oot Sin(th)u(t) — Z (efoHrzwot _ efafzwot> u(t)

O petaoynuatopdc Laplace pe neptoyn obyxhone R(s] > —a da eivon

X(s) 1 1 1 wo
5) = — - = .
2i \ s +a—iwy S+ a-+iwg (s+a)?+wd

ITopdderypa 8.2.6. Ag Yewprioouue to ofpa
z(t) = e “u(t).

O ypetaoynuatopdc Laplace tou y(t) = ta(t) Yo eivo

O petaoynuatiopdc Laplace tou t"z(t) Yo etvor
n!

(s + a)ntl’

8.3 Meraoynuatiopnog Laplace xou ypouuixd ypovixd apetdBAnTa
CUCTAHLATA

Ac Yewpriooupe Topa To AUTIATE GUGTAUATA UE GTELRT, XPOUOTIXTY ATOXELOY), ToL didoviat and pla
otapoptxt| e&iowor

N k M k.fL’
kzoa(k:)d gt(t) — kzob(k:)d dt(t).

Egoapuélovtag tny iSlOTNTa Tng TApayOYLoTg 6T0 ¥eovo Yia To uetaoynuatiowd Laplace npoxtntel
OTL 1 OLVAPTNOY UETAPORAS aUTOU TOU oLCTHUNTOS elvar fon pe To Adyo 800 TOAULVIUWY NG

Ry odeng HETABANTAS 8,

Y(s) _ B(s) _ Ypob(k)s®
X(s)  A(s) SN a(k)sk

Ot pilec tou B(s) ovoudlovtat undevixd tou oUCTALATOS, VG Ol pilec TOU TOMUGVOUOL TOU
TopavVOUAoTY 0voudlovial TOAOL TOU GUOTHUATOS.

ITopaderypa 8.3.1. Ag dewprioouue 1 dlagopixy e&iowaor

dy(t)

- —ay(t) +u(t),t = 0,y(0) = 0,a > 0.

Xenotponotvtag 1o yetaoynuatiopd Laplace Bpioxouue

sY(s) = —aY(s) + %,
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(1-exp(-) Heaviside(t)
T

Apo 1) andxpron Vo eivou

ITopaderypa 8.3.2. To olotnua Ue GUVAPTNOT UETAPOEAS

S) = =
(s+a)2+wl (s+a+iw)(s+a—iw)’

€yt 000 mOhoug: —ar + iwp, —Q — Wp.

Eyfua 8.2: Ov méhot tou cuothatog dedtepne té&ng tou Hapadeliyuatog 8.3.2.

Deavn 2t avory xador suvdxen yioe tny evotdieta evog oUGTHUATOS Efval 1) UTEET TOV UETATY N
wattopol Laplace néve oto gavtaotind dova,

/OO Ih(t)]dt < oo,

—0o0

Apa Va mpenet n neployn) oUyxhong Tou petaoynpatiopol Laplace tng xpovotxfc andxptong
TOU GUOTAUNTOS Vo tepthaufBdvel To gaviaoTixd dlova.  Eivar gavepd and tov optopd g
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guotdlelag, 6Tt OAO T CUCTARATA UE TETEPACUEVY XpouaTixn andxplon eival evotady]. Ondte,
yioo T ouoThpaTa oy opilovtar Yéow utag Stagoptxnic e&lowang, 1 cuviixn evotdielog unopet
va exppaocVel pe Baon ) Véor tov pilldv tou ntohuwvigou A(s). Eva giltpo pe ouvdptnon
HETAPOPAS OTWE TUPATAVE efval euaTales, edy, xat Yovo €qy,

A(s) #0 vy R[s] =0,

OnAad) €dv dhot ot TOhoL €xouv apvnTIXd TEAYRATIXG UEEOC.

Ia éva obotnua npdtne tééne (Hopdderyuya 8.3.1) 1 ouvdhinn tne evotdietog eivar a < 0.
[ éva abotnua Beltepng TdEng pe 80o wryadixés pileg, onwg autd tou Hapadetyuatog 8.3.2, 1
ouvifxn g evotavdetag eivar enfong a < 0.
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