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Kef�laio 1

Eisagwg 

Me thn èleush thc yhfiak c fwtografÐac h yhfiak  eikìna eÐnai plèon kt ma tou eurèwc
koinoÔ. H Yhfiak  EpexergasÐa Eikìnwn, me mia istorÐa perÐpou pen nta et¸n, eÐnai
 dh mia ¸rimh episthmonik  perioq . Wc antikeÐmeno èqei eikìnec opoiasd pote proèleushc,
prwtogen¸c prositèc   mh sthn anjr¸pinh ìrash.

Arqik�, perÐ ta mèsa thc dekaetÐac tou 1960, h z thsh gia epexergasÐa eikìnwn proèrqontan
apì thn exereÔnhsh tou diast matoc, kai sth sunèqeia apì tic arqèc thc dekaetÐac tou 1970
apì thn iatrik  apeikìnish. Ta zht mata pou etÐjento aforoÔsan kÔria sth beltÐwsh kai
apokat�stash twn eikìnwn, diorj¸nontac astoqÐec kai adunamÐec twn optik¸n susthm�twn
kat� th diadikasÐa l yhc. 'Ektote oi efarmogèc baÐnoun auxanìmenec kai pollaplèc, en¸ ta
probl mata gÐnontai pio sÔnjeta. Par�llhla ìmwc aux�nontai kai oi dunatìthtec, afoÔ tìso
h upologistik  isqÔc megejÔnetai adi�kopa, ìso kai oi thlepikoinwnÐec epitrèpoun th met�dosh
me taqÔtatouc rujmoÔc.

Stic iatrikèc efarmogèc oi eikìnec proèrqontai apì di�forec radiologikèc phgèc   mèsw
uper qwn,   akìma prokÔptoun me qr sh mejìdwn upologistik c tomografÐac. Oi efarmogèc
aforoÔn ston entopismì p�nw stic eikìnec org�nwn   ist¸n kai se exagwg  plhroforÐac me
metr seic pou aposkopoÔn sth bo jeia sth di�gnwsh.

Oi efarmogèc parakoloÔjhshc tou g inou perib�llontoc mèsw dorufìrwn perilamb�noun
thn qartogr�fhsh, thn parakoloÔjhsh thc exèlixhc thc qlwrÐdac   twn sunepei¸n thc anjr¸-
pinhc drasthriìthtac sto perib�llon,   akìma th metewrologÐa. Oi eikìnec tou diast matoc
sumb�loun p�ntote shmantik� sthn exereÔnhs  tou.

Stic biomhqanikèc efarmogèc perilamb�nontai o autìmatoc èlegqoc poiìthtac proðìntwn
kai oi antilhptikèc dexiìthtec rompotik¸n susthm�twn. O entopismìc kai h anagn¸rish an-
tikeimènwn epitrèpei th sunarmolìghs  touc apì èna rompotikì braqÐona, en¸ èna autìnoma
kinoÔmeno rompìt èqei an�gkh th qartogr�fhsh tou q¸rou gia na kinhjeÐ aprìskopta.

Stic polumesikèc efarmogèc èqoun shmasÐa h exagwg  antikeimènwn kai qarakthristik¸n
touc gia to qeirismì twn eikìnwn se grafik� perib�llonta, all� kai gia thn perigraf  tou
perieqomènou twn eikìnwn. Se diadiktuakèc kai thlepikoinwnikèc efarmogèc prwtarqik  shmasÐa
èqei h sumpÐesh twn eikìnwn gia apotelesmatik  met�dosh kai apoj keush.

H epexergasÐa twn eikìnwn, ìpwc prokÔptei apì th sunoptik  perigraf  anwtèrw, stoqeÔei
sth beltÐwsh   sthn apokat�stash twn eikìnwn, ston prosdiorismì tmhm�twn pou antistoiqoÔn
se antikeÐmena, se metr seic fwtometrik¸n   gewmetrik¸n qarakthristik¸n kai sth sumpÐesh.
SuggeneÐc episthmonikèc perioqèc eÐnai h grafik  kai h upologistik  ìrash. H grafik  skopeÔei
sth sÔnjesh eikìnwn fwtorealistik¸n   mh. Sthn perÐptwsh twn fwtorealistik¸n apeikonÐ-
sewn, h epexergasÐa twn eikìnwn ja mporoÔse na par�sqei plhroforÐa gia pio peistikèc
grafikèc anaparast�seic. H upologistik  ìrash qrhsimopoieÐ tic mejodologÐec epexergasÐac
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twn eikìnwn gia thn katanìhsh tou perieqomènou kai thn exagwg  plhroforÐac se uyhlìtero
epÐpedo me skopì thn antÐlhyh twn antikeimènwn, thc jèshc touc kai thc kÐnhs c touc.

AkoloujeÐ bibliografÐa sqetik  me to antikeÐmeno tou maj matoc.

BibliografÐa

• A. Bovik, ed., Handbook of image and video processing, 2nd ed., Academic Press, 2005.
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• R. B. Fisher, et al., Dictionary of computer vision and image processing, J. Wiley and
sons, 2005.

• R. Gonzalez and R. Woods, Digital image processing, 3rd ed., Addison-Wesley, 2008.

• R. Gonzalez, R. Woods and S. Eddins, Digital image processing using MATLAB, Pren-
tice Hall, 2nd ed., 2009.

• S. G. Hoggar, Mathematics of digital images, Cambridge University Press, 2006.

• A. K. Jain, Fundamentals of digital image processing, Prentice Hall, 1989.

• J. Lim, Two-dimensional signal and image processing, Prentice Hall, 1990.

• D. Lyon, Image processing in Java, Prentice Hall, 1999.

• M. Petrou and P. Bosdogianni, Image processing: The fundamentals, J. Wiley and sons,
1999.

• M. Petrou and P. Garcia Sevilla, Image processing, dealing with textures, J. Wiley and
sons, 2006.

• W. K. Pratt, Digital image processing, 4th ed., J. Wiley and sons, 2007.

• A. Rosenfeld and A. C. Kak, Digital picture processing, 2nd ed., Academic Press, 1982.
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Kef�laio 2

Sqhmatismìc kai antÐlhyh eikìnwn

2.1 Sqhmatismìc eikìnwn

Poll� fainìmena den eÐnai �mesa parathr sima   eÐnai praktik� adÔnato na metrhjoÔn. MporoÔn
ìmwc na parathrhjoÔn mèsa apì mia eikìna, pou eÐnai �h anapar�stash enìc ìntoc   enìc an-
tikeimènou�. O sqhmatismìc miac eikìnac proüpojètei mia phg  aktinobolÐac, èna dèkth kai èna
antikeÐmeno.

H kÔria phg  aktinobolÐac eÐnai h hlektromagnhtik . To ìlo f�sma aktinobolÐac ekteÐnetai
apì tic aktÐnec G�mma mèqri ta braqèa radiokÔmata, me m kh kÔmatoc pou kalÔptoun to f�sma
apì 10−15 tou mètrou èwc merik� mètra, pern¸ntac apì tic aktÐnec Q, tic uperi¸deic aktÐnec, thn
orat  mèsw tou anjr¸pinou ofjalmoÔ aktinobolÐa, tic upèrujrec aktÐnec kai ta mikrokÔmata.
'Ena aortikì aggeiogr�fhma me aktÐnec Q (m koc kÔmatoc perÐ ta 10−9 tou mètrou) dÐdetai
sto Sq ma 2.1. O sqhmatismìc eikìnwn eÐnai dunatìc kai me akoustik� kÔmata   uper qouc
(Sq ma 2.1b).

Oi eikìnec sqhmatÐzontai eÐte me an�klash thc aktinobolÐac se epif�neia exwterik   
eswterik  tou antikeimènou, eÐte met� apì aporrìfhsh mèrouc thc aktinobolÐac apì to s¸ma pou
diapern�tai kai sullog  thc enapomènousac apì to dèkth. EÐnai akìma dunatì to apeikonizìmeno
antikeÐmeno na apoteleÐ phg  aktinobolÐac, fusik    teqnht .

O dèkthc sunÐstatai kat� kanìna apì mÐa disdi�stath (2-D) epif�neia kai metr� thn èntash
thc aktinobolÐac pou prospÐptei s' aut  thn epif�neia. H aktinobolÐa qarakthrÐzetai apì to
m koc kÔmatoc kai thn èntash, pou mporeÐ na metab�lletai sto qrìno. H sun�rthsh thc
fwtein c èntashc pou prospÐptei sto dèkth, Φ(x, y, t, λ), exart�tai apì to shmeÐo (x, y), apì
th qronik  stigm , t, kai to m koc kÔmatoc, λ.

Sthn pragmatikìthta o dèkthc qarakthrÐzetai apì thn euaisjhsÐa tou, E(λ), th dek-
tikìtht� tou dhlad  se orismèna m kh kÔmatoc. Upojètoume ìti h euaisjhsÐa tou dèkth eÐnai
omoiogen c sto q¸ro kai sto qrìno, m' apotèlesma thn akìloujh èkfrash thc fwtein c èntashc

L(x, y, t) =
∫

Φ(x, y, t, λ)E(λ)dλ. (2.1)

An to parap�nw olokl rwma kalÔptei olìklhro to f�sma thc aktinobolÐac, o dèkthc eÐnai
monoqrwmatikìc. EÐnai epÐshc dunatì se k�je shmeÐo, kai k�je qronik  stigm , na eÐnai
diajèsimoi perissìteroi tou enìc dèktec, ìpou o kajènac kalÔptei èna tm ma tou f�smatoc.
Sth sunèqeia ja periorisjoÔme se statikèc eikìnec, dosmènec dhlad  gia mia orismènh qronik 
stigm .
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(a) (b)

Sq ma 2.1: Arister�: Aortikì aggeiogr�fhma. Dexi�: Uperhqogr�fhma embrÔou.

2.2 Optik  antÐlhyh

Sto anjr¸pino m�ti h eikìna sqhmatÐzetai ston amfiblhstroeid  qit¸na pou apoteleÐtai apì
dÔo eid¸n upodoqeÐc fwtìc: ta rabdÐa kai ta kwnÐa. Ta rabdÐa energopoioÔntai se qamhlì
fwtismì (skotopik  ìrash) kai eÐnai poluplhj , perÐ ta 100 ekatommÔria. Ta rabdÐa eÐnai
katanemhmèna sto mègisto mèroc tou qit¸na kai de diakrÐnoun qrwmatikèc diaforèc, dhlad 
prìkeitai gia monoqrwmatikoÔc fwtoôpodoqeÐc. Ta kwnÐa eÐnai ligìtero euaÐsjhta sto fwc, kai
kat� sunèpeia energopoioÔntai mìno efìson h fwtein  èntash xepern� k�poio ìrio (fwtopik 
ìrash). To pl joc twn kwnÐwn eÐnai perÐ ta 6,5 ekatommÔria kai eÐnai euaÐsjhta sto qr¸ma,
diakrÐnontac ta trÐa basik� qr¸mata: kìkkino, pr�sino kai mple.

AkoloÔjwc parousi�zoume se suntomÐa merikèc idiìthtec thc anjr¸pinhc ìrashc pou mporeÐ
na eÐnai qr simec gia thn epexergasÐa twn eikìnwn.

Kat' arq n up�rqoun ìria gia na gÐnei antilhptì èna fwteinì s ma, gia thn èntash, to
mègejoc sto q¸ro (thc t�xhc tou 1' stere�c gwnÐac), kai th di�rkeia (thc t�xhc twn 40 msec).
Up�rqoun epÐshc ìria gia thn antÐlhyh miac diafor�c sth fwtein  èntash. MÐa diafor� sth
fwteinìthta, ∆L, gÐnetai antilhpt  se sqèsh me thn perib�lousa fwteinìthta, L (Sq ma 2.2),
an

∆L

L
≥ C ≈ 0, 02. (2.2)

H stajer� C onom�zetai stajer� tou Weber, kai isqÔei gia mia eureÐa z¸nh tim¸n thc fwteinì-
thtac L. An h diafor� ∆L parathreÐtai an�mesa se dÔo fwteinoÔc stìqouc pou perib�llontai
apì fwteinìthta L0, to ìrio antÐlhyhc eÐnai megalÔtero. Aut  h ex�rthsh apì to perib�llon
deÐqnei ìti to anjr¸pino sÔsthma ìrashc epiteleÐ mÐa epexergasÐa tou s matoc thc eikìnac sto
q¸ro. To Ðdio sumpèrasma ex�getai apì to fainìmeno thc tautìqronhc diafor�c (Sq ma 2.3).
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Sq ma 2.2: PeÐrama Weber

H Ðdia fwtein  èntash faÐnetai pio fwtein  an perib�lletai apì mia skotein  perioq , ap' ì,ti
faÐnetai an perib�lletai apì mia fwtein  perioq .

Sq ma 2.3: Fainìmeno thc tautìqronhc diafor�c

Parìmoio sumpèrasma ex�getai epÐshc apì to fainìmeno thc z¸nhc Mach (Sq ma 2.4).
En¸ oi st lec èqoun omoiìmorfh fwteinìthta, faÐnontai pio fwteinèc apì thn pleur� thc
pio skotein c geitonik c st lhc, kai pio skoteinèc apì thn pleur� thc pio fwtein c geitonik c
st lhc. Dhlad  h fwtein  antÐjesh tonÐzetai q�rh sthn epexergasÐa apì to anjr¸pino sÔsthma
ìrashc. 'Alla peir�mata èdeixan ìti to anjr¸pino sÔsthma ìrashc sumperifèretai stic qwrikèc
suqnìthtec san èna zwnoperatì sÔsthma, me mègisth apìkrish stic mèsec qwrikèc suqnìthtec
(thc t�xhc twn 10 kÔklwn an� moÐra), kai praktik� apokìptei tic qwrikèc suqnìthtec p�nw
apì 30 kÔklouc an� moÐra kai tic qronikèc suqnìthtec p�nw apì 30 kÔklouc an� deuterìlepto
(Sq ma 2.6). Sto Sq ma 2.5 dÐdontai diegèrseic me armonik� s mata. Ta dÔo s mata sthn k�je
gramm  eÐnai sthn Ðdia orizìntia qwrik  suqnìthta kai stajer� sthn katakìrufh kateÔjunsh.
Diafèroun wc proc th fwtein  antÐjesh pou eÐnai 10 forèc megalÔterh sthn arister  st lh.
H fwtein  antÐjesh orÐzetai wc

C =
Lmax − Lmin

Lmax + Lmin
.
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Sq ma 2.4: Z¸nh Mach

(a) (b)

(c) (d)

Sq ma 2.5: Armonik  diègersh.

Sq ma 2.6: Apìkrish tou anjr¸pinou sust matoc ìrashc stic qwrikèc kai stic qronikèc
suqnìthtec (Robson,1966).
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Kef�laio 3

2-D suneq  s mata

MÐa suneq c eikìna mporeÐ na parastajeÐ apì èna 2-D suneqèc s ma, dhlad  apì mÐa sun�r-
thsh, f(x, y). IdiaÐterhc shmasÐac gia thn epexergasÐa twn shm�twn eÐnai o metasqhmatismìc
Fourier, pou dÐdei thn par�stash twn shm�twn sto pedÐo twn suqnot twn. O metasqhmatismìc
Fourier enìc 2-D suneqoÔc s matoc dÐdetai wc ex c

F (u, v) = F [f(x, y)] =
∫ ∞

−∞

∫ ∞

−∞
f(x, y)e−j2π(ux+vy)dxdy. (3.1)

Ikan  sunj kh Ôparxhc tou metasqhmatismoÔ eÐnai h Ôparxh tou oloklhr¸matoc kat' apìluto
tim , ∫ ∞

−∞

∫ ∞

−∞
|f(x, y)|dxdy < ∞.

O antÐstrofoc metasqhmatismìc Fourier dÐdetai wc ex c

f(x, y) = F−1[F (u, v)] =
∫ ∞

−∞

∫ ∞

−∞
F (u, v)ej2π(ux+vy)dudv. (3.2)

An (x, y) eÐnai oi suntetagmènec sto 2-D q¸ro, tìte (u, v) eÐnai suqnìthtec sto q¸ro. H mon�da
mètrhshc thc suqnìthtac eÐnai antÐstoiqh thc mon�dac mètrhshc twn apost�sewn sto epÐpedo
twn (x, y). PolÔ suqn� ìmwc, efìson prìkeitai gia s mata eikìnwn, oi suntetagmènec (x, y)
kanonikopoioÔntai wc proc th gwnÐa ìrashc, me apotèlesma oi suqnìthtec (u, v) na metr¸ntai
se kÔklouc, dhlad  periodikèc qwrikèc metabolèc, an� moÐra thc gwnÐac ìrashc.

Gia th melèth tìso thc deigmatolhyÐac, ìso kai twn idiot twn twn grammik¸n susthm�twn
epexergasÐac 2-D suneq¸n shm�twn, eÐnai polÔ qr simh h eisagwg  thc 2-D katanom c Dirac

δ(x, y) = 0, |x|+ |y| 6= 0 (3.3)

lim
ε → 0

∫ ε

−ε

∫ ε

−ε
δ(x, y)dxdy = 1 (3.4)

O metasqhmatismìc Fourier thc katanom c Dirac eÐnai Ðsoc me th mon�da gia ìlec tic suqnìthtec

F [δ(x, y)] = 1 (3.5)

H katanom  Dirac mporeÐ na ekfr�sei th l yh enìc deÐgmatoc apì èna s ma
∫ ∞

−∞

∫ ∞

−∞
f(x′, y′)δ(x− x′, y − y′)dx′dy′ = f(x, y) (3.6)

DÐdontai sth sunèqeia merikèc basikèc idiìthtec tou metasqhmatismoÔ Fourier (ExÐswsh 3.1)
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1. Metatìpish

F [f(x− x0, y − y0)] = e−j2π(x0u+y0v)F (u, v) (3.7)

2. Peristrof 

F [f(y,−x)] = F (v,−u) (3.8)

3. Diaqwrisimìthta

An f(x, y) = f1(x)f2(y), tìte F (u, v) = F1(u)F2(v) (3.9)

ìpou F1(u) (antÐstoiqa F2(v)) eÐnai o metasqhmatismìc Fourier thc f1(x) (antÐstoiqa
f2(y)).

4. Allag  klÐmakac

F [f(ax, by)] =
1
|ab|F (

u

a
,
v

b
) (3.10)

5. Parag¸gish

F [fx(x, y)] = j2πuF (u, v) kai F [fy(x, y)] = j2πvF (u, v) (3.11)

6. Sunèlixh
H 2-D sunèlixh thc h(., .) me thn f(., .) orÐzetai wc akoloÔjwc

g(x, y) =
∫ ∞

−∞

∫ ∞

−∞
h(x′, y′)f(x− x′, y − y′)dx′dy′ (3.12)

O metasqhmatismìc Fourier G(u, v) thc g(x, y) èqei wc ex c

G(u, v) = H(u, v)F (u, v) (3.13)

ìpou H(u, v) eÐnai o metasqhmatismìc Fourier thc h(x, y).

7. Eswterikì ginìmeno
∫ ∞

−∞

∫ ∞

−∞
f(x, y)g∗(x, y)dxdy =

∫ ∞

−∞

∫ ∞

−∞
F (u, v)G∗(u, v)dudv (3.14)

DÐdontai akìmh sth sunèqeia oi metasqhmatismoÐ Fourier tri¸n qarakthristik¸n sunart sewn.

1. Migadik  ekjetik  sun�rthsh

F [ej2π(u0x+v0y)] = δ(u− u0, v − v0) (3.15)

2. Orjog¸nio parallhlepÐpedo
H sun�rthsh orjog¸niou parallhlepÐpedou orÐzetai wc ex c

Π2(x, y) =

{
1 an |x| ≤ 0, 5 kai |y| ≤ 0, 5
0 an |x| > 0, 5 eÐte |y| > 0, 5

(3.16)

Tìte èqoume

F [Π2(x, y)] =
sinπu

πu

sinπv

πv
(3.17)
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3. Sun�rthsh Gauss

F [e−π(x2+y2)] = e−π(u2+v2) (3.18)

Ask seic

1. BreÐte touc metasqhmatismoÔc Fourier twn shm�twn

a) sin 2πxη1 cos 2πyη2

b) cos 2π(xη1 + yη2)

2. E�n F (u, v) eÐnai o metasqhmatismìc Fourier tou 2-D s matoc f(x, y), na eurejoÔn oi
metasqhmatismoÐ Fourier twn dÔo pr¸twn merik¸n parag¸gwn tou f(x, y). O Laplasianìc
telest c orÐzetai wc to �jroisma twn dÔo deÔterwn merik¸n parag¸gwn wc proc tic dÔo
metablhtèc. Poiìc eÐnai o metasqhmatismìc Fourier thc Laplasian c tou f(x, y);

3. OrÐzetai to zeÔgoc mèswn tim¸n tou 2-D s matoc f(x, y) wc akoloÔjwc

(x0, y0) = (
∫ ∞

−∞

∫ ∞

−∞
xf(x, y)dxdy,

∫ ∞

−∞

∫ ∞

−∞
yf(x, y)dxdy)

To isodÔnamo qwrikì eÔroc 2-D s matoc orÐzetai wc ex c

Eχ =

√√√√
∫∞
−∞

∫∞
−∞ ((x− x0)2 + (y − y0)2) f2(x, y)dxdy∫∞

−∞
∫∞
−∞ f2(x, y)dxdy

E�n F (u, v) eÐnai o metasqhmatismìc Fourier tou s matoc f(x, y), orÐzetai to isodÔnamo
eÔroc suqnot twn tou s matoc

Eν =

√√√√
∫∞
−∞

∫∞
−∞ ((u− u0)2 + (v − v0)2) F 2(u, v)dudv∫∞

−∞
∫∞
−∞ F 2(u, v)dudv

ìpou tì zeÔgoc (u0, v0) orÐzetai ìpwc parap�nw gia to F (u, v). Na eurejeÐ to isodÔnamo
qwrikì eÔroc kai to isodÔnamo eÔroc suqnot twn tou s matoc

f(x, y) = exp(−π(x2 + y2))
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Kef�laio 4

2-D deigmatolhyÐa

'Estw èna 2-D orjog¸nio plègma shmeÐwn periodik� diatagmènwn sto epÐpedo twn pragmatik¸n
arijm¸n (Sq ma 4.1). To plègma autì dÐdei ta shmeÐa ìpou ja lhfjoÔn deÐgmata apì to
2-D suneqèc s ma. Ac eÐnai ∆x (antÐstoiqa ∆y) h perÐodoc thc deigmatolhyÐac wc prìc x
(antÐstoiqa y). Me b�sh thn idiìthta thc katanom c Dirac, pou dÐdetai sthn ExÐswsh (3.6),

∆x
∆y

r r r r r r r r r
r r r r r r r r r
r r r r r r r r r
r r r r r r r r r
r r r r r r r r r
r r r r r r r r r
r r r r r r r r r
r r r r r r r r r
r r r r r r r r r

-

6

x

y

Sq ma 4.1: 2-D orjog¸nio plègma shmeÐwn

gia exagwg  deigm�twn apì èna 2-D s ma, orÐzetai h �sun�rthsh� deigmatolhyÐac

s(x, y) = ∆x∆y
∞∑

m=−∞

∞∑

n=−∞
δ(x−m∆x, y − n∆y). (4.1)

To apotèlesma thc deigmatolhyÐac tou s matoc f(x, y) eÐnai to ginìmeno autoÔ tou s matoc
me th �sun�rthsh� deigmatolhyÐac

fs(x, y) = s(x, y)f(x, y), (4.2)

pou dÐdei

fs(x, y) = ∆x∆y
∞∑

m=−∞

∞∑

n=−∞
f(m∆x, n∆y)δ(x−m∆x, y − n∆y). (4.3)
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H deigmatolhyÐa sunep�getai periodikopoÐhsh sto pedÐo twn suqnot twn. Pr�gmati o
metasqhmatismìc Fourier tou s matoc fs(x, y) prokÔptei apì th sunèlixh tou F (u, v) me to
S(u, v), to metasqhmatismì Fourier thc s(x, y). Epeid  h s(x, y) eÐnai periodik  sun�rthsh,
mporeÐ na parastajeÐ me th bo jeia miac seir�c Fourier, pou eÐnai h akìloujh

s(x, y) =
∞∑

m=−∞

∞∑

n=−∞
e
j2π(m x

∆x
+n y

∆y
)
. (4.4)

Pr�gmati oi suntelestèc thc seir�c Fourier eÐnai Ðsoi me th mon�da

1
∆x∆y

∫ ∆x/2

−∆x/2

∫ ∆y/2

−∆y/2
s(x, y)e−j2π(m x

∆x
+n y

∆y
)
dxdy =

∫ ∆x/2

−∆x/2

∫ ∆y/2

−∆y/2
δ(x, y)e−j2π(m x

∆x
+n y

∆y
)
dxdy = 1.

Sthrizìmenoi t¸ra sthn ExÐswsh (3.15), brÐskoume

S(u, v) =
∞∑

m=−∞

∞∑

n=−∞
δ(u− m

∆x
, v − n

∆y
). (4.5)

Epomènwc to apotèlesma thc sunèlixhc, me b�sh kai thn ExÐswsh (3.6), eÐnai

Fs(u, v) =
∞∑

m=−∞

∞∑

n=−∞
F (u− m

∆x
, v − n

∆y
). (4.6)

H sun�rthsh aut  eÐnai profan¸c periodik , me perÐodo th suqnìthta deigmatolhyÐac νx = 1
∆x

(antÐstoiqa νy = 1
∆y ) gia th suqnìthta u (antÐstoiqa v).

Sto z thma an eÐnai dunatì na anakataskeuasjeÐ to suneqèc s ma apì ta periodik� tou
deÐgmata ìpwc orÐsjhkan prohgoÔmena apant� to je¸rhma thc deigmatolhyÐac.

Je¸rhma thc 2-D deigmatolhyÐac

An to s ma f(x, y) eÐnai peperasmènhc z¸nhc suqnot twn, dhlad , an

F (u, v) = 0, |u| > uM , |v| > vM , (4.7)

tìte arkeÐ oi suqnìthtec deigmatolhyÐac na eÐnai toul�qiston Ðsec me tic suqnìthtec Nyquist,

νx ≥ 2uM , νy ≥ 2vM , (4.8)

gia na mporeÐ na apokatastajeÐ tèleia to suneqèc s ma apì to diakritì pou dÐdei h deigma-
tolhyÐa.

Sto Sq ma 4.2 faÐnetai h periodikopoÐhsh lìgw deigmatolhyÐac sto epÐpedo twn suqnot twn,
se sunj kec isqÔoc tou jewr matoc thc deigmatolhyÐac. O kÔkloc pou perib�llei thn arq 
twn axìnwn antistoiqeÐ sto qwrÐo ìpou ekteÐnetai me mh mhdenikèc timèc o metasqhmatismìc
Fourier tou s matoc.

H anakataskeu  tou suneqoÔc s matoc epitugq�netai qrhsimopoi¸ntac èna fÐltro pou dÐdei
tèleia thn kÔria perÐodo tou Fs(u, v)

H(u, v) =

{
1, |u| ≤ νx

2 kai |v| ≤ νy

2
0, |u| > νx

2 eÐte |v| > νy

2

(4.9)

Profan¸c èqoume
F (u, v) = H(u, v)Fs(u, v). (4.10)
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νx

νy

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

-

6

u

v

Sq ma 4.2: H periodikopoÐhsh sto epÐpedo Fourier

O antÐstrofoc metasqhmatismìc Fourier tou H(u, v) eÐnai (blèpe ExÐswsh (3.16))

h(x, y) =
1

∆x∆y
sinc

πx

∆x
sinc

πy

∆y
, (4.11)

ìpou sincx = sin x
x (Sq ma 4.3). Opìte h parembol  gia opoiad pote tim  twn x kai y dÐdetai

apì thn akìloujh sunèlixh

f(x, y) =
∞∑

m=−∞

∞∑

n=−∞
f(m∆x, n∆y)sinc

π(x−m∆x)
∆x

sinc
π(y − n∆y)

∆y
. (4.12)

Sq ma 4.3: Sun�rthsh sinc

An oi suqnìthtec deigmatolhyÐac eÐnai k�tw apì tic suqnìthtec Nyquist, tìte prokÔptoun
epikalÔyeic sto f�sma twn suqnot twn, me apotèlesma na eÐnai adÔnato na anakthjeÐ tèleia to
suneqèc s ma. Oi suqnìthtec pou lìgw epik�luyhc all�zoun jèsh onom�zontai yeud¸numec,
kai eis�goun paramìrfwsh sto suneqèc s ma. Sunep¸c oi Exis¸seic (4.10) kai (4.12) den
isqÔoun. Gia ton periorismì aut c thc paramìrfwshc sunist�tai h qr sh tou fÐltrou H(u, v)
prin th deigmatolhyÐa.
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Paramìrfwsh mporeÐ epÐshc na eisaqjeÐ, èstw ki an ikanopoioÔntai oi sunj kec tou jewr -
matoc thc deigmatolhyÐac, an to fÐltro thc parembol c den eÐnai idanikì. An dhlad  den
qrhsimopoihjeÐ to fÐltro thc ExÐswshc (4.11), pou den eÐnai praktik� ulopoi simo, all� k�poio
�llo pou na to proseggÐzei, èqontac gia par�deigma peperasmènh apìkrish sto q¸ro. Tètoia
fÐltra parembol c eÐnai ta akìlouja:

• h0(x, y) = 1
∆x∆yΠ2( x

∆x , y
∆y )

• h1(x, y) = h0(x, y)∗h0(x, y) =

{
1

∆x∆y

(
1− |x|

∆x

) (
1− |y|

∆y

)
, |x| < ∆x kai |y| < ∆y

0 alloÔ

• h2(x, y) = h1(x, y) ∗ h0(x, y)

Sto Sq ma 4.4 deÐqnetai h diergasÐa thc deigmatolhyÐac kai o rìloc tou bajuperatoÔ
fÐltrou. Ed¸ h arqik  eikìna eÐnai epÐshc orismènh p�nw se èna diakritì plègma, kai ufÐstatai
upodeigmatolhyÐa me rujmì 1/4, dhlad  lamb�nontac èna sta tèssera deÐgmata tìso sthn
orizìntia, ìso kai sthn katakìrufh kateÔjunsh. DeÐqnetai to apotèlesma ìtan prohgeÐtai
thc deigmatolhyÐac h qr sh bajuperatoÔ fÐltrou, pou fusik� den eÐnai to idanikì. An den
qrhsimopoihjeÐ to fÐltro, parathreÐtai h emf�nish yeud¸numwn suqnot twn, pou bèbaia den
diorj¸nontai, an to bajuperatì fÐltro akolouj sei th deigmatolhyÐa.

'Askhsh

To 2-D s ma f(x, y) = cos 4πx cos 6πy ufÐstatai deigmatolhyÐa me ∆x = ∆y = 0, 5, kai me
∆x = ∆y = 0, 2. To fÐltro anakataskeu c eÐnai èna ideatì bajuperatì fÐltro me eÔrh z¸nhc
( 1
2∆x , 1

2∆y ). PoÐa eÐnai h anakataskeuazìmenh eikìna se k�je perÐptwsh;
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(a) (b)

(c) (d)

Sq ma 4.4: Anw arister� : eikìna “Barbara”. Anw dexi� : qr sh bajuperatoÔ fÐltrou kai
met� deigmatolhyÐa. K�tw arister� : deigmatolhyÐa qwrÐc na prohghjeÐ fÐltro. K�tw dexi� :
deigmatolhyÐa kai met� qr sh bajuperatoÔ fÐltrou.
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Kef�laio 5

Metasqhmatismìc Fourier 2-D
akolouji¸n

Ac eÐnai x(m,n) mÐa 2-D akoloujÐa orismènh sto epÐpedo twn akeraÐwn arijm¸n Z6 2. O metasqh-
matismìc Fourier thc akoloujÐac x(m, n) eÐnai mia periodik  sun�rthsh twn suqnot twn (u, v)
me perÐodo 1 kai gia tic dÔo suqnìthtec,

X(u, v) =
∞∑

m=−∞

∞∑

n=−∞
x(m,n)e−j2π(um+vn). (5.1)

H Ôparxh tou metasqhmatismoÔ proôpojètei ìti oi timèc thc 2-D akoloujÐac ajroÐzontai kat'
apìluth tim 

∞∑

m=−∞

∞∑

n=−∞
|x(m,n)| < ∞. (5.2)

O antÐstrofoc metasqhmatismìc Fourier dÐdei thn arqik  akoloujÐa

x(m, n) =
∫ 1/2

−1/2

∫ 1/2

−1/2
X(u, v)ej2π(um+vn)dudv. (5.3)

E�n h 2-D akoloujÐa eÐnai pragmatik , o metasqhmatismìc Fourier èqei thn idiìthta thc
suzugoÔc summetrÐac,

X(−u,−v) = X∗(u, v). (5.4)

DÐdontai sth sunèqeia merikèc apì tic idiìthtec tou metasqhmatismoÔ Fourier, parìmoiec me tic
idiìthtec tou metasqhmatismoÔ Fourier 2-D suneq¸n shm�twn.

1. Grammikìthta
K�je grammikìc sunduasmìc shm�twn metasqhmatÐzetai ston antÐstoiqo grammikì sun-
duasmì twn metasqhmatism¸n Fourier twn shm�twn.

2. Metatìpish

∞∑

m=−∞

∞∑

n=−∞
x(m−m0, n− n0)e−j2π(um+vn) = e−j2π(um0+vn0)X(u, v) (5.5)

3. Diaqwrisimìthta

An x(m,n) = x1(m)x2(n), tìte X(u, v) = X1(u)X2(v), (5.6)
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ìpou X1(u) (antÐstoiqa X2(v)) eÐnai o metasqhmatismìc Fourier thc x1(m) (antÐstoiqa
x2(n)).

4. Stajer  tim 

X(0, 0) =
∞∑

m=−∞

∞∑

n=−∞
x(m,n). (5.7)

5. Diamìrfwsh
O pollaplasiasmìc me mÐa ekjetik  armonik  sun�rthsh,

y(m,n) = x(m,n)ej2π(u0m+v0n), (5.8)

sunep�getai metatìpish sto pedÐo twn qwrik¸n suqnot twn,

Y (u, v) = X(u− u0, v − v0). (5.9)

6. Sunèlixh
H 2-D sunèlixh thc h(., .) me thn x(., .) orÐzetai wc akoloÔjwc

y(m,n) =
∞∑

m′=−∞

∞∑

n′=−∞
h(m′, n′)x(m−m′, n− n′). (5.10)

O metasqhmatismìc Fourier Y (u, v) thc y(m,n) èqei wc ex c

Y (u, v) = H(u, v)X(u, v). (5.11)

ìpou H(u, v) eÐnai o metasqhmatismìc Fourier thc h(m,n).

7. Pollaplasiasmìc
O metasqhmatismìc Fourier tou ginomènou dÔo 2-D akolouji¸n, x(m,n) kai y(m,n),
dÐdetai wc ex c

∞∑

m=−∞

∞∑

n=−∞
x(m,n)y(m,n)e−j2π(um+vn) =

∫ 1/2

−1/2

∫ 1/2

−1/2
X(u′, v′)Y (u− u′, v − v′)du′dv′,

(5.12)
ìpou X(u, v) kai Y (u, v) eÐnai ìpwc parap�nw.

8. Eswterikì ginìmeno

∞∑

m=−∞

∞∑

n=−∞
x(m,n)y∗(m,n) =

∫ 1/2

−1/2

∫ 1/2

−1/2
X(u, v)Y ∗(u, v)dudv. (5.13)

Kat� sunèpeia h enèrgeia enìc s matoc diathreÐtai met� to metasqhmatismì,

∞∑

m=−∞

∞∑

n=−∞
|x(m,n)|2 =

∫ 1/2

−1/2

∫ 1/2

−1/2
|X(u, v)|2dudv. (5.14)

AkoloujoÔn paradeÐgmata analutik¸n ekfr�sewn gia to metasqhmatismì Fourier.
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Par�deigma 5.1. Ac eÐnai

x(m,n) =





1 m2 + n2 = 0
1/2 m2 + n2 = 1
1/4 m2 + n2 = 2
0 m2 + n2 > 2

2-D diakritì s ma peperasmènhc èktashc. Diapist¸noume ìti to s ma eÐnai diaqwrÐsimo me

x1(m) = x2(m) =





1 |m| = 0
1/2 |m| = 1
0 |m| > 1

'Amesa apì ton orismì tou metasqhmatismoÔ prokÔptei ìti

X1(u) = ej2πu + 1 + e−j2πu = 1 + 2 cos 2πu = 2 cos2 πu.

'Ara gia to 2-D s ma, lìgw diaqwrisimìthtac, ja isqÔei

X(u, v) = 4 cos2 πu cos2 πv.

Sto Sq ma 5.1 dÐdetai o metasqhmatismìc Fourier.

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.5

0

0.5

0

1

2

3

4

v

u

X(u,v)

Sq ma 5.1: Metasqhmatismìc Fourier thc peperasmènhc èktashc akoloujÐac tou pa-
radeÐgmatoc 5.1.

Par�deigma 5.2. Ac eÐnai

x(m,n) = α|m|β|n|, |α| < 1, |β| < 1

2-D diakritì s ma. AfoÔ to s ma eÐnai diaqwrÐsimo, arkeÐ na eurejoÔn oi dÔo monodi�statoi
metasqhmatismoÐ Fourier. Ja èqoume

X1(u) =
∞∑

m=−∞
α|m|e−j2πum =

0∑

m=−∞
α|m|e−j2πum +

∞∑

m=0

α|m|e−j2πum − 1
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=
0∑

m=−∞
(αej2πu)−m +

∞∑

m=0

(αe−j2πu)m − 1 =
∞∑

m=0

(αej2πu)m +
∞∑

m=0

(αe−j2πu)m − 1

=
1

1− αej2πu
+

1
1− αe−j2πu

− 1 =
1− α2

(1− αej2πu)(1− αe−j2πu)

=
1− α2

1− 2α cos(2πu) + α2
(5.15)

Oi timèc tou metasqhmatismoÔ dÐdontai grafik� sto Sq ma 5.2 gia dÔo diaforetikèc timèc tou
α, mÐa jetik  kai mÐa arnhtik . Telik� o metasqhmatismìc Fourier thc x(m,n) eÐnai

X(u, v) =
(1− α2)(1− β2)

(1− 2α cos(2πu) + α2)(1− 2β cos(2πv) + β2)
(5.16)
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Sq ma 5.2: Metasqhmatismìc Fourier ekjetik� fjÐnousac akoloujÐac gia (a) α = 0.7, (b)
α = −0.8.

'Askhsh

DÐdontai ta akìlouja s mata

• f1(m,n) =





1 |m|+ |n| = 0
1/2 |m|+ |n| = 1
1/4 |m|+ |n| = 2
0 |m|+ |n| > 2

• f2(m,n) =





1/8 m = −1 kai |n| = 1
1/4 m = −1 kai n = 0
−1/4 m = 1 kai n = 0
−1/8 m = 1 kai |n| = 1

0 |m| 6= 1 eÐte |n| > 1

Gia kajèna apì ta s mata aut� zhteÐtai e�n eÐnai diaqwrÐsimo, kai na eurejeÐ o metasqhmatismìc
Fourier.
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Kef�laio 6

Kbantismìc

'Enac kbantist c (Sq ma 6.1) antistoiqeÐ se mÐa suneq  metablht  X mÐa diakrit  tim  apì
èna peperasmèno sÔnolo {r1, r2, . . . , rN} antiproswpeutik¸n tim¸n. Gia ton prosdiorismì tou
kbantist  apaiteÐtai afenìc to sÔnolo twn antiproswpeutik¸n tim¸n kai afetèrou to sÔnolo
twn shmeÐwn apìfashc {d1, d2, . . . , dN−1} pou qwrÐzoun ton �xona twn pragmatik¸n arijm¸n
sta akìlouja diast mata

IR = (−∞, d1] ∪ (d1, d2] ∪ · · · ∪ (dN−1,∞). (6.1)

Gia to sqediasmì enìc kbantist  parousi�zontai sth sunèqeia dÔo proseggÐseic tou jèmatoc.

-
d3 d4

d2d1

6

r4

r5

r2

r1

Sq ma 6.1: 'Enac summetrikìc kbantist c

H pr¸th sthrÐzetai sta sumper�smata twn peiram�twn tou Weber, en¸ h deÔterh basÐzetai se
kajar� statistik� krit ria.

6.1 Krit rio basismèno sthn optik  antÐlhyh miac antÐjeshc

O nìmoc tou Weber gia thn antÐlhyh thc fwtein c antÐjeshc (ExÐswsh (2.2} mporeÐ na qrhsi-
mopoihjeÐ gia ton kajorismì enìc kbantist  gia dosmèno di�sthma tim¸n. Ac eÐnai L0 (antÐstoiqa
LT ) h el�qisth (antÐstoiqa mègisth) tim  thc fwtein c èntashc pou zhteÐtai h prosèggis 
thc apì èna peperasmèno sÔnolo diakrit¸n antiproswpeutik¸n tim¸n. An upojèsoume ìti oi
parap�nw akraÐec timèc an koun sto di�sthma pou isqÔei h stajer� tou Weber C, gia na mhn
eÐnai orat  h paramìrfwsh pou eis�gei o kbantismìc, o apaitoÔmenoc arijmìc antiproswpeu-
tik¸n tim¸n eÐnai toul�qiston

N =
log LT

L0

log(1 + C)
+ 1. (6.2)
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MÐa sunhjismènh tim  gia to lìgo LT /L0 eÐnai 100. An epomènwc lhfjeÐ C = 0, 02, prokÔptei
ìti apaitoÔntai 234 epÐpeda kbantismoÔ, pou shmaÐnei ìti 8 bits eÐnai arket� kat� kanìna gia
na parastajoÔn oi timèc miac eikìnac. Aut  h mèjodoc kbantismoÔ isodunameÐ me omoiìmorfo
kbantismì tou log�rijmou thc fwtein c èntashc.

6.2 Statistikì krit rio

Ac eÐnai X mÐa tuqaÐa metablht , thc opoÐac h sun�rthsh puknìthtac pijanìthtac eÐnai p(x).
ZhteÐtai o prosdiorismìc tìso twn epipèdwn kbantismoÔ, ìso kai twn shmeÐwn apìfashc, gia
dosmèno arijmì N diasthm�twn kai epipèdwn kbantismoÔ, me trìpo ¸ste to mèso tetragwnikì
sf�lma na elaqistopoieÐtai

D = E{(X −Q(X))2} =
N∑

i=1

∫ di

di−1

(x− ri)2p(x)dx, (6.3)

ìpou Q(.) eÐnai o telest c tou kbantismoÔ, kai d0 = −∞, dN = ∞.
Oi Lloyd kai Max èdwsan tic anagkaÐec sunj kec gia thn elaqistopoÐhsh tou D, pou

sunÐstantai se dÔo sust mata exis¸sewn. To pr¸to sÔsthma dÐdei thn kalÔterh antipros¸peu-
sh, me dosmèna ta diast mata

ri = E{X|X ∈ (di−1, di)} =

∫ di
di−1

xp(x)dx
∫ di
di−1

p(x)dx
; i = 1, . . . , N. (6.4)

To deÔtero sÔsthma dÐdei thn kalÔterh tmhmatopoÐhsh tou �xona twn pragmatik¸n arijm¸n me
dosmèna ta epÐpeda antipros¸peushc

di =
ri + ri+1

2
; i = 1, . . . , N − 1. (6.5)

Analutikèc ekfr�seic gia th lÔsh tou parap�nw sust matoc exis¸sewn lamb�nontai mìno
gia eidikèc peript¸seic katanom¸n kai arijmoÔ epipèdwn kbantismoÔ.

Par�deigma 6.1. Ac upotejeÐ ìti h katanom  eÐnai omoiìmorfh sto di�sthma [L0, LT ].
Tìte apì thn exÐswsh (6.4) prokÔptei ìti

ri =
di−1 + di

2
.

Opìte apì to sÔnolo twn exis¸sewn, pou s' aut  thn perÐptwsh eÐnai ìlec grammikèc, èqoume
thn akìloujh lÔsh gia ta ìria twn diasthm�twn

d0 = L0, di − di−1 =
LT − L0

N
(i = 1, . . . , N).

Ta epÐpeda kbantismoÔ ja eÐnai

ri = L0 +
(

i− 1
2

)
LT − L0

N
, i = 1, . . . , N.

'Ara ta diast mata kai ta epÐpeda kbantismoÔ katanèmontai omoiìmorfa sthn perÐptwsh thc
omoiìmorfhc katanom c. To el�qisto mèso tetragwnikì sf�lma eÐnai

Dmin =
(LT − L0)2

12N2
.
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Sth genik  perÐptwsh to parap�nw sÔsthma exis¸sewn (6.4) kai (6.5) mporeÐ na epilujeÐ
mìno me arijmhtikèc epanalhptikèc mejìdouc. Met� apì k�poiec arqikèc timèc gia ta epÐpeda
kbantismoÔ, qrhsimopoioÔntai diadoqik�, kai epanalhptik� mèqri th sÔgklish, oi exis¸seic (6.5)
kai (6.4). Prèpei na shmeiwjeÐ ìti h epanalhptik  epÐlush tou sust matoc twn exis¸sewn
den exasfalÐzei p�ntote thn elaqistopoÐhsh tou mèsou tetragwnikoÔ sf�lmatoc. MporeÐ h
sÔgklish na odhg sei se èna topikì el�qisto, ìtan oi parap�nw sunj kec eÐnai mìno anagkaÐec,
all� ìqi kai ikanèc gia thn elaqistopoÐhsh tou D. Sto Sq ma 6.2 dÐdontai apotelèsmata
kbantismoÔ me qr sh thc parap�nw mejìdou, ìpou h katanom  pijanìthtac gia tic timèc thc
èntashc prokÔptei empeirik�.

(a) (b)

(c) (d)

Sq ma 6.2: Kbantismìc se 256, 16, 8 kai 4 epÐpeda prosarmosmèna sthn katanom  twn
apoqr¸sewn thc eikìnac.

O Lloyd-Max kbantist c èqei tic akìloujec idiìthtec.

• H mèsh kbantismènh tim  eÐnai Ðsh me th mesh tim  thc metablht c

E{Q(X)} = E{X}.

• H kbantismènh tim  kai to sf�lma kbantismoÔ eÐnai asusqètistec metablhtèc

E{(X −Q(X))Q(X)} = 0.
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• H diaspor� tou sf�lmatoc kbantismoÔ eÐnai Ðsh me th diafor� thc diaspor�c thc metablht c
meÐon th diaspor� twn kbantismènwn tim¸n

E{(X −Q(X))2} =
∫ ∞

−∞
x2p(x)dx−

N∑

i=1

Pir
2
i ,

ìpou Pi =
∫ di
di−1

p(x)dx.

• Asumptwtik�, dhlad  gia meg�lo N , h diaspor� tou sf�lmatoc kbantismoÔ mei¸netai
ìpwc to 1/N2,

D ≈
(∫∞
−∞(p(x))1/3dx

)3

12N2
.

An h tuqaÐa metablht  X katanèmetai omoiìmorfa, ta diast mata kbantismoÔ eÐnai isom kh,
kai ta epÐpeda kbantismoÔ katanèmontai omoiìmorfa, ìpwc apodeÐqjhke sto Par�deigma 6.1.
O omoiìmorfoc kbantist c prosdiorÐzetai me th qr sh mÐac mìno paramètrou, to b ma tou
kbantismoÔ. Gi' autì to lìgo ja mporoÔse na èqei endiafèron kai sthn perÐptwsh metablht¸n
pou den katanèmontai omoiìmorfa. An mÐa metablht  katanèmetai sto sÔnolo twn pragmatik¸n
arijm¸n, up�rqei èna bèltisto b ma kbantismoÔ pou elaqistopoieÐ to mèso tetragwnikì sf�lma.
Parousi�zetai sth sunèqeia to prìblhma beltistopoÐhshc sthn perÐptwsh mÐac summetrik c
metablht c, ìtan p(x) = p(−x), me sunèpeia o kbantist c na eÐnai summetrikìc, ki ìtan epiplèon
o arijmìc twn epipèdwn kbantismoÔ eÐnai �rtioc.

Ac eÐnai ∆ to b ma tou kbantist  kai 2N o arijmìc twn epipèdwn kbantismoÔ. Ja èqoume

ri = (2i− sgn(i)) ∆
2 , i = ±1, . . . ,±N

di = i∆ , i = 0,±1, . . . ,±(N − 1)

}
(6.6)

To mèso tetragwnikì sf�lma eÐnai

D = 2
N−1∑

i=1

∫ di

di−1

(
x− (2i− 1)

∆
2

)2

p(x)dx + 2
∫ ∞

dN−1

(
x− (2N − 1)

∆
2

)2

p(x)dx. (6.7)

H lÔsh wc proc ∆ eurÐsketai me arijmhtikèc mejìdouc.

'Askhsh

DÐdetai tuqaÐa metablht  X me sun�rthsh puknìthtac pijanìthtac

p(x) =
1

σ
√

2
exp

(
−
√

2|x|
σ

)
.

1. Na eurejeÐ o bèltistoc kat� Lloyd-Max kbantist c gia N = 2, 3 kai 4 epÐpeda kban-
tismoÔ. Poiì eÐnai to mèso tetragwnikì sf�lma se k�je mÐa apì tic parap�nw peript¸seic;

2. Ta Ðdia erwt mata tÐjentai gia to bèltisto omoiìmorfo kbantist .
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Kef�laio 7

2-D diakrit� sust mata

'Ena 2-D diakritì sÔsthma (  fÐltro) dèqetai sthn eÐsodì tou èna 2-D diakritì s ma x(m, n)
kai dÐdei san apìkrish èna monadikì 2-D diakritì s ma y(m,n)

y(m,n) = H[x(m,n)]. (7.1)

'Ena sÔsthma onom�zetai grammikì, an, kai mìno an, h apìkrish tou sust matoc se k�je
grammikì sunduasmì eisìdwn x1(m,n) kai x2(m, n) eÐnai o Ðdioc grammikìc sunduasmìc twn
antÐstoiqwn exìdwn y1(m,n) kai y2(m,n)

H[a1x1(m,n) + a2x2(m,n)] = a1y1(m,n) + a2y2(m, n), ∀a1, a2 ∈ IR. (7.2)

OrÐzetai h akoloujÐa δ(m,n) tou Kronecker kat� ton akìloujo trìpo

δ(m, n) =

{
1 (m,n) = (0, 0)
0 (m,n) 6= (0, 0)

(7.3)

Opoiod pote s ma epomènwc ja mporeÐ na jewrhjeÐ wc grammikìc sunduasmìc twn deigm�twn
tou,

x(m,n) =
∞∑

k=−∞

∞∑

l=−∞
δ(m− k, n− l)x(k, l).

'Ara h èxodoc enìc grammikoÔ sust matoc gr�fetai wc ex c

y(m,n) =
∞∑

k=−∞

∞∑

l=−∞
h(m− k, n− l; m,n)x(k, l). (7.4)

7.1 Grammik� amet�blhta se metatìpish sust mata

Sthn perÐptwsh pou h apìkrish tou sust matoc eÐnai amet�blhth se mia metatìpish thc eisìdou,
dhlad  an mÐa metatìpish thc eisìdou sunep�getai thn Ðdia akrib¸c metatìpish thc exìdou,
qwrÐc kamÐa �llh allag , tìte h sqèsh eisìdou-exìdou gÐnetai

y(m,n) =
∞∑

k=−∞

∞∑

l=−∞
h(m− k, n− l)x(k, l). (7.5)

MporeÐ kaneÐc eÔkola na diapist¸sei ìti h(m,n) eÐnai h apìkrish tou sust matoc sthn akoloujÐa
δ(m,n).
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Gi' autì to lìgo h 2-D akoloujÐa h(m,n) onom�zetai kroustik  apìkrish tou sust matoc
(  fÐltrou). H èxodoc epomènwc enìc grammikoÔ amet�blhtou se metatìpish sust matoc
prokÔptei apì th sunèlixh thc eisìdou me thn kroustik  apìkrish tou sust matoc.

H sunèlixh èqei thn idiìthta thc summetrikìthtac. 'Ara isqÔei epÐshc

y(m,n) =
∞∑

k=−∞

∞∑

l=−∞
h(k, l)x(m− k, n− l).

H sunèlixh èqei kai thn prosetairistik  idiìthta, pou shmaÐnei ìti dÔo sust mata sth seir� iso-
dunamoÔn me èna sÔsthma me kroustik  apìkrish th sunèlixh twn dÔo antÐstoiqwn kroustik¸n
apokrÐsewn. H sunèlixh èqei epÐshc thn epimeristik  idiìthta, pou shmaÐnei pwc an dÔo sust mata
qrhsimopoihjoÔn par�llhla, me thn Ðdia eÐsodo, kai upertejoÔn oi dÔo èxodoi, eÐnai tautìshmo m'
èna sÔsthma tou opoÐou h kroustik  apìkrish eÐnai to �jroisma twn dÔo kroustik¸n apokrÐsewn.

An h kroustik  apìkrish enìc sust matoc eÐnai diaqwrÐsimh

h(m,n) = h1(m)h2(n), (7.6)

h apìkrish tou sust matoc mporeÐ na upologisjeÐ qwrist� stouc dÔo deÐktec (m,n), me
apotèlesma oikonomÐa kai aplopoÐhsh twn upologism¸n.

Par�deigma 7.1. To sÔsthma me kroustik  apìkrish

h(m,n) =





1/6 m = −1 kai |n| ≤ 1
−1/6 m = 1 kai |n| ≤ 1

0 |m| 6= 1 eÐte |n| > 1

eÐnai diaqwrÐsimo, me

h1(m) =





1/2 m = −1
−1/2 m = 1

0 |m| 6= 1
kai h2(n) =

{
1/3 |n| ≤ 1
0 |n| > 1

To pragmatikì mèroc tou metasqhmatismoÔ Fourier thc h(m,n) eÐnai mhdèn, en¸ to fantastikì
mèroc dÐdetai sto Sq ma 7.1.

'Ena grammikì sÔsthma onom�zetai amet�blhto sthn peristrof , an h kroustik  tou apìkrish
eÐnai sun�rthsh mìno miac metablht c, thc apìstashc d apì thn arq  twn axìnwn

h(m, n) = h0(d). (7.7)

H akrib c èkfrash thc h(m, n) exart�tai apì ton orismì thc apìstashc. Dunatèc ekfr�seic
eÐnai oi akìloujec: d =

√
m2 + n2   d = |m|+ |n|.

Par�deigma 7.2. To sÔsthma me kroustik  apìkrish

h(m,n) =





1 m2 + n2 = 0
1/2 m2 + n2 = 1
1/4 m2 + n2 = 2
0 m2 + n2 > 2

eÐnai amet�blhto sthn peristrof . EÐnai epÐshc diaqwrÐsimo me

h1(m) =





1 m = 0
1/2 |m| = 1
0 |m| > 1
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Sq ma 7.1: Metasqhmatismìc Fourier thc kroustik c apìkrishc tou paradeÐgmatoc 7.1.

kai h2(n) = h1(n). O metasqhmatismìc Fourier thc kroustik c apìkrishc tou sust matoc
autoÔ dÐdetai sto Sq ma 5.1.

Lème ìti èna fÐltro eÐnai peperasmènhc kroustik c apìkrishc, an h h(m,n) paÐrnei mh
mhdenikèc timèc mìno s' èna peperasmèno sÔnolo shmeÐwn (m,n), an dhlad 

h(m,n) = 0, |m| > M, |n| > N. (7.8)

Kai ta dÔo sust mata pou dìjhkan sta dÔo parap�nw paradeÐgmata èqoun peperasmènh krousti-
k  apìkrish (M = N = 1). Sthn antÐjeth perÐptwsh to fÐltro onom�zetai �peirhc kroustik c
apìkrishc.

Par�deigma 7.3. To sÔsthma me kroustik  apìkrish

h(m,n) = α|m|β|n|, (m,n) ∈ Z6 2

eÐnai diaqwrÐsimo kai ekteÐnetai se ìlo to epÐpedo twn akeraÐwn. An α = β, to sÔsthma eÐnai
amet�blhto sthn peristrof , me apìstash d = |m|+ |n|.

Ta fÐltra peperasmènhc kroustik c apìkrishc den parousi�zoun kamÐa duskolÐa ulopoÐhshc.
AntÐjeta ta fÐltra �peirhc kroustik c apìkrishc mporoÔn na ulopoihjoÔn mìno an mporoÔn
na perigrafoÔn me th bo jeia miac anadromik c sqèshc, dhlad  miac 2-D exÐswshc diafor�c,
ìpwc h akìloujh

y(m,n) =
∑

(k,l)∈Da

a(k, l)y(m− k, n− l) +
∑

(k,l)∈Db

b(k, l)x(m− k, n− l), (7.9)

ìpou ta sÔnola Da kai Db eÐnai peperasmèna. H parap�nw sqèsh orÐzei monadik� èna gram-
mikì sÔsthma mìno efìson orisjoÔn oi oriakèc sunj kec. To grammikì sÔsthma pou orÐzetai
m' autìn ton trìpo eÐnai amet�blhto se metatìpish upì tic proüpojèseic pou akoloujoÔn.
Kat' arq n apaiteÐtai h exasf�lish thc dunatìthtac anadromik¸n upologism¸n, jèma pou
anaptÔssetai me leptomèreia sthn epìmenh par�grafo. Sth sunèqeia prèpei na prosdiorisjeÐ
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h oriak  perioq , h opoÐa prokÔptei wc to sumpl rwma thc perioq c thc apìkrishc. H perioq 
thc apìkrishc prosdiorÐzetai mèsw thc perioq c thc kroustik c apìkrishc kai thc perioq c thc
eisìdou x(m,n), ìpwc aut  upeisèrqetai sto deÔtero mèroc thc ExÐswshc (7.9). H apìkrish
sthn oriak  perioq  prèpei na paÐrnei mhdenikèc timèc, gia na eÐnai to sÔsthma pou orÐzei h 2-D
exÐswsh diafor�c amet�blhto se metatìpish, kai na qarakthrÐzetai apì th sunèlixh kroustik c
apìkrishc kai eisìdou.

Gia na eÐnai h sqèsh (7.9) anadromik  apaiteÐtai kat' arq n na orisjeÐ mÐa sqèsh di�taxhc sto
epÐpedo twn akeraÐwn arijm¸n, me dosmèno ìti den up�rqei fusik  di�taxh gia zeÔgh akeraÐwn
arijm¸n. Ac upojèsoume ìti uiojeteÐtai h lexikografik  di�taxh, me th seir� pou emfanÐzontai
oi dÔo deÐktec pou prosdiorÐzoun èna shmeÐo. H sqèsh (7.9) eÐnai anadromik , an, gia mi�
dosmènh di�taxh, to sÔnolo Da eÐnai tètoio ¸ste to shmeÐo (m,n) na èpetai ìlwn twn shmeÐwn
(m − k, n − l), ìpou (k, l) ∈ Da. Gia th lexikografik  di�taxh, kai gia L1, L2 akèraiouc
arijmoÔc, èqoume

Da = {(k, l) : k = 0, 0 < l ≤ L2 eÐte 0 < k ≤ K,L1 ≤ l ≤ L2}. (7.10)

'Opoia ki an eÐnai h jewroÔmenh di�taxh, gia na eÐnai h sqèsh (7.9) anadromik , apaiteÐtai ìla
ta shmeÐa tou Da na egkleÐontai s' èna tomèa me koruf  to shmeÐo (0, 0) kai �noigma austhr�
mikrìtero apì π, ki epiplèon (0, 0) 6∈ Da.

Ac jewr soume t¸ra to kajar� anadromikì fÐltro pou dÐdetai apì thn akìloujh 2-D
exÐswsh diafor�c

y(m,n) =
∑

(k,l)∈Da

a(k, l)y(m− k, n− l) + x(m,n). (7.11)

H kroustik  apìkrish autoÔ tou fÐltrou eÐnai lÔsh thc exÐswshc

h(m,n) =
∑

(k,l)∈Da

a(k, l)h(m− k, n− l) + δ(m,n). (7.12)

MÐa tètoia kroustik  apìkrish mporeÐ na p�rei mh mhdenikèc timèc se ìla ta shmeÐa tou
el�qistou tomèa pou me koruf  to shmeÐo (0, 0) egkleÐei ìla ta shmeÐa tou Da. EÐnai tìte
dunatì na diakrÐnoume dÔo peript¸seic. An L1 = 0, o mègistoc tètoioc tomèac èqei �noigma
π/2, kai tìte anaferìmaste se èna fÐltro enìc tètartou tou epipèdou. Sthn antÐjeth perÐptwsh
anaferìmaste s' èna fÐltro enìc mh summetrikoÔ hmiepipèdou.

Par�deigma 7.4. H sqèsh eisìdou/exìdou

y(m,n) = αy(m− 1, n) + βy(m,n− 1) + x(m,n)

orÐzei èna fÐltro enìc tet�rtou tou epipèdou, en¸ h sqèsh eisìdou/exìdou

y(m,n) = αy(m− 1, n + 1) + βy(m, n− 1) + x(m,n)

orÐzei èna fÐltro enìc mh summetrikoÔ hmiepipèdou. O metasqhmatismìc Fourier thc kroustik c
apìkrishc tou fÐltrou pou orÐzetai sto tètarto tou epipèdou eÐnai

H(u, v) =
1

1− α exp(−2πju)− β exp(−2πjv)
.

Gia α = 0, 55 kai β = 0, 35 sto Sq ma 7.2 dÐdetai h grafik  par�stash tou mètrou tou
metasqhmatismoÔ Fourier.
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Sq ma 7.2: Metasqhmatismìc Fourier thc kroustik c apìkrishc tou paradeÐgmatoc 7.4.

7.2 2-D metasqhmatismìc Z

Prin proqwr soume sto jèma thc eust�jeiac enìc fÐltrou me �peirhc èktashc kroustik 
apìkrish, kai gia tic an�gkec thc melèthc thc eust�jeiac metaxÔ �llwn, dÐnoume sth sunèqeia
ton orismì kai merikèc idiìthtec tou 2-D metasqhmatismoÔ Z. O 2-D metasqhmatismìc Z
apoteleÐ genÐkeush tou metasqhmatismoÔ Fourier 2-D diakrit¸n akolouji¸n. O metasqhma-
tismìc Z tou 2-D diakritoÔ s matoc x(m,n) orÐzetai wc ex c

X(z1, z2) =
∞∑

m=−∞

∞∑

n=−∞
x(m,n)z−m

1 z−n
2 , (7.13)

ìpou z1 kai z2 eÐnai migadikèc metablhtèc. To sÔnolo twn tim¸n twn z1 kai z2 gia tic opoÐec
to �jroisma (7.13) up�rqei, onom�zetai perioq  sÔgklishc. Prìkeitai gia to sÔnolo twn tim¸n
twn z1 kai z2 gia ta opoÐa up�rqei to akìloujo �jroisma

∞∑

m=−∞

∞∑

n=−∞
|x(m,n)||z1|−m|z2|−n < ∞. (7.14)

Epomènwc h perioq  sÔgklishc orÐzetai sto epÐpedo (|z1|, |z2|). Gia 2-D s mata peperasmènhc
èktashc h perioq  sÔgklishc eÐnai olìklhro to epÐpedo (|z1|, |z2|), ektìc Ðswc twn shmeÐwn
ìpou |z1| = 0, |z1| = ∞, |z2| = 0, |z2| = ∞. Gia 2-D s mata periorismèna sto pr¸to tètarto
tou epipèdou, an to (|z′1|, |z′2|) an kei sthn perioq  sÔgklishc, tìte k�je shmeÐo tètoio ¸ste
|z1| ≥ |z′1| kai |z2| ≥ |z′2| an kei epÐshc. O antÐstrofoc metasqhmatismìc Z dÐdei thn arqik 
akoloujÐa

x(m,n) =
1

(j2π)2

∮ ∮
X(z1, z2)zm−1

1 zn−1
2 dz1dz2, (7.15)

ìpou h olokl rwsh gÐnetai me for� antÐstrofh ekeÐnhc twn deikt¸n enìc rologioÔ p�nw se
kleistèc kampÔlec pou an koun sthn perioq  sÔgklishc kai perikleÐoun thn arq  (0, 0). Gia
thn antistrof  idiaÐtera qr simoc eÐnai o tÔpoc tou Cauchy,

f(z0) =
1

j2π

∮
f(z)dz

z − z0
,
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ìpou h kleist  kampÔlh kai h olokl rwsh eÐnai wc anwtèrw ki epiplèon h sun�rthsh f(z) eÐnai
analutik , dhlad  paragwgÐzetai se ìla ta shmeÐa tou kleistoÔ sunìlou pou orÐzei h kampÔlh
tou oloklhr¸matoc. O anwtèrw tÔpoc epekteÐnetai se parag¸gouc opoiasd pote t�xhc,

f (n)(z0) =
n!

j2π

∮
f(z)dz

(z − z0)n+1
, (7.16)

ìpou n mh arnhtikìc akèraioc.

Par�deigma 7.5. Ac jewr soume to metasqhmatismì

H(z1, z2) =
1

1− αz−1
1 − βz−1

2

. (7.17)

H ExÐswsh (7.15) se sunduasmì me to genikì tÔpo tou Cauchy thc ExÐswshc (7.16) dÐdei thn
kroustik  apìkrish tou sust matoc

h(m,n) =
(m + n)!

m!n!
αmβn, m ≥ 0, n ≥ 0. (7.18)

Ac èljoume t¸ra se merikèc idiìthtec tou metasqhmatismoÔ Z. Kat' arq  o metasqhma-
tismìc eÐnai grammikìc.

1. Metatìpish

∞∑

m=−∞

∞∑

n=−∞
x(m−m0, n− n0)z−m

1 z−n
2 = z−m0

1 z−n0
2 X(z1, z2) (7.19)

2. Diaqwrisimìthta

An x(m,n) = x1(m)x2(n), tìte X(z1, z2) = X1(z1)X2(z2) (7.20)

ìpou X1(z1) (antÐstoiqa X2(z2)) eÐnai o metasqhmatismìc Z thc x1(m) (antÐstoiqa
x2(n)).

3. Summetrik  akoloujÐa
An h akoloujÐa y(m,n) eÐnai summetrik  thc x(m,n), dhlad  an y(m,n) = x(−m,−n),
tìte

Y (z1, z2) = X(z−1
1 , z−1

2 ) (7.21)

4. Sunèlixh
O metasqhmatismìc Z thc y(m,n), pou prokÔptei wc sunèlixh thc h(., .) me th x(., .), pou
dÐdetai sthn ExÐswsh (7.5), èqei wc ex c

Y (z1, z2) = H(z1, z2)X(z1, z2), (7.22)

ìpou H(z1, z2) eÐnai o metasqhmatismìc Z thc h(m,n), kai onom�zetai sun�rthsh metafor�c
tou sust matoc.
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7.3 Eust�jeia

'Ena sÔsthma onom�zetai eustajèc, an gia mia fragmènh eÐsodo (|x(m,n))| < ∞, ∀(m,n)),
h èxodoc eÐnai fragmènh (|y(m, n))| < ∞,∀(m,n)). Autì isodunameÐ me thn Ôparxh tou
akìloujou ajroÐsmatoc

∞∑

m=−∞

∞∑

n=−∞
|h(m, n)| < ∞. (7.23)

Pr�gmati, ja èqoume

|y(m, n))| <
∞∑

m′=−∞

∞∑

n′=−∞
|h(m′, n′)x(m−m′, n−n′)| < max |x(m,n))|

∞∑

m′=−∞

∞∑

n′=−∞
|h(m′, n′)| < ∞.

IsqÔei kai to antÐstrofo, dhlad  h sunj kh thc ExÐswshc (7.23) eÐnai anagkaÐa gia thn
eust�jeia. Ac jewr soume wc s ma eisìdou to x(m, n) = sign (h(m,n)). Tìte ja èqoume

|y(0, 0)| =
∞∑

m=−∞

∞∑

n=−∞
sign (h(m,n))h(m, n) =

∞∑

m=−∞

∞∑

n=−∞
|h(m,n)| < ∞.

Me b�sh ton orismì thc perioq c sÔgklishc thc ExÐswshc (7.14), h eust�jeia enìc sust -
matoc exart�tai apì to e�n h perioq  sÔgklishc gia to metasqhmatismì Z thc kroustik c
apìkrishc tou sust matoc perilamb�nei touc monadiaÐouc kÔklouc |z1| = 1 kai |z2| = 1. EÐnai
fanerì apì ton orismì thc eust�jeiac, ìti ìla ta fÐltra me peperasmènh kroustik  apìkrish
eÐnai eustaj . Ac jewr soume t¸ra ta fÐltra me �peirh kroustik  apìkrish, pou ìmwc pe-
riorÐzetai sto tètarto tou epipèdou, gia ta opoÐa dÐdetai mÐa anadromik  sqèsh wc akoloÔjwc

y(m,n) =
∑K

k=0

∑L
l=0

|k|+|l|6=0

a(k, l)y(m− k, n− l) + x(m,n). (7.24)

Efarmìzontac thn idiìthta thc metatìpishc gia to metasqhmatismì Z pou dÐdetai sthn ExÐswsh
(7.19), prokÔptei ìti h sun�rthsh metafor�c autoÔ tou sust matoc eÐnai Ðsh me to antÐstrofo
enìc poluwnÔmou twn dÔo migadik¸n metablht¸n z−1

1 kai z−1
2 ,

H(z1, z2) =
1

A(z1, z2)
=

1
1− ∑K

k=0

∑L
l=0

|k|+|l|6=0

a(k, l)z−k
1 z−l

2

. (7.25)

Tìte h sunj kh eust�jeiac mporeÐ na ekfrasjeÐ me b�sh th jèsh twn riz¸n tou poluwnÔmou
A(z1, z2). 'Ena fÐltro me sun�rthsh metafor�c pou dÐdetai apì thn ExÐswsh (7.25) eÐnai eu-
stajèc, e�n, kai mìno e�n,

A(z1, z2) 6= 0 gia |z1| ≥ 1, |z2| ≥ 1 (7.26)

e�n, kai mìno e�n,
A(z1, z2) 6= 0 gia |z1| ≥ 1, |z2| = 1
A(z1, z2) 6= 0 gia |z1| = 1, |z2| ≥ 1

(7.27)

e�n, kai mìno e�n,
A(z1, z2) 6= 0 gia |z1| ≥ 1, |z2| = 1
A(z1, z2) 6= 0 gia z1 = 1, |z2| ≥ 1

(7.28)
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e�n, kai mìno e�n,
A(z1, z2) 6= 0 gia |z1| = |z2| = 1
A(z1, 1) 6= 0 gia |z1| ≥ 1
A(1, z2) 6= 0 gia |z2| ≥ 1

(7.29)

Par�deigma 7.6. Ac jewr soume to polu¸numo

A(z1, z2) = 1− αz−1
1 − βz−1

2 (7.30)

Oi ikanèc kai anagkaÐec sunj kec eust�jeiac (7.27) gr�fontai gia thn perÐptwsh tou paradeÐgma-
toc wc ex c

|α| < |1− βe−jω2 | ∀ω2

|β| < |1− αe−jω1 | ∀ω1
(7.31)

Apì tic dÔo autèc anisìthtec prokÔptei ìti, an to sÔsthma eÐnai eustajèc, ja prèpei,

|α cosω1 + β cosω2| < 1, ∀ω1, ∀ω2 (7.32)

Kat� sunèpeia, an to sÔsthma eÐnai eustajèc ja èqoume

|α|+ |β| < 1. (7.33)

An aut  h sqèsh isqÔei mporeÐ kaneÐc na diapist¸sei ìti ja isqÔoun kai oi sqèseic (7.31),
ki epomènwc h sqèsh (7.33) eÐnai ikan  kai anagkaÐa, gia thn eust�jeia tou sust matoc tou
paradeÐgmatoc. H sunj kh aut  dÐdetai grafik� sto Sq ma 7.3. To sÔsthma eÐnai eustajèc
gia timèc twn α kai β sto eswterikì tou tetrag¸nou.
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Sq ma 7.3: Sunj kh gia eust�jeia disdi�stathc pr¸thc t�xhc anadrom c.
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Ask seic

1. Gia kajèna apì ta parak�tw sust mata prosdiorÐste e�n to sÔsthma eÐnai   ìqi gram-
mikì, eÐnai   ìqi amet�blhto kat� thn metatìpish. E�n to sÔsthma eÐnai grammikì kai
amet�blhto kat� thn metatìpish, breÐte thn kroustik  apìkris  tou.

(a) y(m,n) = x(m,n) + 1

(b) y(m,n) = x(2m, 2n)

(c) y(m,n) =

{
x(m/2, n/2) m = 2k, n = 2l

0 alli¸c

(d) y(m,n) = (m2 + n2)x(m,n)

(e) y(m,n) =
∑m

m′=−∞
∑n

n′=−∞ x(m′, n′)

(f) y(m,n) = exp(2x(m,n))

(g) y(m,n) =
∑1

m′=−1

∑1
n′=−1 x(m′, n′)

(h) y(m,n) =
∑M−1

m′=0

∑N−1
n′=0 x(m′, n′) exp(−j 2πmm′

M ) exp(−j 2πnn′
N )

2. DÐdetai to akìloujo 2-D diakritì s ma

u(m,n) =

{
1 m ≥ 0 kai n ≥ 0
0 alli¸c

kai to akìloujo 2-D fÐltro

h(m,n) =





−4 m2 + n2 = 0
1 m2 + n2 = 1
0 m2 + n2 > 1

Na eurejeÐ h apìkrish tou fÐltrou h(m, n) sto s ma u(m,n). Na eurejeÐ epÐshc o
metasqhmatismìc Z tou h(m,n).

3. DÐdetai to akìloujo disdi�stato fÐltro me kroustik  apìkrish

h(m,n) =





α−m+|n| m < 0, ∀n
0 m = 0, ∀n

−αm+|n| m > 0, ∀n

Poi� eÐnai apìkrish tou fÐltrou sta akìlouja s mata:

(a) x(m,n) = 1, ∀m,n

(b) x(m,n) =

{
1 m ≥ 0, n ≥ 0
0 alloÔ

Poi� eÐnai h sunj kh gia to α ¸ste na up�rqoun autèc oi apokrÐseic; P¸c mporeÐ na
ulopoihjeÐ autì to fÐltro; Na dojoÔn o metasqhmatismìc Fourier kai o metasqhmatismìc
Z tou fÐltrou.

4. E�n X(z1, z2) eÐnai o metasqhmatismìc Z thc x(m,n), kai e�n x(m,n) = x(−m,−n), na
deiqjeÐ ìti X(z1, z2) = X( 1

z1
, 1

z2
).

31



5. DÐdetai h kroustik  apìkrish enìc 2-D sust matoc

h(m,n) =

{
αm m ≥ n ≥ 0
0 alloÔ

Na eurejeÐ o metasqhmatismìc Z thc h(m,n) kai h perioq  sÔgklishc. Poi� eÐnai h
sunj kh eust�jeiac tou sust matoc;

6. DÐdetai
x(m,n) = y(a11m + a12n, a21m + a22n)

ìpou gia shmeÐa tou s matoc y(m,n) pou den èqoun antÐstoiqo x(m,n), lamb�netai h
tim  0. Na apodeiqjeÐ ìti

Y (z1, z2) = X(za11
1 za21

2 , za12
1 za22

2 ).

7. Ac upotejeÐ ìti ta dianÔsmata (N11, N12) kai (N21, N22) prosdiorÐzoun ta ìria tou tomèa
ìpou orÐzetai h kroustik  apìkrish enìc 2-D sust matoc, me �noigma austhr� mikrìtero
tou π. DÐdetai ìti: D = N11N22 −N12N21 > 0.

(a) Na eurejeÐ ènac trìpoc grammik c apeikìnishc twn shmeÐwn tou parap�nw tomèa
sto pr¸to tètarto tou epipèdou.

(b) AitiologeÐste giatÐ h sunj kh eust�jeiac eÐnai isodÔnamh gia tic dÔo peript¸seic
pedÐou orismoÔ.

(c) DÐdetai o metasqhmatismìc Z enìc 2-D sust matoc

H(z1, z2) =
1

1− az−1
1 z2 − bz−1

2

.

Poi� eÐnai h sunj kh eust�jeiac tou sust matoc;
(d) Poi� eÐnai h sunj kh eust�jeiac gia èna sÔsthma orizìmeno sto deÔtero tètarto

tou epipèdou (m ≥ 0, n ≤ 0), an

H(z1, z2) =
1

A(z1, z2)
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Kef�laio 8

2-D orjomonadiaÐoi
metasqhmatismoÐ

AntikeÐmeno autoÔ tou kefalaÐou eÐnai oi diakritoÐ metasqhmatismoÐ, pou qrhsimeÔoun sthn
exagwg  orismènwn qarakthristik¸n apì tic eikìnec, ìpwc epÐshc sthn par�stash sto pedÐo
twn suqnot twn, kai gi' autì akrib¸c to lìgo qrhsimopoioÔntai sth sumpÐesh twn eikìnwn.
Oi 2-D metasqhmatismoÐ gÐnontai se orjog¸nia   tetr�gwna mplok. Gia lìgouc aplìthtac ja
periorisjoÔme ed¸ sthn perÐptwsh twn tetr�gwnwn mplok.

Ac jewr soume ìti èna tetr�gwno mplok parist�netai apì èna tetragwnikì pÐnaka X,
diast�sewn N×N . Ac eÐnai EN o dianusmatikìc q¸roc twn tetragwnik¸n pin�kwn diast�sewn
N ×N , me eswterikì ginìmeno orismèno kat� ton akìloujo trìpo

〈A,B〉 = iqn[B†A] =
N−1∑

m=0

N−1∑

n=0

a(m,n)b?(m,n), (8.1)

ìpou A ∈ EN , B ∈ EN , kai B† eÐnai o an�strofoc kai suzug c pÐnakac tou B. 'Enac grammikìc
metasqhmatismìc eÐnai mÐa grammik  apeikìnish tou EN ston EN , pou orÐzetai wc ex c

EN 3 X
T−→ Y ∈ EN

y(m,n) =
N−1∑

i=0

N−1∑

k=0

t∗(m,n; i, k)x(i, k). (8.2)

SÔmfwna me ton orismì tou eswterikoÔ ginomènou (8.1) mporoÔme na gr�youme

y(m,n) = 〈X, Φ(m,n)〉, (8.3)

ìpou to tupikì stoiqeÐo tou pÐnaka Φ(m,n) eÐnai {t(m,n; i, k)}. Ta stoiqeÐa tou pÐnaka Y
onom�zontai suntelestèc tou metasqhmatismoÔ. Oi pÐnakec Φ(m,n) sunistoÔn th b�sh tou
metasqhmatismoÔ.

Upojètoume ìti o metasqhmatismìc T eÐnai antistrèyimoc, dhlad  ìti up�rqei metasqhmati-
smìc, T −1, tètoioc ¸ste

T T −1 = T −1T = I, (8.4)

ìpou I eÐnai o monadiaÐoc metasqhmatismìc tou dianusmatikoÔ q¸rou EN . O an�strofoc
kai suzug c metasqhmatismìc, T †, èqei tupikì stoiqeÐo {t∗(i, k; m,n)}. Sth sunèqeia ja
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periorisjoÔme stouc orjomonadiaÐouc metasqhmatismoÔc, oi opoÐoi eÐnai antistrèyimoi, kai o
antÐstrofoc eÐnai Ðsoc me ton an�strofo kai suzug 

T −1 = T †. (8.5)

SÔmfwna me touc parap�nw orismoÔc prokÔptei ìti h b�sh enìc orjomonadiaÐou metasqhmati-
smoÔ eÐnai orjokanonik 

〈Φ(m,n),Φ(m′, n′)〉 = δ(m−m′, n− n′). (8.6)

MporeÐ epÐshc na apodeiqjeÐ ìti h b�sh eÐnai pl rhc. Epomènwc ènac orjomonadaÐoc metasqh-
matismìc sunist� mÐa an�lush se mÐa pl rh kai orjokanonik  b�sh.

IdiaÐtero endiafèron èqoun oi diaqwrÐsimoi metasqhmatismoÐ, gia touc opoÐouc isqÔei

t(m, n; i, k) = t1(m, i)t2(n, k),∀i, k, m, n (8.7)

Se aut  thn perÐptwsh dÔo tetragwnikoÐ pÐnakec, T1 kai T2, arkoÔn gia ton orismì tou metasqh-
matismoÔ, pou dÐdetai me th bo jeia dÔo ginomènwn pin�kwn

Y = T ∗1 XT †2 . (8.8)

'Oson afor� to metasqhmatismì T , eÐnai Ðsoc me to ginìmeno Kronecker twn dÔo suzug¸n
pin�kwn

T = T ∗1 ⊗ T ∗2 . (8.9)

To ginìmeno Kronecker dÔo tetragwnik¸n pin�kwn A kai B orÐzetai wc ex c

A⊗B =




a(0, 0)B · · · a(0, N − 1)B
...

...
a(N − 1, 0)B · · · a(N − 1, N − 1)B


 (8.10)

O antÐstrofoc metasqhmatismìc eÐnai epÐshc diaqwrÐsimoc, kai efìson eÐnai orjomonadiaÐoc
dÐdetai wc akoloÔjwc

T −1 = T t
1 ⊗ T t

2, (8.11)

opìte ja èqoume
X = T t

1Y T2. (8.12)

H plèon sunhjismènh perÐptwsh eÐnai ìtan T1 = T2 = T , opìte eÐnai

Y = T ∗XT † kai X = T tY T. (8.13)

O arijmìc twn pollaplasiasm¸n kai prosjèsewn pou apaitoÔntai sthn perÐptwsh enìc diaqw-
rÐsimou metasqhmatismoÔ eÐnai thc t�xhc 2N3, se sqèsh me N4 pou eÐnai sth genik  perÐptwsh.

K�je orjomonadiaÐoc metasqhmatismìc èqei thn idiìthta thc diat rhshc thc enèrgeiac

N−1∑

m=0

N−1∑

n=0

y2(m,n) =‖ Y ‖2= 〈T X, T X〉 = 〈T †T X,X〉 = 〈X, X〉 =‖ X ‖2=
N−1∑

m=0

N−1∑

n=0

x2(m,n).

(8.14)
Sth sunèqeia dÐnoume touc plèon qrhsimopoioÔmenouc orjomonadiaÐouc metasqhmatismoÔc.
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8.1 Diakritìc metasqhmatismìc Fourier

To tupikì stoiqeÐo tou diakritoÔ metasqhmatismoÔ Fourier (DFT, Discrete Fourier Transform)
eÐnai to ex c

t(m,n; i, k) =
1
N

exp(
2πj

N
(im + kn)) (8.15)

Apì ton orismì eÐnai profanèc ìti o DFT eÐnai diaqwrÐsimoc, kai epÐshc eÐnai eÔkolo na
apodeiqjeÐ ìti eÐnai orjomonadiaÐoc. O DFT eÐnai eurÔtata qrhsimopoioÔmenoc metasqhma-
tismìc, gia ton opoÐo up�rqoun gr goroi algìrijmoi upologismoÔ. Q�rh sth diaqwrisimìthta,
o 2-D DFT mporeÐ na upologisjeÐ me qr sh tou 1-D FFT (Fast Fourier Transform), opìte
o arijmìc twn pollaplasiasm¸n anèrqetai se N2 log2 N . Efarmìzontac thn Ðdia mèjodo me
ton 1-D FFT kat' eujeÐan sto 2-D DFT, mporeÐ na meiwjeÐ akìmh kat� 25% o arijmìc twn
pollaplasiasm¸n. Gi' autì jètoume: WN = e−

j2π
N kai gr�foume:

S00(m,n) =
N/2−1∑

i=0

N/2−1∑

k=0

x(2i, 2k)W 2im+2kn
N

S01(m,n) =
N/2−1∑

i=0

N/2−1∑

k=0

x(2i, 2k + 1)W 2im+2kn
N

S10(m,n) =
N/2−1∑

i=0

N/2−1∑

k=0

x(2i + 1, 2k)W 2im+2kn
N

S11(m,n) =
N/2−1∑

i=0

N/2−1∑

k=0

x(2i + 1, 2k + 1)W 2im+2kn
N

(8.16)

MporoÔme tìte na gr�youme

y(m,n) = S00(m,n) + Wn
NS01(m,n) + Wm

N S10(m, n) + Wm+n
N S11(m,n)

y(m + N
2 , n) = S00(m,n) + Wn

NS01(m,n)−Wm
N S10(m, n)−Wm+n

N S11(m,n)
y(m,n + N

2 ) = S00(m,n)−Wn
NS01(m,n) + Wm

N S10(m, n)−Wm+n
N S11(m,n)

y(m + N
2 , n + N

2 ) = S00(m,n)−Wn
NS01(m,n)−Wm

N S10(m, n) + Wm+n
N S11(m,n)

(8.17)
To pl joc upodiairèsewn autoÔ tou tÔpou eÐnai log2 N , kai gia k�je tèssereic suntelestèc tou
metasqhmatismoÔ apaitoÔntai treÐc pollaplasiasmoÐ. Epomènwc o arijmìc twn pollaplasia-
sm¸n ja eÐnai 3N2

4 log2 N .

8.2 Diakritìc metasqhmatismìc sunhmitìnou

To tupikì stoiqeÐo tou diakritoÔ metasqhmatismoÔ sunhmitìnou (DCT, Discrete Cosine Trans-
form) eÐnai to ex c

t(m,n; i, k) =
c(m)c(n)

N
cos

(2i + 1)mπ

2N
cos

(2k + 1)nπ

2N
, (8.18)

ìpou c(m) =

{
1 m = 0√
2 m 6= 0

. O DCT eÐnai ènac diaqwrÐsimoc orjomonadiaÐoc metasqhmati-

smìc, pou qrhsimopoieÐtai eurÔtata gia th sumpÐesh twn eikìnwn. O metasqhmatismìc sunhmitì-
nou eÐnai idiaÐtera apotelesmatikìc sth sumpÐesh, giatÐ proseggÐzei tic epidìseic tou bèltistou
grammikoÔ metasqhmatismoÔ, efìson ta dedomèna eÐnai isqur� susqetismèna.
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Sq ma 8.1: H b�sh tou 2-D diakritoÔ metasqhmatismoÔ sunhmitìnou

O diakritìc metasqhmatismìc sunhmitìnou sundèetai �mesa me to diakritì metasqhmatismì
Fourier. Ac eÐnai

x1(m,n) =





x(m,n) 0 ≤ m < N, 0 ≤ n < N
x(m, 2N − 1− n) 0 ≤ m < N,N ≤ n < 2N
x(2N − 1−m,n) N ≤ m < 2N, 0 ≤ n < N
x(2N − 1−m, 2N − 1− n) N ≤ m < 2N, N ≤ n < 2N

(8.19)

kai y1(m,n) o diakritìc metasqhmatismìc Fourier tou x1(m,n). Tìte apodeiknÔetai ìti, an
eÐnai y(m,n) o diakritìc metasqhmatismìc sunhmitìnou tou x(m,n), isqÔei

y(m,n) =
1
4
c(m)c(n)W

m+n
2

2N y1(m,n), 0 ≤ m < N, 0 ≤ n < N (8.20)

Opìte gia ton upologismì tou 2-D DCT mporeÐ na qrhsimopoihjeÐ o 2-D FFT me dipl�sio
arijmì shmeÐwn an� di�stash. Wstìso up�rqoun gr goroi algìrijmoi upologismoÔ pou den
apaitoÔn th qr sh tou FFT me mikrìtero telik� kìstoc.

8.3 Diakritìc metasqhmatismìc hmitìnou

To tupikì stoiqeÐo tou diakritoÔ metasqhmatismoÔ hmitìnou (DST, Discrete Sine Transform)
eÐnai to ex c

t(m,n; i, k) =
2

N + 1
sin

π(i + 1)(m + 1)
N + 1

sin
π(k + 1)(n + 1)

N + 1
(8.21)

EÐnai epÐshc diaqwrÐsimoc kai orjomonadiaÐoc, kai up�rqoun gr goroi algìrijmoi gia ton up-
ologismì tou.
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8.4 Diakritìc metasqhmatismìc Walsh-Hadamard

To tupikì stoiqeÐo tou diakritoÔ metasqhmatismoÔ Walsh-Hadamard (WHT) orÐzetai me tic
duadikèc timèc ±1, an agno soume ton par�gonta kanonikopoÐhshc 1/N . O upologismìc epo-
mènwc tou WHT den apaiteÐ pollaplasiasmoÔc. To tupikì stoiqeÐo eÐnai to ex c

t(m,n; i, k) =
1
N

(−1)p(m,n;i,k) (8.22)

ìpou N = 2l kai p(m,n; i, k) =
∑l−1

r=0(irm
(−)
r + krn

(−)
r ). ir (antÐstoiqa kr) eÐnai oi duadikèc

parast�seic twn i (antÐstoiqa k). Ta m
(−)
r kai n

(−)
r perilamb�noun epÐshc mÐa antistrof  twn

bits, kat� ton akìloujo trìpo

m
(−)
0 = ml−1

m
(−)
1 = ml−1 + ml−2

...
...

...
m

(−)
l−1 = m1 + m0

(8.23)

O WHT eÐnai diaqwrÐsimoc kai orjomonadiaÐoc, kai up�rqoun gr goroi algìrijmoi gia ton
upologismì tou.
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'Askhsh

Ac eÐnai r(m,n) h sun�rthsh summetablhtìthtac enìc 2-D s matoc x(m,n). O bèltistoc
grammikìc orjomonadiaÐoc N×N metasqhmatismìc dÐdetai apì th lÔsh twn parak�tw exis¸sewn:

N−1∑

j=0

N−1∑

l=0

r(i− j, k − l)t(m,n; j, l) = λ(m,n)t(m,n; i, k), gia 0 ≤ i, k, m, n < N

An h sun�rthsh summetablhtìthtac eÐnai diaqwrÐsimh

r(m,n) = r1(m)r2(n),

tìte kai o metasqhmatismìc eÐnai diaqwrÐsimoc

t(m,n; i, k) = t1(m, i)t2(n, k)

kai prokÔptei wc ex c:

N−1∑

j=0

r1(i− j)t1(m, j) = λ1(m)t1(m, i), gia 0 ≤ m, i < N

N−1∑

l=0

r2(k − l)t2(n, l) = λ2(n)t2(n, k), gia 0 ≤ n, k < N

DÐdetai h akìloujh sun�rthsh summetablhtìthtac

r(m,n) = σ2ρ|m|+|n|, me 0 < ρ < 1

1. Na eurejeÐ o 2× 2 metasqhmatismìc pou ikanopoieÐ tic parap�nw sqèseic.

2. Na sugkrijeÐ to apotèlesma me touc metasqhmatismoÔc Fourier kai sunhmitìnou.
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Kef�laio 9

BeltÐwsh eikìnwn

H ènnoia thc poiìthtac twn eikìnwn ìntac polÔ suqn� upokeimenik , h beltÐwsh orÐzetai me
krit rio to zhtoÔmeno stìqo, pou mporeÐ na sqetÐzetai apl� me thn emf�nish twn eikìnwn. 'Etsi
h beltÐwsh anafèretai, eÐte ston tonismì k�poiwn qarakthristik¸n thc eikìnac, ìpwc h suno-
lik  fwtein  antÐjesh,   ta ìria twn tmhm�twn thc eikìnac, eÐte ston periorismì tou jorÔbou,
pou endeqìmena ephre�zei thn emf�nish miac eikìnac   parenoqleÐ thn exagwg  qr simhc plhro-
forÐac apì thn eikìna.

9.1 Tonismìc thc fwtein c antÐjeshc

Aut  h epexergasÐa afor� eikìnec me qamhl  fwtein  antÐjesh. Prìkeitai gia èna telest 
shmeÐou, pou tropopoieÐ thn tim  thc fwtein c èntashc shmeiak�. H arqik  tim  x(m, n)
tropopoieÐtai se

y(m,n) = g(x(m,n)). (9.1)

O telest c autìc ulopoieÐtai se kbantismèna dedomèna me th bo jeia enìc pÐnaka antis-
toiqÐac. Sunèpeia thc tropopoÐhshc twn tim¸n thc fwtein c èntashc eÐnai h tropopoÐhsh tou
istogr�mmatoc.

Ac upojèsoume ìti eÐnai epijumht  h epèktash tou istogr�mmatoc gia tic timèc thc fwtein c
èntashc pou perilamb�nontai sto di�sthma [xmin, xmax], sto mègisto dunatì di�sthma tim¸n
[0, L]. Tìte h grammik  antistoiqÐa twn tim¸n gÐnetai me ton akìloujo trìpo

y =





0 x < xmin⌊
L x−xmin

xmax−xmin
+ 0, 5

⌋
xmin ≤ x ≤ xmax

L x > xmax

(9.2)

Sto Sq ma 9.1 dÐdetai mÐa eikìna kai to apotèlesma tou tonismoÔ thc fwtein c antÐjeshc me
thn parap�nw sqèsh. Ja mporoÔse epÐshc na orisjeÐ mia mh-grammik  antistoÐqhsh, ìpwc

y =
⌊
L

(
x− xmin

xmax − xmin

)γ

+ 0, 5
⌋

, (9.3)

ìpou γ stajer� pou lamb�netai mikrìterh tou 1 gia na d¸sei pio fwteinèc timèc kai megalÔterh
tou 1 gia na d¸sei pio skoteinèc timèc sthn eikìna, an�loga me tic an�gkec gia tonismì thc
fwtein c antÐjeshc.

EÐnai epÐshc dunatì h tropopoÐhsh tou istogr�mmatoc na prosarmosjeÐ sta dedomèna thc
eikìnac, kajorÐzontac thn epijumht  morf  tou tropopoihmènou istogr�mmatoc. An epidi¸ketai
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(a) (b)

Sq ma 9.1: Tonismìc thc fwtein c antÐjeshc.

(a) (b)

(c) (d)

Sq ma 9.2: Tonismìc thc fwtein c antÐjeshc (b) grammik� , (c) mh-grammik� (γ = 0, 7) kai (d)
me exisorrìphsh istogr�mmatoc.
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sto telikì istìgramma oi timèc na eÐnai omoiìmorfa katanemhmènec, tìte anaferìmaste sthn
isost�jmish tou istogr�mmatoc, pou epitugq�netai me ton akìloujo trìpo

y =
⌊
L

P (x)− P (xmin)
1− P (xmin)

+ 0, 5
⌋

, (9.4)

ìpou P (x) =
∑

u≤x p(u), p(.) ìntac to istìgramma thc arqik c eikìnac. Wstìso eikìnec me
isostajmismèno istìgramma suqnìtata den faÐnontai idiaÐtera fusikèc, ìpwc gia par�deigma sto
Sq ma 9.2(d). Gi' autì eÐnai protimìterh h tropopoÐhsh tou istogr�mmatoc ¸ste na akoloujeÐ
mÐa katanom  pou na qrhsimopoieÐ to diajèsimo eÔroc tim¸n kai na eÐnai puknìterh perÐ th mèsh
tim , ìpwc h katanom  Gauss.

9.2 MeÐwsh jorÔbou

H meÐwsh tou jorÔbou mporeÐ na epiteuqjeÐ qrhsimopoi¸ntac èna grammikì fÐltro me uyhl 
apìkrish stic qamhlèc suqnìthtec kai amet�blhto tìso se mia metatìpish, ìso kai se mia
peristrof . Ac eÐnai h(m,n) h kroustik  apìkrish tou sust matoc, ki ac upojèsoume ìti
topik� to s ma eÐnai stajerì, me tim  µ, ki ìti h diaspor� tou jorÔbou eÐnai σ2. Gia na mhn
up�rxei metabol  thc mèshc tim c tou s matoc apaiteÐtai ìpwc

M∑

m=−M

N∑

n=−N

h(m,n) = 1, (9.5)

efìson to fÐltro eÐnai peperasmènhc kroustik c apìkrishc kai ekteÐnetai summetrik� wc proc
thn arq . An upojèsoume ìti o jìruboc eÐnai leukìc, dhlad  qwrik� asusqètistoc, h diaspor�
tou jorÔbou sthn èxodo tou fÐltrou ja eÐnai

σ2
M∑

m=−M

N∑

n=−N

h2(m,n).

Aut  h diaspor� eÐnai el�qisth, an

h(m,n) =
1

(2M + 1)(2N + 1)
.

Prìkeitai epomènwc gia èna fÐltro mèshc tim c me apìkrish

y(m,n) =
1

(2M + 1)(2N + 1)

M∑

k=−M

N∑

l=−N

x(m− k, n− l). (9.6)

H mèsh tim  wc gnwstìn elaqistopoieÐ thn tetragwnik  apìklish

M∑

k=−M

N∑

l=−N

(x(m− k, n− l)− y(m,n))2.

O bajmìc meÐwshc tou jorÔbou pou epitugq�netai eÐnai

β =
1∑M

m=−M

∑N
n=−N h2(m,n)

= (2M + 1)(2N + 1). (9.7)

41



Wstìso stic perioqèc ìpou h upìjesh stajeroÔ s matoc den isqÔei, to s ma ufÐstatai
paramìrfwsh pou eÐnai idiaÐtera aisjht  stic akmèc, dhlad  sta ìria metaxÔ diafìrwn tmhm�twn
thc eikìnac. H dusmen c sunèpeia thc paramìrfwshc metri�zetai, an oi suntelestèc tou fÐltrou
den eÐnai ìloi Ðsoi. Autì isodunameÐ me thn elaqistopoÐhsh miac stajmismènhc tetragwnik c
apìklishc,

M∑

k=−M

N∑

l=−N

h(k, l)(x(m− k, n− l)− y(m,n))2.

Par�deigma enìc tètoiou fÐltrou, me peperasmènh kroustik  apìkrish, eÐnai to akìloujo

h(m,n) =





1
4 m2 + n2 = 0
1
8 m2 + n2 = 1
1
16 m2 + n2 = 2
0 alloÔ

(9.8)

'Allo par�deigma, me �peirh ìmwc kroustik  apìkrish, eÐnai to fÐltro Gauss, pou ofeÐlei to
ìnom� tou sto gegonìc ìti h kroustik  apìkrish proèrqetai apì thn puknìthta pijanìthtac
Gauss,

h(m,n) =
1

2πα2
exp

(
−m2 + n2

2α2

)
. (9.9)

EpÐshc ja mporoÔse na qrhsimopohjeÐ èna sÔsthma me kroustik  apìkrish

h(m,n) =
(

1− α

1 + α

)2

α|m|+|n|, 0 < α < 1.

O suntelest c meÐwshc jorÔbou gia to teleutaÐo fÐltro dÐdetai sto Sq ma 9.3. Bèbaia

0 0.2 0.4 0.6 0.8 1
10

0

10
1

10
2

10
3

10
4

α

β

Sq ma 9.3: Suntelest c meÐwshc jorÔbou.

h paramìrfwsh twn akm¸n den aÐretai pl rwc. KalÔterh exisorrìphsh an�mesa sta anti-
maqìmena apotelèsmata thc meÐwshc tou jorÔbou kai thc diat rhshc analloÐwtou tou s matoc
epitugq�netai me thn prosarmog  tou fÐltrou sta dedomèna thc eikìnac.

H qr sh mh grammik¸n fÐltrwn mporeÐ epÐshc na mei¸sei to jìrubo, me ligìterec sunèpeiec
sto s ma. Tètoio eÐnai to fÐltro mesaÐac tim c. Ac eÐnai D èna sÔnolo shmeÐwn me perittì
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plhjikì arijmì, K = (2M + 1)(2N + 1), pou eÐnai summetrikì wc proc to shmeÐo (0,0), kai
perilamb�nei to shmeÐo (0,0). To fÐltro mesaÐac tim c dÐdei thn ex c apìkrish

y(m,n) = MesaÐa{x(m− k, n− l) : (k, l) ∈ D}. (9.10)

H eÔresh thc mesaÐac tim c prokÔptei apì th di�taxh twn tim¸n tou sunìlou {x(m−k, n− l) :
(k, l) ∈ D}. H mesaÐa tim  èqei deÐkth sto diatagmèno sÔnolo (K +1)/2, kai elaqistopoieÐ thn
kat' apìluth tim  apìklish

M∑

k=−M

N∑

l=−N

|y(m,n)− x(m− k, n− l)|.

To fÐltro mesaÐac tim c èqei tic akìloujec idiìthtec:

• MesaÐa[αx(m,n)] = αy(m,n)

• MesaÐa[α + x(m,n)] = α + y(m,n)

• MesaÐa[x1(m,n)+x2(m, n)] ìqi upoqrewtik� Ðsh me MesaÐa[x1(m,n)]+MesaÐa[x2(m, n)]

H teleutaÐa idiìthta deÐqnei ìti to fÐltro mesaÐac tim c den eÐnai grammikì. H mh grammikì-
thta epitrèpei th diat rhsh twn akm¸n thc eikìnac me tautìqronh meÐwsh tou jorÔbou. Sto

(a) (b) (c)

Sq ma 9.4: MeÐwsh tou jorÔbou me fÐltro mèshc tim c kai me fÐltro mesaÐac tim c.

Sq ma 9.4 dÐdetai mÐa sunjetik  eikìna kai to apotèlesma thc meÐwshc tou jorÔbou m' èna
fÐltro mèshc tim c kai m' èna fÐltro mesaÐac tim c kai ta dÔo diast�sewn 11× 11.

An k�noume tic Ðdiec upojèseic gia to s ma kai to jìrubo, ìpwc autèc pou anafèrjhkan
sthn perÐptwsh twn grammik¸n fÐltrwn, ki an epiplèon upojèsoume ìti h sun�rthsh puknìthtac
pijanìthtac tou jorÔbou eÐnai summetrik , tìte h empeirik  mesaÐa tim  eÐnai mia amerìlhpth
ektim tria thc jewrhtik c mesaÐac tim c, pou epÐshc tautÐzetai me th mèsh tim . ApodeiknÔetai
ìti h meÐwsh thc diaspor�c tou jorÔbou exart�tai apì th sun�rthsh puknìthtac pijanìthtac
tou jorÔbou. ApodeiknÔetai ìti o suntelest c meÐwshc tou jorÔbou, β, ja eÐnai:

1. An o jìruboc katanèmetai omoiìmorfa, β = K+2
3

2. An o jìruboc akoloujeÐ thn kanonik  katanom , β ≈ 2(K−1)+π
π
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3. An o jìruboc akoloujeÐ thn katanom  Laplace1, β ≈ 2K − 1

O megalÔteroc suntelest c meÐwshc jorÔbou sthn perÐptwsh thc katanom c Laplace exhgeÐtai
lìgw tou gegonìtoc ìti h mesaÐa tim  apoteleÐ thn ektÐmhsh mègisthc pijanof�neiac gia th jew-
rhtik  mèsh, kai tautìqrona mesaÐa, tim  thc metablht c. To fÐltro mesaÐac tim c èqei epÐshc
polÔ kalèc epidìseic sthn perÐptwsh tou kroustikoÔ jorÔbou, pou alloi¸nei tic pragmatikèc
timèc ajroistik� kai me idiaÐtera meg�lec timèc.

Endiafèron parousi�zei epÐshc o sunduasmìc twn fÐltrwn mèshc (  stajmismènhc mèshc)
tim c me to fÐltro mesaÐac tim c, ¸ste na axiopoihjoÔn kat� to dunatì oi epijumhtèc idiìthtec
kai twn dÔo, qwrÐc ta meionekt mata. Tètoio eÐnai to tropopoihmèno fÐltro apìrriyhc, ìpou
h apìrriyh orismènwn tim¸n gÐnetai me qr sh tou fÐltrou mesaÐac tim c, kai h mèsh tim ,
endeqìmena stajmismènh, dÐdei thn apìkrish periorizìmenh mìno stic enapomènousec timèc,

y(m,n) =
∑M

k=−M

∑N
l=−N h(k, l)φ(x(m− k, n− l)−MesaÐa[x(m,n)])x(m− k, n− l)

∑M
k=−M

∑N
l=−N h(k, l)φ(x(m− k, n− l)−MesaÐa[x(m,n)])

(9.11)
ìpou

φ(x) =

{
1 |x| ≤ δ
0 |x| > δ

H tim  tou δ mporeÐ na prosdiorisjeÐ me b�sh th diaspor� twn tim¸n,   me b�sh èna posostì
apìrriyhc.

9.3 Tonismìc akm¸n

O tonismìc twn akm¸n mporeÐ na gÐnei eÐte me k�poio uyiperatì fÐltro, an o jìruboc eÐnai
qamhlìc, eÐte me k�poio zwnoperatì fÐltro, an tautìqrona apaiteÐtai meÐwsh tou jorÔbou.
Par�deigma uyiperatoÔ fÐltrou eÐnai h diakrit  ulopoÐhsh tou laplasianoÔ (Laplacian) telest 

h(m,n) =





−4 |m|+ |n| = 0
1 |m|+ |n| = 1
0 alloÔ

(9.12)

To fÐltro me kroustik  apìkrish δ(m,n) − λh(m,n), ìpou λ mÐa jetik  stajer�, dÐdei sthn
èxodì tou mÐa eikìna me tonismènec akmèc. 'Ena zwnoperatì fÐltro mporeÐ na ulopoihjeÐ san
mia diafor� dÔo bajuperat¸n fÐltrwn. Suqn� wc bajuperatì fÐltro qrhsimopoieÐtai to fÐltro
Gauss (ExÐswsh 9.9). ArkeÐ na lhfjoÔn gia th diafor� dÔo diaforetikèc timèc thc paramètrou
α. 'Oso megalÔtero eÐnai to α, tìso pio bajuperatì eÐnai to fÐltro, dhlad  tìso pio perio-
rismèno eÐnai to eÔroc twn suqnot twn sthn èxodo tou fÐltrou.

9.4 Megèjunsh kai parembol 

Pollèc forèc eÐnai epijumht  h megèjunsh enìc tm matoc miac eikìnac. H megèjunsh mporeÐ na
parastajeÐ me mÐa parembol  mhdenik¸n stic jèseic pou leÐpoun oi timèc thc eikìnac akoloujoÔ-
menh apì èna bajuperatì fÐltro. An to fÐltro eÐnai diaqwrÐsimo, me 1-D kroustik  apìkrish

1H sun�rthsh puknìthtac pijanìthtac eÐnai

p(x) =
1

σ
√

2
exp

(
−
√

2|x− µ|
σ

)
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h(.), kai zhteÐtai megèjunsh epÐ dÔo gia tic diast�seic thc eikìnac, tìte to apotèlesma thc
megèjunshc eÐnai

y(m, n) =
∞∑

k=−∞

∞∑

l=−∞
h(m− 2k)h(n− 2l)x(k, l). (9.13)

H apìkrish stic suqnìthtec eÐnai

Y (u, v) = H(u)H(v)X(2u, 2v). (9.14)

An h(m) = 1 gia m = 0   m = 1, kai h(m) = 0, alloÔ, tìte h megèjunsh gÐnetai me
apl  antigraf  twn tim¸n thc eikìnac. Diaforetik� gÐnetai parembol  twn tim¸n thc eikìnac
sta shmeÐa ìpou den diatÐjentai timèc. Kat�llhlo tètoio fÐltro eÐnai autì thc grammik c
parembol c

h(m,n) =





1 m2 + n2 = 0
0, 5 m2 + n2 = 1
0, 25 m2 + n2 = 2

0 alloÔ

(9.15)

H sqèsh eisìdou/exìdou gÐnetai

y(m,n) =





x(k, l) m = 2k, n = 2l
1
2(x(k, l) + x(k + 1, l)) m = 2k + 1, n = 2l
1
2(x(k, l) + x(k, l + 1)) m = 2k, n = 2l + 1

1
4(x(k, l) + x(k + 1, l) + x(k, l + 1) + x(k + 1, l + 1)) m = 2k + 1, n = 2l + 1

Sto Sq ma 9.5 dÐdetai to apotèlesma thc qr shc tou fÐltrou thc exÐswshc (9.15) gia to
diplasiasmì tou megèjouc miac eikìnac.

(a) (b)

Sq ma 9.5: Diplasiasmìc tou megèjouc miac eikìnac.

45



Par�rthma: Diaspor� thc mesaÐac tim c

H sun�rthsh puknìthtac pijanìthtac thc ektim triac thc mesaÐac tim c, Mk, eÐnai:

fm(x) =
(2k + 1)!

(k!)2
F (x)k(1− F (x))kf(x),

ìpou f(x) eÐnai sun�rthsh puknìthtac pijanìthtac thc arqik c metablht c, F (x) eÐnai h
ajroistik  thc pijanìthta kai K = 2k + 1 eÐnai o arijmìc twn dedomènwn.

JewroÔme gia thn arqik  metablht  omoiìmorfh katanom  sto di�sthma [−1
2 , 1

2 ]. EurÐskoume
epomènwc:

fm(x) =
(2k + 1)!

(k!)2

(
1
4
− x2

)k

, |x| ≤ 1
2
.

Lìgw summetrÐac prokÔptei eÔkola ìti h prosdokht  tim  thc ektim triac thc mesaÐac tim c
eÐnai mhdèn.

Dedomènou ìti h olik  pijanìthta eÐnai 1 ja èqoume:

∫ 1/2

−1/2

(2k + 1)!
(k!)2

(
1
4
− x2

)k

dx = 1.

Opìte h diaspor� thc Mk ja eÐnai:

var{Mk} =
∫ 1/2

−1/2

(2k + 1)!
(k!)2

x2
(

1
4
− x2

)k

dx

=
(2k + 1)!

(k!)2

(
1
4

∫ 1/2

−1/2

(
1
4
− x2

)k

dx−
∫ 1/2

−1/2

(
1
4
− x2

)k+1

dx

)

=
1
4
− (2k + 1)!

(k!)2
((k + 1)!)2

(2k + 3)!
=

1
4
− k + 1

2(2k + 3)
=

1
4(2k + 3)

.

AfoÔ h diaspor� thc arqik c metablht c eÐnai 1
12 , o suntelest c meÐwshc tou jorÔbou me

qr sh thc mesaÐac tim c ja eÐnai:

β =
2k + 3

3
=

K + 2
3

.
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Ask seic

1. DÐdetai mÐa eikìna 8× 8 shmeÐwn wc akoloÔjwc.

0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1
1 1 1 2 2 2 3 4
1 1 1 2 2 2 3 4
1 1 1 2 2 3 3 5
1 1 1 2 2 3 3 5
1 1 2 2 2 3 4 6
1 1 2 2 2 3 4 7

ZhteÐtai h tropopoÐhsh twn tim¸n thc eikìnac ¸ste na exisorrophjeÐ to istìgramma sto
di�sthma metaxÔ 0 kai 7.

2. JewreÐste to grammikì fÐltro tou opoÐou h apìkrish sto disdi�stato (2-D) s ma x(m, n)
eÐnai y(m,n), ¸ste

y(m,n) =
1
16

1∑

k=−1

1∑

l=−1

g(|k|+ |l|)x(m− k, n− l),

ìpou g(0) = 4, g(1) = 2 kai g(2) = 1.

(a) EÐnai to parap�nw fÐltro amet�blhto se metatìpish; D¸ste thn kroustik  apìkrish
tou fÐltrou, kai to metasqhmatismì Fourier thc kroustik c apìkrishc.

(b) EÐnai to fÐltro autì diaqwrÐsimo; Se arijmhtik  akeraÐwn arijm¸n, pwc mporeÐ na
ulopoihjeÐ to fÐltro qwrÐc pollaplasiasmoÔc; Pìsec prosjèseic apaitoÔntai an�
shmeÐo;
DÐdetai ìti h diaspor� tou jorÔbou sthn èxodo enìc fÐltrou h(m,n) eÐnai

σ2
h = σ2 ∑ ∑

(m,n) ∈ Z2
h2(m,n),

ìpou σ2 eÐnai h diaspor� tou jorÔbou sthn eÐsodo tou fÐltrou.
(c) Poi� eÐnai h diaspor� tou jorÔbou sthn èxodo tou parap�nw fÐltrou;
(d) Poiì anepijÔmhto apotèlesma mporeÐ na èqei h qr sh autoÔ tou fÐltrou gia meÐwsh

tou jorÔbou;
Gia thn topik  prosarmog  stic diaforetikèc perioqèc thc eikìnac, jewreÐste th

sun�rthsh φ(ψ) =

{
0 |ψ| > δ
1 |ψ| ≤ δ

kai to fÐltro me thn akìloujh apìkrish

y(m,n) =
∑1

k=−1

∑1
l=−1 φ(x(m− k, n− l)− x(m,n))g(|k|+ |l|)x(m− k, n− l)∑1
k=−1

∑1
l=−1 φ(x(m− k, n− l)− x(m,n))g(|k|+ |l|) .

(e) EÐnai autì to fÐltro grammikì;
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3. DÐdontai ta akìlouja disdi�stata diakrit� s mata ((m,n) ∈ Z6 2):

u(m,n) =

{
1 m ≥ 0 kai n ≥ 0
0 alli¸c

s0(m, n) =

{
1 n ≥ 0
0 alli¸c

s1(m,n) =

{
1 m + n ≥ 0
0 alli¸c

(a) Na eurejeÐ h apìkrish sta parap�nw s mata tou fÐltrou mesaÐac tim c gia ta
akìlouja sÔnola shmeÐwn: D1 = {(k, l) : k2+l2 ≤ 1} kai D2 = {(k, l) : k2+l2 ≤ 2},
kai epÐshc h apìkrish s�ena diaqwrÐsimo fÐltro mesaÐac tim c tri¸n shmeÐwn gia k�je
suntetagmènh. Gia poi� fÐltra ta parap�nw s mata paramènoun analloÐwta; Me
parousÐa anex�rthtou ajroistikoÔ omoiìmorfa katanemhmènou jorÔbou, poiìc eÐnai
o suntelest c meÐwshc tou jorÔbou gia tic treic peript¸seic fÐltrou mesaÐac tim c;

(b) Na eurejeÐ h apìkrish sta parap�nw s mata twn akìloujwn dÔo fÐltrwn ulopoÐhshc
tou laplasianoÔ telest :

h1(m,n) =





−4 m2 + n2 = 0
1 m2 + n2 = 1
0 m2 + n2 > 1

h2(m,n) =





−4 m2 + n2 = 0
0, 5 m2 + n2 = 1 eÐte m2 + n2 = 2
0 m2 + n2 > 2

SugkrÐnete th sumperifor� twn dÔo fÐltrwn se gwnÐec kai thn euaisjhsÐa touc
sthn kateÔjunsh miac eujeÐac. Sthn perÐptwsh Ôparxhc anex�rthtou ajroistikoÔ
jorÔbou, ta parap�nw fÐltra ton mei¸noun   ton enisqÔoun, kai me poiì suntelest ;

48



Kef�laio 10

TmhmatopoÐhsh eikìnwn

H tmhmatopoÐhsh twn eikìnwn eÐnai to pr¸to st�dio sthn an�lush twn eikìnwn. H anagn¸rish
antikeimènwn, h anagn¸rish grapt¸n qarakt rwn, h qartogr�fhsh, h an�lush miac trisdi�-
stathc skhn c me th stereoskopÐa   thn an�lush thc kÐnhshc basÐzontai kat� kanìna sto
apotèlesma thc tmhmatopoÐhshc twn eikìnwn. Epomènwc h an�lush twn eikìnwn ja eÐnai tìso
pio akrib c, ìso pio epituq c eÐnai o prosdiorismìc twn tmhm�twn thc eikìnac, pou antistoiqoÔn
se epif�neiec   tm mata epifanei¸n trisdi�statwn antikeimènwn,   akìma se perioqèc me dia-
foretik  sÔstash sto eswterikì swm�twn.

DÔo isodÔnamoi kai sumplhrwmatikoÐ trìpoi prosdiorÐzoun ta tm mata miac eikìnac: ta
sÔnora kai ta omoiogen  qarakthristik� tou k�je tm matoc. Se autì to kef�laio ja anaferjoÔ-
me apokleistik� sthn tmhmatopoÐhsh me b�sh th fwtein  èntash. Epomènwc ta sÔnora anti-
stoiqoÔn se asunèqeiec thc fwtein c èntashc, en¸ ta tm mata parousi�zoun omoiogèneia thc
fwtein c èntashc. Parousi�zontai sth sunèqeia tèssereic proseggÐseic tou probl matoc thc
tmhmatopoÐhshc twn eikìnwn. Sthn anÐqneush twn akm¸n anazhtoÔntai me th qr sh arijmhtik c
parag¸gishc ta shmeÐa asunèqeiac thc fwtein c èntashc. Sthn an�lush tou istogr�mmatoc
gÐnetai kat�taxh twn shmeÐwn thc eikìnac se diaforetikèc kl�seic an�loga me to di�sthma
tim¸n thc fwtein c èntashc. H qr sh enìc montèlou Markov epitrèpei na lhfjeÐ upìyh h
sunektikìthta twn perioq¸n mèsa apì èna krit rio sto sÔnolo thc eikìnac. Tèloc, h tmh-
matopoÐhsh mporeÐ na gÐnei qrhsimopoi¸ntac topik� èna krit rio omoiogèneiac gia thn kat�tmhsh
miac perioq c   th sugq¸neush geitonik¸n perioq¸n.

10.1 AnÐqneush akm¸n

Wc shmeÐo akm c orÐzetai ekeÐno to shmeÐo ìpou h metabol  thc fwtein c èntashc eÐnai topik�
mègisth. 'Ena sÔnolo sundeìmenwn shmeÐwn akm c apoteleÐ èna perÐgramma. Se k�je shmeÐo
enìc perigr�mmatoc mporeÐ na orisjeÐ o prosanatolismìc tou se sqèsh me to sÔsthma sunte-
tagmènwn tou epipèdou thc eikìnac. H fwtein  èntash parousi�zei th mègisth metabol  sthn
k�jeth sto perÐgramma kateÔjunsh. Me aut  thn ènnoia h anÐqneush akm c isodunameÐ me
ton entopismì miac monodi�stathc metabol c. Sto Sq ma 10.1 dÐdetai mia orizìntia bajmiaÐa
metabol  kai deÐqnetai p¸c h pr¸th   h deÔterh par�gwgoc mporoÔn na qrhsimopoihjoÔn gia thn
anÐqneush kai ton entopismì thc metabol c. Se disdi�statec eikìnec h anÐqneush twn shmeÐwn
akm c mporeÐ na gÐnei me th bo jeia eÐte tou dianÔsmatoc twn dÔo pr¸twn merik¸n parag¸gwn
thc fwtein c èntashc, pou onom�zetai klÐsh, eÐte tou ajroÐsmatoc twn dÔo deÔterwn merik¸n
parag¸gwn thc fwtein c èntashc, pou kaleÐtai laplasianìc (Laplacian) telest c. O telest c
autìc eÐnai isotropikìc, dhlad  h apìkris  tou eÐnai anex�rthth apì ton prosanatolismì tou
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Sq ma 10.1: Ep�nw dÐdetai h sun�rthsh miac bajmiaÐac metabol c, h pr¸th kai h deÔterh
par�gwgìc thc. K�tw dÐdetai mia eikìna me orizìntia bajmiaÐa metabol , h pr¸th orizìntia
parag¸gish kai h deÔterh orizìntia parag¸gish.

perigr�mmatoc. H isotropikìthta eÐnai shmantik  idiìthta gia thn akrÐbeia tou entopismoÔ twn
perigramm�twn.

10.1.1 Mèjodoc thc klÐshc

To di�nusma thc klÐshc thc fwtein c èntashc, I(x, y), èqei sa sunist¸sec tic dÔo pr¸tec
merikèc parag¸gouc

∇I =

[
Ix

Iy

]

Gia thn anÐqneush twn akm¸n qrhsimopoieÐtai to mètro tou dianÔsmatoc thc klÐshc

‖∇I‖ =
√

I2
x + I2

y .

ApodeiknÔetai ìti to mètro tou dianÔsmatoc thc klÐshc gia suneq  s mata ikanopoieÐ thn
idiìthta thc isotropikìthtac. H kateÔjunsh tou dianÔsmatoc thc klÐshc dÐdetai apì th gwnÐa

θ = arctan
Iy

Ix
.

H klÐsh thc fwtein c èntashc se mia dosmènh kateÔjunsh, φ, eÐnai

Iφ = Ix cosφ + Iy sinφ.

H klÐsh thc fwtein c èntashc eÐnai mègisth sthn kateÔjunsh tou dianÔsmatoc thc klÐshc,
kai mhdenik  sthn k�jeth s' aut n kateÔjunsh. ShmeÐa akm c aniqneÔontai akrib¸c sthn
kateÔjunsh pou h klÐsh eÐnai mègisth, opìte eÐnai Ðsh me to mètro tou dianÔsmatoc thc klÐshc,
‖∇I‖. Telik� ta shmeÐa akm c aniqneÔontai wc ta topik� mègista tou mètrou tou dianÔsmatoc
thc klÐshc, me ta topik� mègista na eurÐskontai sthn kateÔjunsh autoÔ tou Ðdiou dianÔsmatoc.

Gia thn efarmog  thc mejìdou thc klÐshc apaiteÐtai epomènwc o arijmhtikìc upologismìc
twn pr¸twn merik¸n parag¸gwn thc fwtein c èntashc. Efìson prìkeitai gia merik  parag¸-
gish, to qrhsimopoioÔmeno fÐltro eÐnai monodi�stato. Wstìso lìgw thc Ôparxhc jorÔbou,
eÐnai anagkaÐa epiplèon h qr sh enìc bajuperatoÔ fÐltrou sthn �llh kateÔjunsh, wc proc

50



(a) (b) (c)

Sq ma 10.2: Qr sh tou fÐltrou Sobel gia thn anÐqneush akm¸n. Arister� dÐdetai h orizìntia
parag¸gish, dexi� h katakìrufh parag¸gish kai sto kèntro to mètro tou dianÔsmatoc thc
klÐshc.

aut  thc parag¸gishc. 'Etsi sthn perÐptwsh thc orizìntiac parag¸gishc, pragmatopoieÐtai
olokl rwsh sthn katakìrufh kateÔjunsh, kai antÐstrofa. Ta dÔo fÐltra qrhsimopoioÔntai
xeqwrist�, ¸ste to 2-D fÐltro pou prokÔptei na eÐnai diaqwrÐsimo. Ac eÐnai g(.) h kroustik 
apìkrish tou fÐltrou parag¸gishc, kai h(.) h kroustik  apìkrish tou fÐltrou olokl rwshc.
H akoloujÐa g(.) eÐnai p�ntote antisummetrik 

g(n) = −g(−n),

en¸ sunist�tai h akoloujÐa h(.) na eÐnai summetrik 

h(n) = h(−n).

PolÔ suqn� metaxÔ twn dÔo aut¸n akolouji¸n up�rqei akrib¸c h sqèsh parag¸gou kai
oloklhr¸matoc

h(n) =
n−1∑

k=−∞
g(k) +

1
2
g(n). (10.1)

Parousi�zontai sth sunèqeia merik� fÐltra parag¸gishc kai olokl rwshc me peperasmènh
kroustik  apìkrish. To aploÔstero antisummetrikì fÐltro parag¸gishc eÐnai to akìloujo

g(n) =





1/2 n = −1
−1/2 n = 1

0 |n| 6= 1
(10.2)

To antÐstoiqo fÐltro olokl rwshc, me b�sh thn ExÐswsh (10.1), eÐnai

h(m) =





1/4 |m| = 1
1/2 m = 0
0 |m| > 1

(10.3)

To 2-D fÐltro pou prokÔptei eÐnai gnwstì san to fÐltro Sobel. An eÐnai

h(m) =

{
1/3 |m| ≤ 1
0 |m| > 1

(10.4)
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prìkeitai gia to fÐltro Prewitt. An lìgw jorÔbou apaiteÐtai èna fÐltro olokl rwshc me pio
tonismèno to bajuperatì qarakt ra, arkeÐ na p�roume th sunèlixh tou (10.3) me ton eautì
tou, pou dÐnei to ex c apotèlesma

h(m) =





1/16 |m| = 2
1/4 |m| = 1
6/16 m = 0

0 |m| > 2

To fÐltro parag¸gishc pou ikanopoieÐ thn ExÐswsh (10.1), eÐnai

g(n) =





1/8 n = −2
1/4 n = −1
−1/4 n = 1
−1/8 n = 2

0 n = 0 eÐte |n| > 2

To prìblhma thc sqedÐashc tou fÐltrou parag¸gishc mporeÐ na tejeÐ san èna prìblhma
beltistopoÐhshc orismènwn krithrÐwn pou na ekfr�zoun thn kal  anÐqneush akm¸n me parousÐa
jorÔbou. To prìblhma tèjhke arqik� apì ton Canny kai lÔjhke gia èna suneqèc monodi�stato
s ma, ìpou to montèlo thc asunèqeiac dÐdetai apì mia bhmatik  sun�rthsh, sthn opoÐa prostÐ-
jetai leukìc jìruboc me mhdenik  mèsh tim  kai diaspor� σ2. Ac upojèsoume ìti to s ma èqei
wc ex c

f(x) =

{
A x ≥ 0
0 x < 0

(10.5)

ZhteÐtai to fÐltro parag¸gishc pou ikanopoieÐ trÐa krit ria: kal c anÐqneushc, mikr c topik c
apìklishc kai mikr c parenìqlhshc apì pollapl� mègista. H kal  anÐqneush metriètai me th
shmatojorubik  sqèsh sthn èxodo tou fÐltrou sto shmeÐo thc asunèqeiac

R =
| ∫∞−∞ g(−x)f(x)dx|

σ
√∫∞

−∞ g2(x)dx
. (10.6)

H shmatojorubik  sqèsh prèpei na eÐnai h mègisth dunat . H asunèqeia prèpei epÐshc na
aniqneÔetai ìso gÐnetai plhsièstera sto shmeÐo thc pragmatik c asunèqeiac tou s matoc. 'Eqei
protajeÐ to akìloujo krit rio kaloÔ entopismoÔ

L =
| ∫∞−∞ f ′(−x)g′(x)dx|

σ
√∫∞

−∞ g′2(x)dx
. (10.7)

Tèloc, apodeiknÔetai ìti h mèsh apìstash metaxÔ dÔo megÐstwn sthn èxodo tou fÐltrou eÐnai

D = 2π

√√√√
∫∞
−∞ g′2(x)dx∫∞
−∞ g′′2(x)dx

. (10.8)

Me dosmènh thn apaÐthsh ikanopoÐhshc pollapl¸n krithrÐwn, èqei protajeÐ o orismìc tou
bèltistou fÐltrou parag¸gishc wc ekeÐnou pou megistopoieÐ to ginìmeno RL me mÐa sunj kh
gia to D. K�tw apì autoÔc touc ìrouc eÐnai dunat  h lÔsh tou probl matoc beltistopoÐhshc
gia thn perÐptwsh tou s matoc (10.5) kai gia peperasmènh   �peirh kroustik  apìkrish. Gia
thn perÐptwsh miac peperasmènhc, kai opwsd pote antisummetrik c, kroustik c apìkrishc,
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ekteinìmenhc sto di�sthma [−M,M ], zhteÐtai epomènwc, gia di�forec timèc touD/M , h megisto-
poÐhsh tou

|g′(0)|| ∫ 0
−M g(x)dx|√∫ M

−M g2(x)dx
∫ M
−M g′2(x)dx

Gia qamhlèc timèc tou D/M(≈ 0, 1), h lÔsh pou prokÔptei mporeÐ na proseggisjeÐ apì

g(x) =





1/M2 −M ≤ x < 0
−1/M2 0 < x ≤ M

0 x = 0 eÐte |x| > M
(10.9)

To antÐstoiqo fÐltro olokl rwshc eÐnai

h(x) =

{
M−|x|

M2 |x| ≤ M
0 |x| > M

(10.10)

Gia uyhlèc timèc tou D/M(≈ 1, 5), h lÔsh pou prokÔptei mporeÐ na proseggisjeÐ apì thn
par�gwgo miac sun�rthshc Gauss

g(x) = − x

σ3
√

2π
e−

x2

2σ2 . (10.11)

Profan¸c to fÐltro autì èqei �peirh kroustik  apìkrish. An to fÐltro zhthjeÐ kateujeÐan
na èqei �peirh kroustik  apìkrish, h lÔsh tou probl matoc beltistopoÐhshc dÐdei

g(x) = −1
4
α3xe−α|x|. (10.12)

Uyhlèc timèc tou α antistoiqoÔn se qamhlèc timèc tou D, kai antÐstrofa. To antÐstoiqo fÐltro
olokl rwshc eÐnai

h(x) =
1
4
α(1 + α|x|)e−α|x|. (10.13)

'Allo qrhsimopoioÔmeno zeÔgoc fÐltrwn me �peirh kroustik  apìkrish eÐnai to akìloujo

g(x) = −α2

2
sign(x)e−α|x| kai h(x) =

α

2
e−α|x| (10.14)

me parìmoio rìlo gia to α. 'Ola ta parap�nw fÐltra qrhsimopoioÔntai fusik� se diakrit 
morf , anex�rthta an eÐnai peperasmènhc   �peirhc kroustik c apìkrishc. Gia ta fÐltra �peirhc
kroustik c apìkrishc up�rqoun ulopoi seic mèsw anadromik¸n sqèsewn.

Sto Sq ma 10.3(a) dÐdontai ta parap�nw fÐltra parag¸gishc, me tètoiec timèc gia tic para-
mètrouc, ¸ste h shmatojorubik  sqèsh sthn èxodo tou fÐltrou na eÐnai Ðdia. Sugkekrimèna ja
eÐnai gia thn par�gwgo thc sun�rthshc Gauss, σ =

√
2, gia to fÐltro thc ExÐswshc (10.12),

pou dÐdetai me diakoptìmenh gramm , α =
√

π/2, kai gia to fÐltro thc ExÐswshc (10.14),
α = 1

2

√
π
2 . Ta antÐstoiqa fÐltra olokl rwshc dÐdontai sto Sq ma 10.3(b).

Sto Sq ma 10.4 dÐdetai to apotèlesma qr shc thc parag¸gou thc sun�rthshc Gauss
(fÐltro Canny) me σ = 1 kai me anÐqneush pou qrhsimopoieÐ dÔo kat¸flia kai thn teqnik  thc
ustèrhshc. Me aut  thn teqnik  kat� thn efarmog  tou deÔterou kai mikrìterou katwflioÔ
lamb�netai epÐshc upìyh h sundesimìthta twn shmeÐwn akm c.

53



(a) (b)

Sq ma 10.3: FÐltra parag¸gishc kai olokl rwshc.

(a) (b)

Sq ma 10.4: Apotèlesma anÐqneushc akm¸n me th mèjodo tou Canny.

10.1.2 Mèjodoc deutèrwn parag¸gwn

H dièleush apì to mhdèn twn tim¸n tou ajroÐsmatoc twn dÔo deutèrwn parag¸gwn dÐdei epÐshc
shmeÐa akm¸n thc fwtein c èntashc. O telest c pou dÐdei autì to �jroisma, onom�zetai
laplasianìc (Laplacian), kai orÐzetai wc akoloÔjwc

∆I = Ixx + Iyy.

ApodeiknÔetai ìti o laplasianìc telest c eÐnai isotropikìc, arkeÐ na eÐnai: Ixy = Iyx.
Apl� fÐltra peperasmènhc kroustik c apìkrishc pou qrhsimopoioÔntai gia thn ulopoÐhsh

tou laplasianoÔ telest  eÐnai ta akìlouja:

g(m,n) =





−4 m2 + n2 = 0
1 m2 + n2 = 1
0 m2 + n2 > 1

(10.15)

kai

g(m,n) =





−4 m2 + n2 = 0
0, 5 m2 + n2 = 1 eÐte m2 + n2 = 2
0 m2 + n2 > 2

(10.16)
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Wstìso aut� ta fÐltra qarakthrÐzontai apì enÐsqush tou jorÔbou. Gia th meÐwsh tou jorÔbou
proteÐnetai h qr sh enìc bajuperatoÔ fÐltrou Gauss, tou opoÐou h kroustik  apìkrish, se
suneqeÐc suntetagmènec eÐnai

h(x, y) =
1

2πσ2
e−

x2+y2

2σ2 .

H ìlh epexergasÐa eÐnai isodÔnamh me th sunèlixh tou s matoc thc fwtein c èntashc me to
fÐltro pou prokÔptei apì thn efarmog  tou laplasianoÔ telest  sthn kroustik  apìkrish
Gauss, pou dÐdei to akìloujo apotèlesma

g(r) =
1

πσ4

(
r2

2σ2
− 1

)
e−

r2

2σ2 (10.17)

ìpou r =
√

x2 + y2. ApodeiknÔetai epÐshc ìti h parap�nw kroustik  apìkrish mporeÐ na
proseggisjeÐ apì mÐa diafor� dÔo sunart sewn Gauss,

g(r) ∝ 1
2πσ2

1

e
− r2

2σ2
1 − 1

2πσ2
2

e
− r2

2σ2
2 , (10.18)

ìpou σ2
1 = 1, 28σ2 kai σ2

2 = 0, 8σ2. Sto Sq ma 10.5 dÐdetai tìso h laplasian  thc sun�rthshc
Gauss, ìso kai h prosèggis  thc, me diakoptìmenh gramm , me th diafor� dÔo sunart sewn
Gauss. Epeid  h sun�rthsh Gauss dÔo metablht¸n eÐnai diaqwrÐsimh, h diafor� dÔo sunart -
sewn Gauss apaiteÐ thn ulopoÐhsh dÔo diaqwrÐsimwn fÐltrwn. H sun�rthsh Gauss miac metablh-
t c proseggÐzetai se diakrit  morf , eÐte apì èna fÐltro peperasmènhc kroustik c apìkrishc,
eÐte apì dÔo anadromik� fÐltra.

(a) (b)

Sq ma 10.5: Laplasian  thc sun�rthshc Gauss kai apotèlesma anÐqneushc akm¸n me entopismì
twn dieleÔsewn apì to mhdèn.

10.2 An�lush istogr�mmatoc

Me thn an�lush tou istogr�mmatoc h tmhmatopoÐhsh kajÐstatai èna prìblhma kat�taxhc twn
shmeÐwn thc eikìnac se kl�seic. Apì to istìgramma, met� apì th leÐansh tou, efìson eÐnai
anagkaÐa, prosdiorÐzontai oi epikratoÔsec timèc thc olik c katanom c. H kat�taxh twn shmeÐwn
thc eikìnac gÐnetai me b�sh autèc tic timèc,   endeqìmena mèsw thc katanom c an� kl�sh pou
ja mporoÔse na upologisjeÐ. H mèjodoc aut  den exasfalÐzei opwsd pote th sunektikìthta
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twn antikeimènwn pou entopÐzontai, afoÔ h kat�taxh k�je shmeÐou basÐzetai apokleistik� sth
fwtein  èntash tou dosmènou mìno shmeÐou. H axiopistÐa thc mejìdou exart�tai apì thn
omoiogèneia tou fwtismoÔ, kai apì to mègejoc twn antikeimènwn, pou epiplèon wc proc to eÐdoc
ja prèpei na eÐnai olÐga ton arijmì.

O qwrismìc tou istogr�mmatoc se diast mata mporeÐ na basisjeÐ se k�poio arqikì montèlo
gia th sun�rthsh puknìthtac pijanìthtac thc metablht c pou ekfr�zei th fwtein  èntash. Ac
jewr soume thn perÐptwsh dÔo epikratous¸n tim¸n,   enìc eÐdouc antikeimènou pou aniqneÔetai
se antÐjesh proc to b�joc thc eikìnac. Ac upojèsoume ìti h tuqaÐa metablht  tou montèlou
akoloujeÐ kai stic dÔo peript¸seic thn kanonik  katanom , me thn Ðdia diaspor�, σ2, kai mèsh
tim  µ0 gia to b�joc thc eikìnac, kai µ1 gia to antikeÐmeno. Me to krit rio thc mègisthc
alhjof�neiac to kat¸fli anÐqneushc topojeteÐtai sth mèsh thc apìstashc metaxÔ twn jèsewn
twn dÔo topik� megÐstwn tim¸n tou istogr�mmatoc

κ =
µ0 + µ1

2
. (10.19)

An epiplèon jewr soume ìti eÐnai gnwstèc oi a priori pijanìthtec tou antikeimènou (P1) kai
sumplhrwmatik� tou b�jouc thc eikìnac (P0 = 1− P1), tìte h megistopoÐhsh thc a posteriori
pijanìthtac dÐdei to akìloujo kat¸fli gia thn anÐqneush tou antikeimènou

κ =
µ0 + µ1

2
+

σ2

µ1 − µ0
ln

P0

P1
. (10.20)

O prosdiorismìc twn paramètrwn µ0, µ1, σ
2, P0, P1 mporeÐ na gÐnei me th bo jeia tou istogr�m-

matoc.
O prosdiorismìc tou katwflioÔ mporeÐ epÐshc na basisjeÐ s' èna krit rio autìmathc omado-

poÐhshc. An meÐnoume sthn perÐptwsh twn dÔo epikratous¸n tim¸n, èna tètoio krit rio proc
elaqistopoÐhsh eÐnai to akìloujo

k−1∑

i=0

pi(i− µ0)2 +
N−1∑

i=k

pi(i− µ1)2,

ìpou pi eÐnai h suqnìthta emf�nishc,   empeirik  pijanìthta, thc tim c i, gia èna sÔnolo apì
N dunatèc timèc. ZhtoÔntai oi timèc tou katwflioÔ k, kai twn paramètrwn µ0 kai µ1 pou
elaqistopoioÔn to parap�nw krit rio. Oi timèc autèc mporoÔn na prosdiorisjoÔn qrhsimo-
poi¸ntac dÔo anagkaÐec sunj kec pou isqÔoun sth jèsh tou el�qistou tou krithrÐou. H pr¸th
kathgorÐa anagkaÐwn sunjhk¸n prokÔptei gia dosmèno kat¸fli, kai dÐdei tic antiproswpeutikèc
timèc twn dÔo kl�sewn

µ̂0 =
∑k−1

i=0 ipi∑k−1
i=0 pi

kai µ̂1 =
∑N−1

i=k ipi∑N−1
i=k pi

(10.21)

H deÔterh anagkaÐa sunj kh dÐdei to kat¸fli gia dosmènec antiproswpeutikèc timèc

k = bµ0 + µ1

2
+ 1c (10.22)

H diadoqik  qr sh twn parap�nw sunjhk¸n s' èna epanalhptikì algìrijmo, epitrèpei thn
elaqistopoÐhsh tou krithrÐou kai ton prosdiorismì tou katwflioÔ pou odhgeÐ sthn tmhmato-
poÐhsh thc eikìnac. H mèjodoc aut  mporeÐ na epektajeÐ gia perissìterec twn dÔo telikèc
apoqr¸seic. 'Ena par�deigma efarmog c thc me treic apoqr¸seic dÐdetai sto Sq ma 10.6.

K�poia apì ta meionekt mata thc an�lushc tou istogr�mmatoc, ìpwc h Ôparxh mikr¸n sthn
èktash antikeimènwn   h anomoiogèneia tou fwtismoÔ, pou anafèrjhsan eisagwgik�, mporoÔn
na antimetwpisjoÔn me thn efarmog  thc mejìdou topik� kat� tm mata thc eikìnac.
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(a)

0 50 100 150 200 250 300

(b) (c)

Sq ma 10.6: To istìgramma thc eikìnac arister� kai to apotèlesma thc tmhmatopoÐhshc me
qr sh tri¸n apoqr¸sewn.

10.3 An�lush enìc montèlou Markov   Gibbs

Sumplhrwmatik� me thn apl  an�lush tou istogr�mmatoc, h an�lush me b�sh èna montèlo
Markov gia to pedÐo twn apof�sewn kat�taxhc twn shmeÐwn se kl�seic, qrhsimopoieÐ tic allh-
lexart seic pou up�rqoun topik� se geitonik� shmeÐa. Gia k�je montèlo Markov pou dÐnei tic
topikèc allhlexart seic orÐzetai isodÔnama mÐa katanom  Gibbs pou dÐnei sunolik� ìlec tic
exart seic tou pedÐou twn apof�sewn. O orismìc thc katanom c Gibbs dÐdetai sth sunèqeia,
afoÔ prohgoÔmena dojoÔn oi sqèseic geitnÐashc pou eÐnai anagkaÐec gia thn perigraf  twn
exart sewn tou pedÐou.

Ac eÐnai L = {(m,n) : 0 ≤ m < M, 0 ≤ n < N} to sÔnolo twn shmeÐwn thc eikìnac. H
geitoni� enìc shmeÐou (m,n) orÐzetai wc èna uposÔnolo γ(m, n) tou L, pou den perilamb�nei to
shmeÐo (m,n), me ton ìro ìti, e�n (k, l) ∈ γ(m,n), tìte (m,n) ∈ γ(k, l). To sÔsthma geitnÐashc
sto L orÐzetai wc to sÔnolo twn geitoni¸n ìlwn twn shmeÐwn tou L. Me th bo jeia tou orismoÔ
thc geitoni�c orÐzetai h parèa, c, wc èna sÔnolo, eÐte enìc mìno shmeÐou, eÐte perissotèrwn tou
enìc shmeÐwn, arkeÐ gia k�je shmeÐo miac parèac ta upìloipa shmeÐa thc parèac na an koun
sth geitoni� tou. Sto Sq ma 10.7 dÐdetai o orismìc miac geitoni�c 4 shmeÐwn kai oi antÐstoiqec
s' aut  parèec. Parìmoia dÐdontai oi parèec gia mia geitoni� 8 shmeÐwn sto Sq ma 10.8.

u

Sq ma 10.7: Geitoni� 4 shmeÐwn kai antÐstoiqec parèec.

u

Sq ma 10.8: Geitoni� 8 shmeÐwn kai antÐstoiqec parèec.
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'Ena pedÐo Gibbs perigr�fei sunolik� to pedÐo twn apof�sewn se ìlh thn eikìna

Pr{X(m,n) = x(m, n) : (m,n) ∈ L} =
e−U(x)

Ψ
, (10.23)

ìpou U(x) onom�zetai sun�rthsh enèrgeiac, kai eÐnai sun�rthsh MN metablht¸n, ìsa dhlad 
eÐnai ta shmeÐa thc eikìnac. Ψ eÐnai mÐa stajer�, Ψ =

∑
e−U(x). IdiaÐtera endiafèrousa eÐnai h

perÐptwsh enìc pedÐou Gibbs, ìpou h sun�rthsh enèrgeiac orÐzetai me th bo jeia tou sunìlou
twn pare¸n, C, twn shmeÐwn thc eikìnac

U(x) =
∑

c∈C

φc(x). (10.24)

To φc(x) onom�zetai dunamikì thc parèac c. Suqn� gia th geitoni� 8 shmeÐwn mìno zeÔgh
shmeÐwn jewroÔntai ìti èqoun mh mhdenikì dunamikì. 'Ena par�deigma dunamikoÔ gia dimeleÐc
parèec pou mporeÐ na qrhsimopoihjeÐ gia thn tmhmatopoÐhsh twn eikìnwn akoloujeÐ

φc(x) =

{
0 e�n ta dÔo shmeÐa an koun sthn Ðdia kl�sh
ζ > 0 diaforetik� (10.25)

Ac jewr soume t¸ra to prìblhma thc tmhmatopoÐhshc thc eikìnac katat�ssontac ta shmeÐa
thc se K kl�seic. Upojètoume ìti h parathroÔmenh eikìna gia k�je shmeÐo exart�tai mìno
apì thn kl�sh pou an kei autì to shmeÐo, me mÐa parenìqlhsh apì ajroistikì jìrubo, pou
parak�tw ja jewr soume ìti akoloujeÐ thn kanonik  katanom  me diaspor� σ2

p(y(m,n)|X(k, l) = x(k, l), (k, l) ∈ L) =
1

σ
√

2π
e−

(y(m,n)−f(x(m,n)))2

2σ2 . (10.26)

H sun�rthsh f(.) dÐdei th mèsh antiproswpeutik  tim  gia k�je kl�sh Si

f(x(m,n)) = µi, e�n (m, n) ∈ Si, 0 ≤ i ≤ K − 1. (10.27)

H tmhmatopoÐhsh thc eikìnac mporeÐ na gÐnei megistopoi¸ntac thn Ôsterh pijanìthta tou pedÐou
kat�taxhc twn shmeÐwn se kl�seic

Pr{X(m,n) = x(m,n)|Y (m,n) = y(m,n); (m,n) ∈ L}
∝ Pr{X(m,n) = x(m,n) : (m,n) ∈ L}

∏

(m,n)∈L

p(y(m,n)|X(m, n) = x(m,n)).(10.28)

Autì isodunameÐ me thn elaqistopoÐhsh thc akìloujhc posìthtac

∑

(m,n)∈L

φc(x(m,n)) +
1

2σ2

K−1∑

i=0

∑

(m,n)∈Si

(y(m,n)− µi)2.

Wstìso to kìstoc eÔreshc thc bèltisthc lÔshc me diexodik  anaz thsh eÐnai exairetik� uyhlì,
giatÐ to pl joc twn dunat¸n katast�sewn eÐnai KMN , en¸ up�rqoun poll� topik� el�qista.
H elaqistopoÐhsh mporeÐ na epiteuqjeÐ me mÐa pijanokratik  anaz thsh tou el�qistou proso-
moi¸nontac to pedÐo Gibbs. Wstìso kai se aut  thn perÐptwsh to upologistikì kìstoc eÐnai
apagoreutikì gia pollèc efarmogèc.

Ja prèpei ìmwc na diakrÐnoume thn perÐptwsh ìpou K = 2, giatÐ tìte up�rqei algìrijmoc
pou eurÐskei to el�qisto se poluwnumikì qrìno. JewroÔme ìti to pedÐo x(m,n) lamb�nei timèc
0 me f(0) = µ0 kai 1 me f(1) = µ1. Opìte jètontac

λ(m,n) =
1
σ2

((y(m,n)−µ0)2− (y(m,n)−µ1)2) =
1
σ2

(2y(m,n)−µ0−µ1)(µ1−µ0), (10.29)

58



mporoÔme na gr�youme ìti h proc elaqistopoÐhsh posìthta isoÔtai me

−
∑

(m,n)∈L

x(m,n)λ(m,n) + ζ
∑

(m, n) ∈ L
(k, l) ∈ γ(m, n)

(x(m,n)− x(k, l))2.

ApodeiknÔetai ìti to anwtèrw prìblhma elaqÐstou tautÐzetai me autì thc eÔreshc thc el�qisthc
tom c se dimer  gr�fo, kai isodÔnama thc epÐlushc tou probl matoc thc mègisthc ro c. Pr�gma-
ti h anwtèrw posìthta diafèrei kat� mÐa stajer  posìthta apì thn akìloujh

C(x) =
∑

(m,n)∈L

x(m, n) max(0,−λ(m,n)) +
∑

(m,n)∈L

(1− x(m,n))max(0, λ(m,n))

+ζ
∑

(m, n) ∈ L
(k, l) ∈ γ(m, n)

(x(m,n)− x(k, l))2. (10.30)

'Ara mporoÔme na jewr soume èna gr�fo me kìmbouc ta shmeÐa thc eikìnac kai epiplèon èna
kìmbo �phg � (s) kai èna kìmbo �dexamen � (t). Ta sÔnola C1 = {s} ∪ {(m,n) : x(m,n) = 1}
kai C0 = {t} ∪ {(m,n) : x(m,n) = 0} orÐzoun mia diamèrish tou sunìlou twn kìmbwn tou
gr�fou pou jewreÐtai ìti eÐnai dÐktuo me to b�roc twn akm¸n na shmaÐnoun th qwrhtikìthta
thc sÔndeshc. Wc tom  orÐzetai to sÔnolo twn akm¸n pou sundèoun touc kìmbouc twn dÔo
mer¸n. H qwrhtikìthta thc tom c prokÔptei epomènwc apì to b�roc twn akm¸n,   alli¸c th
qwrhtikìthta twn sundèsewn. 'Ena opoiod pote shmeÐo thc eikìnac eÐnai sundemèno eÐte me thn
�phg � eÐte me th �dexamen �. E�n λ(m,n) > 0, h qwrhtikìthta thc sÔndeshc tou shmeÐou (m, n)
me thn �phg � eÐnai λ(m, n). En¸ e�n λ(m,n) < 0, h qwrhtikìthta thc sÔndeshc tou shmeÐou
(m,n) me th �dexamen � eÐnai −λ(m, n). ZhtoÔmeno telik� eÐnai h diamèrish tou sunìlou twn
shmeÐwn thc eikìnac, ¸ste h tom  na èqei thn el�qisth qwrhtikìthta C(x).

Enallaktik�, mporeÐ na qrhsimopoihjeÐ, gia opoiond pote arijmì kl�sewn K, h mèjodoc
twn epanalambanìmenwn epikratous¸n tim¸n. Apì mÐa arqik  kat�taxh, pou suqn� eÐnai
aut  pou prokÔptei apì apl  an�lush tou istogr�mmatoc, gÐnetai mÐa epanektÐmhsh, ¸ste
na megistopoieÐtai h akìloujh pijanìthta

Pr{X(m,n) = x(m,n)|Y (m,n) = y(m,n), x̂(k, l); (k, l) ∈ L− {(m,n)}}.
To apotèlesma thc megistopoÐhshc eÐnai h epikratoÔsa tim  tou pedÐou gia dosmènh parat rhsh,
kai me dosmènh thn arqik  ektÐmhsh. ApodeiknÔetai ìti arkeÐ na elaqistopoihjeÐ h akìloujh
posìthta se k�je shmeÐo

1
2σ2

(y(m,n)− µi)2 +
∑

φc(x(m,n)),

ìpou ajroÐzontai mìno ta dunamik� twn pare¸n pou perilamb�noun to shmeÐo (m,n), ki ìpou oi
timèc tou pedÐou gia ta geitonik� shmeÐa eÐnai autèc thc prohgoÔmenhc ektÐmhshc. An epomènwc
apì ta 8 geitonik� shmeÐa, kat� thn prohgoÔmenh ektÐmhsh katat�qjhkan αi(m,n) sthn kl�sh
i, tìte h trèqousa kat�taxh basÐzetai sthn topik  elaqistopoÐhsh tou krithrÐou

(y(m,n)− µi)2 − σ2ζαi(m,n).

'Otan eurejoÔn oi epikratoÔsec timèc se ìla ta shmeÐa tou pedÐou h diadikasÐa epanalamb�netai
me ton Ðdio akrib¸c trìpo, kai stamat� ìtan meiwjeÐ shmantik� o arijmìc twn shmeÐwn pou apì
mÐa epan�lhyh sthn epìmenh all�zoun kl�sh,   idanik� ìtan oudèna shmeÐo all�zei kl�sh. O
algìrijmoc epanalambanìmenwn topik� epikratous¸n tim¸n dÐdetai katwtèrw se yeudok¸dika.
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Initialization:
for each pixel p
{
current_label(p) := init_label(p)
next_state(p) := active

}
change_pixels := number_of_pixels

Iterations:
while (change_pixels != 0)
{
change_pixels := 0
for each pixel p
{
previous_label(p) := current_label(p)
current_state(p) := next_state(p)
next_state(p) := inactive

}
for each pixel p
{
if (current_state(p) == active)
{
current_label(p) := find_optimal_label(p)
if (current_label(p) != previous_label(p))
{
change_pixels++
next_state(neighbour(p)) := active

}
}

}
}

Sto Sq ma 10.9 dÐdontai ektim seic twn puknot twn pijanìthtac gia treic kl�seic pou proèku-
yan apì an�lush thc eikìnac tou Sq matoc 10.6, h arqik  kat�taxh me b�sh tic pijanof�neiec
twn tri¸n kl�sewn kai to apotèlesma thc tmhmatopoÐhshc me th mèjodo twn epanalambanìmenwn
epikratous¸n tim¸n.

10.4 TmhmatopoÐhsh se topologik� sunektikèc perioqèc

S' aut  th mèjodo h sunektikìthta kai h omoiogèneia twn perioq¸n apaiteÐtai me �meso trìpo.
O arijmìc twn kathgori¸n pou katat�ssontai ta shmeÐa thc eikìnac ja mporoÔse na eÐnai
�gnwstoc kai na prokÔyei wc apotèlesma thc tmhmatopoÐhshc, se antÐjesh me tic prohgoÔmenec
mejìdouc, ìpou o arijmìc autìc  tan dosmènoc.

An R eÐnai ìlh h eikìna sa sÔnolo shmeÐwn, zhteÐtai h tmhmatopoÐhsh se topologik� sune-
ktikèc perioqèc R1, R2, . . . , RK , ¸ste

•
K⋃

k=1

Rk = R
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Sq ma 10.9: TmhmatopoÐhsh me ton algìrijmo epanalambanìmenwn epikratous¸n tim¸n.

• Ri ∩Rj = ∅, i 6= j

H tmhmatopoÐhsh basÐzetai s' èna krit rio omoiogèneiac, pou ja prèpei na ikanopoieÐtai apì
ìla ta tm mata thc eikìnac, kai na mhn ikanopoieÐtai apì thn ènwsh dÔo geitonik¸n tmhm�twn,
dhlad  tmhm�twn me koinì sÔnoro. San krit rio omoiogèneiac mporeÐ na qrhsimopoihjeÐ h
antÐjesh thc fwtein c èntashc se mia perioq , metrhmènh eÐte me th mègisth antÐjesh, eÐte me
thn tupik  apìklish thc fwtein c èntashc.

Me susswreÔseic gÔrw apì k�poio   k�poia afethriak� shmeÐa mporeÐ na ulopoihjeÐ mia
tmhmatopoÐhsh pou na ikanopoieÐ tic parap�nw apait seic. DÐdetai katwtèrw ènac algìrijmoc
diadoqikoÔ prosetairismoÔ twn shmeÐwn thc eikìnac me b�sh èna prokajorismèno krit rio
omoiìthtac, ρ(·, ·), mèsw tou opoÐou prosdiorÐzetai kai h seir� twn katat�xewn.

B1 OnomatojesÐa twn shmeÐwn twn arqik¸n sunìlwn.

B2 EktÐmhsh twn qarakthristik¸n twn sunìlwn (p.q. mèsh fwteinìthta).

B3 Eisagwg  sth diatagmènh lÐsta ìlwn twn geitonik¸n shmeÐwn twn arqik¸n sunìlwn.

B4 'Oso h lÐsta den eÐnai ken :

B4.1 Kat�taxh tou pr¸tou shmeÐou thc lÐstac α kai afaÐres  tou ap' aut .
B4.2 'Elegqoc twn geitonik¸n shmeÐwn tou α kai enhmèrwsh thc lÐstac:

B4.2.1 Prìsjesh twn geitìnwn tou α pou
• den èqoun  dh ìnoma
• den eÐnai  dh sth lÐsta

sÔmfwna me thn omoiìthta ρ(·, ·).
B4.2.2 'Elegqoc gia geÐtonec pou eÐnai  dh sth lÐsta kai pou lìgw thc kat�taxhc

tou α sunoreÔoun me èna nèo sÔnolo. Aut� shmadeÔontai wc shmeÐa sunìrou.
Epiplèon, an h omoiìthta mei¸netai lìgw thc nèac geitnÐashc, anelÐssontai
antÐstoiqa sth lÐsta.
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'Ena par�deigma efarmog c aut c thc mejìdou dÐdetai sto Sq ma 10.10, ìpou orÐzontai afeth-
riak� mplok shmeÐwn kai threÐtai seir� proteraiìthtac gia tic sunen¸seic, pou gÐnontai me
krit rio thn kat' apìluto tim  apìklish thc fwteinìthtac tou dosmènou shmeÐou apì th mèsh
tim  thc perioq c sthn opoÐa geitoneÔei.

(a) (b)

Sq ma 10.10: Tomografik  eikìna thc kardi�c kai tmhmatopoÐhs  thc me susswreÔseic gÔrw
apì ta afethriak� mplok shmeÐwn pou orÐsjhsan apì to qr sth.

Wstìso to apotèlesma ephre�zetai apì thn epilog  twn afethriak¸n shmeÐwn kai epÐshc
apaiteÐtai meg�loc arijmìc elègqwn gia thn upìjesh thc omoiogèneiac. To apotèlesma eÐnai
pio stajerì, an h tmhmatopoÐhsh epitugq�netai me èna sunduasmì diairèsewn anomoiogen¸n
tmhm�twn kai sugqwneÔsewn geitonik¸n omoiogen¸n tmhm�twn. H ulopoÐhsh enìc tètoiou al-
gorÐjmou dieukolÔnetai me th qr sh miac puramidwt c dom c gia thn par�stash twn tmhm�twn
thc eikìnac. Sthn koruf  thc puramÐdac brÐsketai olìklhrh h eikìna, kai sth b�sh thc ta
shmeÐa thc eikìnac. IsodÔnama h tmhmatopoÐhsh mporeÐ na parastajeÐ m' èna dèndro, tou opoÐou
h rÐza eÐnai olìklhrh h eikìna, kai ta fÔlla tou ta shmeÐa thc eikìnac. Pio suqn� to dèndro
eÐnai tetr�klwno, pou antistoiqeÐ se kat�tmhsh k�je tm matoc thc eikìnac se tèssera Ðsa
tm mata. Sto Sq ma 10.11 dÐdetai èna par�deigma tètoiac par�stashc twn tmhm�twn thc
eikìnac. To apotèlesma eÐnai pio endiafèron, kai h poluplokìthta periorismènh, an h ekkÐnhsh
tou algorÐjmou gÐnei s' èna endi�meso epÐpedo thc puramÐdac.
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Sq ma 10.11: Tm mata thc eikìnac kai antÐstoiqo tetr�klwno dèndro.
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Kef�laio 11

Majhmatik  morfologÐa

11.1 Morfologik  epexergasÐa duadik¸n eikìnwn

H majhmatik  morfologÐa mporeÐ na qrhsimopoihjeÐ gia thn an�lush duadik¸n eikìnwn, pou
prokÔptoun met� apì tmhmatopoÐhsh eikìnwn. Se aut  thn perÐptwsh oi pr�xeic kai oi telestèc
thc majhmatik c morfologÐac metasqhmatÐzoun th morf  enìc antikeimènou   ex�goun k�poia
qarakthristik� thc morf c tou antikeimènou. Sth sunèqeia ja anaferjoÔme sunoptik� stouc
basikoÔc morfologikoÔc telestèc gia duadikèc eikìnec. 'Ena antikeÐmeno orÐzetai san èna
sÔnolo shmeÐwn, ki oi telestèc pou ja orisjoÔn qrhsimopoioÔn èna antikeÐmeno antÐstoiqo tou
epidiwkìmenou stìqou, pou onom�zetai domikì stoiqeÐo. Telik� oi morfologikèc pr�xeic gia
duadikèc eikìnec orÐzontai me th bo jeia twn klasik¸n pr�xewn kai sqèsewn metaxÔ sunìlwn.

DÐdontai sth sunèqeia merikoÐ apì touc basikìterouc morfologikoÔc telestèc.

• Di�brwsh
To apotèlesma thc di�brwshc tou antikeimènou X apì to stoiqeÐo B eÐnai to sÔnolo

X ªB = {x : Bx ⊂ X}, (11.1)

ìpou Bx eÐnai to stoiqeÐo B metatopismèno sth jèsh x. Shmei¸netai ìti o anwtèrw
orismìc kai ìsoi akoloujoÔn eÐnai kat� thn ènnoia twn pr�xewn prìsjeshc kai afaÐreshc
sunìlwn tou Minkowski. Epikratèsteroc eÐnai o orismìc kat� ènnoia antÐstoiqh thc
sunèlixhc, dhlad  h Ðdia pr�xh me to summetrikì stoiqeÐo, pou sumbolÐzetai B̆.

H di�brwsh eÐnai pr�xh analloÐwth sth metatìpish, eÐnai aÔxousa,

an X ⊂ Y, tìte X ªB ⊂ Y ªB

kai surriknwtik ,
an (0, 0) ∈ B, tìte X ªB ⊂ X

An èna antikeÐmeno eÐnai merik� gnwstì, tìte kai to apotèlesma thc di�brwshc eÐnai
merik� gnwstì

(X ∩ Z)ªB = (X ªB) ∩ (Z ªB).

H di�brwsh dianèmetai sthn ènwsh dÔo stoiqeÐwn, kat� ton akìloujo trìpo

X ª (B ∪B′) = (X ªB) ∩ (X ªB′).
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• Diastol 
To apotèlesma thc diastol c tou antikeimènou X apì to stoiqeÐo B eÐnai to sÔnolo

X ⊕B = {x : Bx ∩X 6= ∅}. (11.2)

H diastol  eÐnai pr�xh analloÐwth sth metatìpish, eÐnai aÔxousa,

an X ⊂ Y, tìte X ⊕B ⊂ Y ⊕B

kai epektatik ,
an (0, 0) ∈ B, tìte X ⊂ X ⊕B.

H diastol  diathreÐ tic sundèseic metaxÔ shmeÐwn enìc antikeimènou. H diastol  dianè-
metai sthn ènwsh dÔo stoiqeÐwn, kat� ton akìloujo trìpo

X ⊕ (B ∪B′) = (X ⊕B) ∪ (X ⊕B′).

H epan�lhyh thc diastol c eÐnai isodÔnamh me th diastol  apì èna stoiqeÐo pou prokÔptei
apì to apotèlesma thc diastol c twn dÔo stoiqeÐwn,

(X ⊕B)⊕B′ = X ⊕ (B ⊕B′).

To Ðdio stoiqeÐo prosdiorÐzei kai to apotèlesma thc epan�lhyhc thc di�brwshc

(X ªB)ªB′ = X ª (B ⊕B′).

Oi pr�xeic thc di�brwshc kai thc diastol c eÐnai metaxÔ touc sumplhrwmatikèc, me thn
ènnoia ìti

X ⊕B = (Xc ª B̆)c,

ìpou Xc eÐnai to sumpl rwma tou sunìlou X, kai B̆ eÐnai to summetrikì tou B wc proc
to shmeÐo (0, 0).

H diastol  epitrèpei thn eÔresh twn sunistws¸n enìc antikeimènou, dhlad  twn upo-
sunìlwn tou antikeimènou pou èqoun thn idiìthta sÔndeshc twn shmeÐwn touc. An x
eÐnai èna shmeÐo tou antikeimènou X, h epanalhptik  efarmog  thc diastol c dÐdei ìla
ta sundeìmena me to x shmeÐa tou antikeimènou,

Xi+1 = (Xi ⊕H) ∩X, X1 = x

ìpou to stoiqeÐo H ekfr�zei thn ènnoia thc sÔndeshc twn shmeÐwn (geitoni� 4   8
shmeÐwn), kai ìpou oi epanal yeic stamatoÔn ìtan epiteuqjeÐ sÔgklish (Xi+1 = Xi).

• EÔresh qarakthristik¸n morf¸n
Aut  h morfologik  pr�xh orÐzetai me th bo jeia dÔo domik¸n stoiqeÐwn, ìpou to èna,
B1, afor� to antikeÐmeno, kai to �llo, B2, to sumpl rwm� tou. ArkeÐ h pr�xh thc
di�brwshc gia ton orismì tou telest  eÔreshc qarakthristik¸n morf¸n

X ∗©B = (X ªB1) ∩ (Xc ªB2). (11.3)

Sto Sq ma 11.1 dÐdontai ta sÔnjeta domik� stoiqeÐa: E, gia thn anaz thsh termatik¸n
shmeÐwn enìc antikeimènou, I, gia thn anaz thsh memonwmènwn shmeÐwn, kai G, gia thn
anaz thsh twn gwni¸n enìc antikeimènou.
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Sq ma 11.1: Domik� stoiqeÐa eÔreshc qarakthristik¸n morf¸n

• 'Anoigma
To �noigma sunÐstatai sth di�brwsh enìc antikeimènou apì èna domikì stoiqeÐo, B,
akoloujoÔmenh apì th diastol  apì to summetrikì tou B,

XB = (X ªB)⊕ B̆. (11.4)

To �noigma eÐnai pr�xh analloÐwth sth metatìpish, aÔxousa, surriknwtik  kai adÔnamh,
me thn ènnoia ìti h epan�lhyh tou anoÐgmatoc me to Ðdio stoiqeÐo den all�zei to apotè-
lesma. To �noigma leiaÐnei to perÐgramma twn antikeimènwn, kìbei stenoÔc isjmoÔc kai
exafanÐzei mikr� antikeÐmena.

• KleÐsimo
To kleÐsimo enìc antikeimènou sunÐstatai sth diastol  tou apì èna domikì stoiqeÐo, B,
akoloujoÔmenh apì th di�brwsh apì to summetrikì tou B,

XB = (X ⊕B)ª B̆. (11.5)

To kleÐsimo eÐnai pr�xh analloÐwth sth metatìpish, aÔxousa, epektatik  kai adÔnamh.
To kleÐsimo exafanÐzei mikrèc opèc enìc antikeimènou kai fr�ssei sten� kan�lia kai
leptoÔc kìlpouc.

• Skeletìc
O skeletìc enìc antikeimènou mporeÐ na orisjeÐ wc to sÔnolo twn kèntrwn ìlwn twn
kÔklwn pou eggr�fontai sto antikeÐmeno kai ef�ptontai se dÔo toul�qiston shmeÐa tou
perigr�mmatìc tou (Sq ma 11.2). O skeletìc mporeÐ na upologisjeÐ qrhsimopoi¸ntac th

Sq ma 11.2: O skeletìc enìc orjog¸niou sq matoc

di�brwsh kai to �noigma

S(X) =
∞⋃

n=0

sn(X) =
∞⋃

n=0

((X ª nH)− (X ª nH)H) . (11.6)

To domikì stoiqeÐo H apoteleÐ diakrit  par�stash enìc monadiaÐou dÐskou, en¸ o dÐskoc
me mhdenik  aktÐna eÐnai to oudètero stoiqeÐo thc pr�xhc thc di�brwshc, kai dÐskoi me me-
galÔterh aktÐna mporoÔn na orisjoÔn proodeutik� (Sq ma 11.3). Me b�sh ton parap�nw
orismì o skeletìc den eÐnai kat' an�gkh omoiotopikìc tou antikeimènou, me thn ènnoia ìti
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den èqei ton Ðdio arijmì tmhm�twn kai op¸n ìpwc to antikeÐmeno. To antikeÐmeno mporeÐ
na apokatastajeÐ apì ta endi�mesa apotelèsmata thc skeletopoÐhshc me diastol 

X =
∞⋃

n=0

(sn(X)⊕ nH) . (11.7)

0H : u 1H : u u u
u

u

Sq ma 11.3: Domik� stoiqeÐa par�stashc dÐskwn aktÐnac 0 kai 1

• Lèptunsh
H lèptunsh sunÐstatai sthn epanalhptik  afaÐresh qarakthristik¸n tou antikeimènou

X ©B = X −X ∗©B. (11.8)

An B eÐnai domikì stoiqeÐo 3 × 3, pou orÐzei eswterik� shmeÐa me sundèseic 8 shmeÐwn,
tìte h lèptunsh dÐnei to sÔnoro tou antikeimènou, me sundèseic geitoni�c 4 shmeÐwn. En¸
to stoiqeÐo B = 1H (Sq ma 11.3) dÐdei to sÔnoro me sundèseic geitoni�c 8 shmeÐwn. To
stoiqeÐo B = L (Sq ma 11.4), mazÐ me ta stoiqeÐa pou prokÔptoun me peristrof  ap'
autì, dÐdei èna skeletì omoiotopikì tou antikeimènou.

• P�qunsh
Sumplhrwmatik  pr�xh thc lèptunshc eÐnai h p�qunsh

X ¯B = X ∪ (X ∗©B). (11.9)

To stoiqeÐo B = C (Sq ma 11.4), mazÐ me ta stoiqeÐa pou prokÔptoun me peristrof  ap'
autì, dÐdei èna kurtì perÐgramma tou antikeimènou.

L :
u u u

e e e
u C :

u u u
u e

Sq ma 11.4: Domik� stoiqeÐa omoiotopikoÔ skeletoÔ kai kurtoÔ perigr�mmatoc

11.2 Morfologik  epexergasÐa eikìnwn fwteinìthtac

Stic eikìnec fwteinìthtac oi morfologikèc pr�xeic sunistoÔn mh grammik� fÐltra epexer-
gasÐac. Se aut  thn perÐptwsh to domikì stoiqeÐo, b(m,n), eÐnai mia upoeikìna, mikr c sun jwc
èktashc, pou prosdiorÐzetai epÐ enìc sunìlou shmeÐwn Db. Gia par�deigma mporeÐ na eÐnai

b(m,n) = 1, Db = {(m, n) : m2 + n2 ≤ 8}.

H tim  ja mporoÔse na eÐnai kai b(m,n) = 0 gia ìla ta shmeÐa tou ek�stote Db.
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• Di�brwsh
E�n f(m, n) eÐnai oi timèc thc eikìnac h di�brwsh me to domikì stoiqeÐo b(m,n) dÐdetai
mèsw miac el�qisthc tim c wc ex c

(f ª b)(m,n) = min{f(m + k, n + l)− b(k, l)|(k, l) ∈ Db}, (11.10)

gia ìsa shmeÐa mporeÐ na orisjeÐ h tim  f(m + k, n + l). Opìte an to stoiqeÐo b(m, n)
lamb�nei th mhdenik  tim  h di�brwsh eÐnai apl� h el�qisth tim  thc arqik c eikìnac se
mia geitoni� pou orÐzetai apì to sÔnolo Db. An ìlec oi timèc tou domikoÔ stoiqeÐou eÐnai
mh arnhtikèc, tìte h eikìna gÐnetai pio skoÔra. EpÐshc fwtein� stÐgmata, an�loga me to
mègejìc touc, periorÐzontai.

• Diastol 
H diastol  dÐdetai mèsw thc mègisthc tim c wc ex c

(f ⊕ b)(m,n) = max{f(m + k, n + l) + b(k, l)|(k, l) ∈ Db}, (11.11)

gia ìsa shmeÐa mporeÐ na orisjeÐ h tim  f(m + k, n + l). Se antÐjesh me th di�brwsh, an
ìlec oi timèc tou domikoÔ stoiqeÐou eÐnai mh arnhtikèc, tìte h eikìna gÐnetai pio fwtein .
EpÐshc skotein� stÐgmata, an�loga me to mègejìc touc, periorÐzontai. H diafor� dia-
stol c kai di�brwshc dÐdei th morfologik  klÐsh pou entopÐzei tic akmèc,

g = (f ⊕ b)− (f ª b). (11.12)

Sthn aploÔsterh perÐptwsh ja eÐnai

g(m,n) = max{f(m+k, n+ l)|k2 + l2 ≤ 2}−min{f(m+k, n+ l)|k2 + l2 ≤ 2}. (11.13)

MporeÐ epÐshc na orisjeÐ o Laplacian telest c wc akoloÔjwc

g(m,n) = max{f(m+k, n+l)|k2+l2 ≤ 2}+min{f(m+k, n+l)|k2+l2 ≤ 2}−2f(m, n).
(11.14)

• 'Anoigma kai kleÐsimo
To �noigma orÐzetai kat� trìpo antÐstoiqo me thn perÐptwsh twn duadik¸n eikìnwn me
qr sh anoÐgmatoc kai kleisÐmatoc,

fb = (f ª b)⊕ b̆, (11.15)

ìpou to stoiqeÐo b̆ antistoiqeÐ sto summetrikì tou b wc proc thn arq  (0, 0). Parìmoia
orÐzetai to kleÐsimo

f b = (f ⊕ b)ª b̆. (11.16)

To �noigma leiaÐnei tic korufèc thc fwteinìthtac, en¸ to kleÐsimo leiaÐnei tic qar�drec.

H diadoqik  qr sh tou anoÐgmatoc kai tou kleisÐmatoc se mia eikìna odhgeÐ se exom�lunsh
twn tim¸n thc eikìnac parìmoia me aut  pou dÐdei to fÐltro mesaÐac tim c. Akribèstera
èna fÐltro mesaÐac tim c se èna dÐsko me aktÐna dipl�sia aut c tou domikoÔ stoiqeÐou
twn morfologik¸n pr�xewn dÐdei parapl sio apotèlesma.
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Kef�laio 12

Apokat�stash eikìnwn

Pollèc forèc oi eikìnec kat� th l yh ufÐstantai paramìrfwsh. H epexergasÐa pou skopeÔei
ston periorismì thc paramìrfwshc onom�zetai apokat�stash. Pijanèc aitÐec paramìrfwshc
eÐnai h kÐnhsh kat� th di�rkeia thc l yhc thc eikìnac, h kak  estÐash,  , sthn perÐptwsh
doruforik¸n eikìnwn, oi atmosfairikèc diataraqèc.

Suqn� sa montèlo thc paramìrfwshc thc arqik c idanik c eikìnac, f(x, y), qrhsimopoieÐtai
èna grammikì fÐltro h(x, y), sthn èxodo tou opoÐou prostÐjetai jìruboc

g(x, y) =
∫ ∫

h(x− x′, y − y′)f(x′, y′)dx′dy′ + w(x, y) (12.1)

me
∫ ∫

h(x, y)dxdy = 1, kai jewr¸ntac ìti h mèsh tim  tou jorÔbou, w(x, y), eÐnai mhdèn kai
h diaspor� tou σ2. H kroustik  apìkrish tou fÐltrou onom�zetai kai sun�rthsh diaspor�c
shmeÐou. ParadeÐgmata sunart sewn diaspor�c shmeÐou dÐdontai sth sunèqeia:

• MetakÐnhsh sthn kateÔjunsh θ kat� L

h(x, y) =
1
L

Π1(
x cos θ + y sin θ

L
)δ(−x sin θ + y cos θ)

me metasqhmatismì Fourier,

H(u, v) = sinc(πL(u cos θ + v sin θ))

H grafik  par�stash thc sun�rthshc sinc dÐdetai sto Sq ma 4.3.

• Kak  estÐash me aktÐna r

h(x, y) =
1

πr2
, x2 + y2 ≤ r2

me metasqhmatismì Fourier,

H(u, v) =
J1(rρ)

rρ
, ρ =

√
u2 + v2.

ìpou J1(.) eÐnai mÐa sun�rthsh Bessel. H J1(rρ)
rρ dÐdetai sto Sq ma 12.1. Mia eikìna me

kak  estÐash kat� th l yh dÐdetai sto Sq ma 12.2.

• Atmosfairikèc diataraqèc diaspor�c α2

h(x, y) =
1

2πα2
e−

x2+y2

2α2
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Sq ma 12.1: Metasqhmatismìc Fourier thc apìkrishc sthn kak  estÐash

Sq ma 12.2: Kak� estiasmènh eikìna

me metasqhmatismì Fourier,

H(u, v) = e−2π2α2(u2+v2).

Se diakrit  morf  h exÐswsh pou dÐnei thn parathroÔmenh eikìna eÐnai h ex c

g(m,n) =
∑

m′

∑

n′
h(m−m′, n− n′)f(m′, n′) + w(m,n), (12.2)

pou mporeÐ na grafeÐ, jewr¸ntac ta dianÔsmata f kai g pou kataskeu�zontai apì tic timèc twn
f(., .) kai g(., .) antÐstoiqa,

g = Hf + w, (12.3)

ìpou o pÐnakac H kataskeu�zetai apì ta deÐgmata thc sun�rthshc diaspor�c shmeÐou h(., .). H
apokat�stash sunÐstatai sthn antistrof  tou gnwstoÔ telest  H thc parap�nw sqèshc gia
thn eÔresh tou f apì to parathroÔmeno g. O pÐnakac H ìpwc èqei orisjeÐ anwtèrw eÐnai mplok
Toeplitz. Autì shmaÐnei ìti sunÐstatai apì pÐnakec Toeplitz me thn idiìthta thc ex�rthshc
twn stoiqeÐwn touc mìno apì th diafor� twn deikt¸n. QwrÐc kamÐa alloÐwsh twn parap�nw
exis¸sewn, kai epekteÐnontac kat�llhla touc pÐnakec me mhdenik�, prokÔptoun pÐnakec kuk-
likoÐ, en¸ o pÐnakac H metatrèpetai se mplok kuklikì. H dom  tou pÐnaka H èqei wc ex c, an
N2 ×N2 eÐnai h di�stash tou pÐnaka,

H =




H(0) H(N − 1) · · · H(1)
H(1) H(0) · · · H(2)

...
...

...
...

H(N − 1) H(N − 2) · · · H(0)




,
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ìpou oi pÐnakec H(m) èqoun th morf 

H(m) =




h(m, 0) h(m, N − 1) · · · h(m, 1)
h(m, 1) h(m, 0) · · · h(m, 2)

...
...

...
...

h(m,N − 1) h(m, N − 2) · · · h(m, 0)




.

H allag  aut  eÐnai idiaÐtera endiafèrousa giatÐ epitrèpei th qr sh tou diakritoÔ metasqhma-
tismoÔ Fourier gia th lÔsh tou probl matoc apokat�stashc.

DÐdontai sth sunèqeia lÔseic tou antÐstrofou probl matoc gia thn apokat�stash twn
eikìnwn.

12.1 AntÐstrofo fÐltro

To antÐstrofo fÐltro h(−1) orÐzetai wc akoloÔjwc
∑

m′

∑

n′
h(−1)(m−m′, n− n′)h(m′, n′) = δ(m, n) (12.4)

kai gia tic apokrÐseic stic suqnìthtec

H(−1)(u, v)H(u, v) = 1 (12.5)

Opìte èqontac metatrèyei touc antÐstoiqouc pÐnakec se kuklikoÔc h lÔsh mporeÐ na dojeÐ mèsw
tou diakritoÔ metasqhmatismoÔ Fourier

F̂ (u, v) =
G(u, v)
H(u, v)

. (12.6)

Me dosmèno ìti gia k�poiec suqnìthtec mporeÐ h apìkrish H(u, v) na mhdenÐzetai tÐjetai kat'
arq n èna jèma Ôparxhc gia to antÐstrofo fÐltro, ki opwsd pote èna z thma eust�jeiac, me
thn ènnoia thc antoq c sto jìrubo. Efìson to antÐstrofo fÐltro up�rqei, h prosdokht  tim 
thc antistrof c thc parat rhshc apokajist� tèleia thn eikìna, me pollaplasiasmènh ìmwc th
diaspor� tou jorÔbou stic uyhlèc suqnìthtec. To fainìmeno autì mporeÐ na periorisjeÐ me th
qr sh enìc bajuperatoÔ fÐltrou, pou ìmwc ja mei¸sei thn eukrÐneia thc eikìnac.

12.2 Yeudo-antÐstrofo fÐltro

H antistrof  tou pÐnaka H (12.3) proüpojètei ìti eÐnai tetragwnikìc. PolÔ suqn� h di�stash
thc parathroÔmenhc eikìnac eÐnai megalÔterh apì aut  thc apokajistìmenhc. Tìte h antistro-
f  zhteÐtai me thn ènnoia thc elaqistopoÐhshc thc apìstashc ‖Hf − g‖2. E�n o pÐnakac HT H
eÐnai antistrèyimoc, h lÔsh eÐnai

f̂ = (HT H)−1HT g (12.7)

kai, e�n qrhsimopoihjeÐ o diakritìc metasqhmatismìc Fourier,

F̂ (u, v) =
H∗(u, v)G(u, v)
|H(u, v)|2 , H(u, v) 6= 0. (12.8)

Wstìso to prìblhma sqetik� me thn eust�jeia paramènei. H qr sh enìc epanalhptikoÔ
algìrijmou epitrèpei thn eÔresh thc lÔshc qwrÐc thn �mesh antistrof  tou pÐnaka HT H,
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kai tautìqrona dÐdei èna trìpo gia thn antimet¸pish tou zht matoc thc eust�jeiac. Se
Parart mata dÐdontai dÔo epanalhptikèc mèjodoi epÐlushc me kat�bash sthn kateÔjunsh thc
klÐshc h mÐa, kai thc suzugoÔc klÐshc h �llh. H pr¸th den apaiteÐ diairèseic kai eÐnai pio arg 
apì th deÔterh. Kai stic dÔo peript¸seic k�je nèa epan�lhyh belti¸nei thn apokajistìmenh
eikìna, aux�nontac ìmwc tautìqrona to jìrubo. H bèltisth sunolik� lÔsh prokÔptei ìtan oi
epanal yeic termatisjoÔn prin thn tèleia antistrof  tou pÐnaka HT H.

12.3 Genikeumènh antistrof 

Sthn perÐptwsh pou o pÐnakac HT H den eÐnai antistrèyimoc, mporeÐ na zhthjeÐ h lÔsh thc
opoÐac to mètro eÐnai el�qisto. Anaferìmaste tìte sth genikeumènh antistrof , pou sumbolÐ-
zetai wc ex c

f# = H#g.

O genikeumènoc antÐstrofoc ikanopoieÐ tic sunj kec Moore-Penrose

HH#H = H

H#HH# = H#

(HH#)T = HH#

(H#H)T = H#H

O genikeumènoc antÐstrofoc mporeÐ na ekfrasjeÐ me th bo jeia twn idiazous¸n tim¸n kai twn
antÐstoiqwn dianusm�twn tou pÐnaka H. Ac eÐnai

H = UΛV T , me UT U = II kai V T V = II

ìpou o pÐnakac Λ perilamb�nei tic idi�zousec timèc tou H: {λ1, . . . , λR}. Ja isqÔei tìte

H# =
R∑

r=1

1
λr

vru
T
r ,

ìpou ur (antÐstoiqa vr) eÐnai oi st lec tou U (antÐstoiqa V ). H lÔsh eÐnai

f# =
R∑

r=1

1
λr
〈g, ur〉vr.

To prìblhma thc ast�jeiac paramènei, ki antimetwpÐzetai agno¸ntac sto parap�nw �jroisma
touc ìrouc me qamhlèc idi�zousec timèc.

12.4 Exom�lunsh

'Ena antÐstrofo prìblhma jewreÐtai ìti èqei tejeÐ k�tw apì kalèc sunj kec, e�n up�rqei lÔsh,
kai mÐa mình, ki epiplèon aut  h lÔsh eÐnai stajer . H mèjodoc thc exom�lunshc metatrèpei èna
prìblhma pou tÐjetai k�tw apì dusmeneÐc ìrouc s' èna prìblhma pou mporeÐ na lujeÐ k�tw apì
kalèc sunj kec. Proc toÔto prostÐjetai mÐa sunj kh eust�jeiac sto krit rio elaqistopoÐhshc
pou ekfr�zei to antÐstrofo prìblhma. Kat�llhlec tètoiec sunj kec eust�jeiac orÐzontai me
th bo jeia twn telest¸n parag¸gishc. H qr sh twn pr¸twn merik¸n parag¸gwn dÐdei thn
akìloujh lÔsh

f̂ = (HT H + µ(DT
x Dx + DT

y Dy))−1HT g.
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H par�metroc µ onom�zetai suntelest c exom�lunshc. H qr sh tou laplasianoÔ telest  dÐdei
thn ex c lÔsh

f̂ = (HT H + µLT L)−1HT g.

H epÐlush mporeÐ na gÐnei me mÐa apì tic epanalhptikèc mejìdouc pou dÐdontai sta Parart mata,
  me qr sh tou diakritoÔ metasqhmatismoÔ Fourier.

E�n eÐnai gnwst� ta f�smata isqÔoc tìso thc arqik c eikìnac (Pf (u, v)), ìso kai tou
jorÔbou (Pw(u, v)), tìte mporoÔn na qrhsimopoihjoÔn gia thn prosarmog  thc exom�lunshc,
dÐdontac to fÐltro Wiener

F̂ (u, v) =
Pf (u, v)H∗(u, v)G(u, v)

Pf (u, v)|H(u, v)|2 + Pw(u, v)
.

12.5 Parart mata

12.5.1 Kat�bash sthn kateÔjunsh thc klÐshc

Kat� thn epan�lhyh k + 1 h lÔsh dÐdetai apì thn exÐswsh

f̂ (k+1) = f̂ (k) − βHT (Hf̂ (k) − g)

me f̂ (0) = βHT g. H epanalhptik  aut  sqèsh dÐdei

f̂ (k) = β
k∑

l=0

(II− βHT H)lHT g

kai sugklÐnei me thn proüpìjesh ìti

0 < β <
2

λ2
max

,

ìpou λ2
max eÐnai h mègisth idiotim  tou pÐnaka HT H.

12.5.2 Algìrijmoc twn suzug¸n klÐsewn

Gia aplopoÐhsh jètoume: Q = HT H kai b = HT g. O pÐnakac Q eÐnai summetrikìc kai jetik�
orismènoc, diast�sewn K × K. DÔo dianÔsmata d1 kai d2 onom�zontai Q-orjog¸nia, an
dT

1 Qd2 = 0. To sÔnolo K Q-orjog¸niwn dianusm�twn apoteleÐ mÐa pl rh b�sh sto q¸ro
K diast�sewn. Ja eÐnai epomènwc

f =
K−1∑

k=0

αkdk.

O algìrijmoc twn suzug¸n klÐsewn kataskeu�zei tautìqrona tic suzugeÐc klÐseic kai th lÔsh
tou sust matoc grammik¸n exis¸sewn, kai sugklÐnei se K akrib¸c b mata. Gia mia opoiad pote
arqik  lÔsh f̂ (0), upologÐzetai h klÐsh d0 = b −Qf̂ (0). Gia k = 0, . . . , K − 1, upologÐzetai h
nèa lÔsh tou sust matoc me mÐa diìrjwsh sthn kateÔjunsh thc klÐshc

f̂ (k+1) = f̂ (k) + αkdk,

ìpou αk = (b−Qf̂ (k))T dk

dT
k

Qdk
. H nèa klÐsh, Q-orjog¸nia stic prohgoÔmenec, ja eÐnai

dk+1 = b−Qf̂ (k+1) + βkdk,

ìpou βk = (Qf̂ (k+1)−b)T Qdk

dT
k

Qdk
.
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Kef�laio 13

EpexergasÐa ègqrwmwn eikìnwn

To qr¸ma apoteleÐ prìsjeth phg  plhroforÐac gia to perieqìmeno twn eikìnwn ki epomènwc
up�rqei idiaÐtero endiafèron, ìqi mìno gia thn apìdosh twn qrwm�twn, all� kai gia thn epe-
xergasÐa twn ègqrwmwn eikìnwn.

Sto kef�laio 2 anafèrjhke ìti to anjr¸pino m�ti diajètei qrwmatikoÔc aisjht rec euaÐ-
sjhtouc se m kh kÔmatoc sta onomazìmena kÔria qr¸mata: kìkkino R, pr�sino G kai mple
B. Sto Sq ma 13.1 dÐdontai proseggistik� oi sunart seic euaisjhsÐac twn tri¸n aisjht rwn
an�loga me to m koc kÔmatoc se nm.

400 450 500 550 600 650 700
0

0.1
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1

Sq ma 13.1: Oi sunart seic euaisjhsÐac.

AntÐstoiqa up�rqoun teqnhtoÐ aisjht rec pou dÐdoun trÐa kÔria qr¸mata kai ìpou to
zhtoÔmeno eÐnai na suntejoÔn ìla ta dunat� qr¸mata kai na tairi�zoun sthn anjr¸pinh antÐlhyh
twn qrwm�twn kai twn qrwmatik¸n diafor¸n. H Diejn c Epitrop  FwtometrÐac (Commission
Internationale de l’Eclairage, C.I.E.) èqei prosdiorÐsei èna di�gramma efikt¸n qrwm�twn.
OrÐsjhkan arqik� oi triqrwmatikèc diegèrseic (X,Y, Z), ¸ste oi sunart seic tairi�smatoc
twn qrwm�twn na eÐnai jetikèc gia ìla ta m kh kÔmatoc kai h sun�rthsh gia th sunist¸sa
Y na antapokrÐnetai sthn euaisjhsÐa tou anjr¸pinou ofjalmoÔ sth fwteinìthta. H sqèsh
twn (X,Y, Z) me tic sunist¸sec (R, G, B), ìpwc eÐqan orisjeÐ epÐshc apì thn C.I.E. eÐnai h
akìloujh 


X
Y
Z


 =




0.4900 0.3100 0.2000
0.1770 0.8124 0.0106
0.0000 0.0100 0.9900







R
G
B
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H parap�nw metatrop  gÐnetai me thn paradoq  ìti X = Y = Z = 1, ìtan R = G = B = 1.
Apì tic triqrwmatikèc diegèrseic orÐzontai oi suntelestèc

x =
X

X + Y + Z
, y =

Y

X + Y + Z
, z =

Z

X + Y + Z
.

To di�gramma orÐzetai wc sun�rthsh twn (x, y) kai ta efikt� qr¸mata prosdiorÐzontai apì èna
tìpo se morf  gl¸ssac. Sthn kampÔlh perÐmetro eurÐskontai ta kajar� qr¸mata tou oratoÔ
f�smatoc. H grammik  parembol  metaxÔ dÔo qrwm�twn dÐdei ta endi�mesa qr¸mata.

Sq ma 13.2: To qrwmatikì di�gramma.

Me ton orismì twn tri¸n kÔriwn qrwm�twn orÐzontai treic sunist¸sec. An�loga ìmwc me
th qr sh se suskeuèc   se upologismoÔc èqoun orisjeÐ diaforetik� sust mata anapar�stashc
twn qrwm�twn. To sÔsthma RGB qrhsimopoieÐtai stic ojìnec kai touc proboleÐc kai bèbaia
stic suskeuèc l yhc. Stouc ektupwtèc qrhsimopoieÐtai to sÔsthma CMYK, pou qrhsimopoieÐ
ta deutereÔonta qr¸mata: kuanì, i¸dec kai kÐtrino. Gia ton poiotikì qarakthrismì kai thn
perigraf  twn qrwm�twn eÐnai protimìtero to sÔsthma HSI. To H (hue) orÐzei to qr¸ma, to S
(saturation) orÐzei ton koresmì tou qr¸matoc, dhlad  thn kajarìtht� tou, kai to I (intensity)
orÐzei th fwtein  èntash. Gia metr seic qrwmatik¸n diafor¸n katallhlìtero sÔsthma eÐnai
to CIE Lab. Sta prìtupa sumpÐeshc eikìnwn kai bÐnteo qrhsimopoieÐtai to sÔsthma YCbCr.
AkoloujeÐ h parousÐash twn susthm�twn qrwm�twn.
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13.1 Sust mata qrwm�twn

13.1.1 HSI

H pr¸th sunist¸sa perigr�fei to kurÐwc kajarì qr¸ma, h deÔterh sunist¸sa to bajmì ka-
jarìthtac kai h trÐth thn èntash. To sÔsthma autì afenìc diaqwrÐzei thn èntash apì to
qrwmatikì perieqìmeno ki afetèrou oi dÔo qrwmatikèc sunist¸sec sundèontai me ton trìpo
pou oi �njrwpoi antilamb�nontai ta qr¸mata.

Gia th metatrop  twn sunistws¸n apì to sÔsthma RGB sto sÔsthma HSI jewroÔme to
qrwmatikì shmeÐo sto q¸ro enìc monadiaÐou kÔbou. Me anafor� to shmeÐo (1/3, 1/3, 1/3)
orÐzoume to qr¸ma H wc th gwnÐa an�mesa sto di�nusma pou orÐzetai apì to qrwmatikì shmeÐo
kai sto di�nusma tou kìkkinou qr¸matoc. Epomènwc 0o antistoiqoÔn sto kìkkino qr¸ma, 60o

sto kÐtrino, 120o sto pr�sino, 180o sto kuanì, 240o sto mple kai 300o sto i¸dec. ProkÔptei
tìte h akìloujh sqèsh se moÐrec

H = arccos
R− 0.5(G + B)√

(R−G)2 + (R−B)(G−B)
, gia G ≥ B

kai
H = 360o − arccos

R− 0.5(G + B)√
(R−G)2 + (R−B)(G−B)

, gia G ≤ B

H èntash orÐzetai

I =
1
3
(R + G + B).

O koresmìc orÐzetai apì th sqèsh

S = 1− min(R, G,B)
I

.

An o koresmìc eÐnai mhdèn den orÐzetai to qr¸ma. EpÐshc o koresmìc den orÐzetai, an h èntash
eÐnai mhdenik  (maÔro qr¸ma). O arqikìc kÔboc twn qrwm�twn metatr�phke se kÔlindro, tou
opoÐou o �xonac antistoiqeÐ sthn èntash, h aktÐna ston koresmì kai h gwnÐa sto qr¸ma.

13.1.2 C.I.E. Lab

To sÔsthma Lab èqei sqediasjeÐ apì thn C.I.E. gia na proseggÐzei thn anjr¸pinh antÐlhyh twn
qrwm�twn kai twn qrwmatik¸n diafor¸n. O qrwmatikìc q¸roc eÐnai omoiìmorfoc wc proc tic
qrwmatikèc diaforèc, me diaqwrismì thc fwteinìthtac L apì tic qrwmatikèc sunist¸sec (a, b).
O orismìc qrhsimopoieÐ to di�nusma triqrwmatik¸n diegèrsewn (X,Y, Z) pou parousi�sjhke
prohgoÔmena.

L = 116f
(

Y
Yn

)
− 16

a = 500
(
f

(
X
Xn

)
− f

(
Y
Yn

))

b = 200
(
f

(
Y
Yn

)
− f

(
Z
Zn

))

ìpou

f(τ) =

{
τ1/3, τ > (6/29)3

(841/108)τ + 4/29, τ ≤ (6/29)3

To (Xn, Yn, Zn) antistoiqeÐ sto leukì qr¸ma. H eukleÐdia apìstash dÐdei th qrwmatik  dia-
for�. To qr¸ma kai o koresmìc tou mporoÔn na metrhjoÔn wc ex c

H = arctan
b

a
, S =

√
a2 + b2.
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13.1.3 YCbCr

H metatrop , ìpwc qrhsimopoieÐtai sto prìtupo sumpÐeshc JPEG, dÐdetai wc akoloÔjwc



Y
Cb
Cr


 =




0.299 0.587 0.114
−0.169 −0.331 0.500
0.500 −0.419 −0.081







R
G
B




To sÔsthma RGB stic anwtèrw sqèseic eÐnai autì pou èqei orisjeÐ apì thn EtaireÐa Mhqanik¸n
Thleìrashc (Society of Motion Picture and Television Engineers, SMPTE). Kai sto sÔsthma
autì diaqwrÐzetai h èntash apì tic qrwmatikèc sunist¸sec. To sÔsthma YCbCr qrhsimopoieÐtai
sta prìtupa sumpÐeshc eikìnwn kai bÐnteo.

13.2 Kbantismìc qr¸matoc

O skopìc tou kbantismoÔ eÐnai h sumpÐesh   perigraf  tou perieqomènou,   akìma h tmh-
matopoÐhsh. O kbantist c sunÐstatai apì èna sÔnolo antiproswpeutik¸n dianusm�twn {ck :
k = 1, . . . , K}. To sÔnolo twn antiproswpeutik¸n qrwm�twn kataskeu�zetai apì èna sÔnolo
dianusm�twn ekm�jhshc {xi : i = 1, . . . , Nt} kai basÐzetai s' èna krit rio el�qisthc paramìrfw-
shc, ìpwc tetragwnik c, pou orÐzetai

D =
K∑

k=1

∑

xi∈Sk

‖xi − ck‖2 (13.1)

gia K kl�seic Sk.
O bèltistoc kbantist c ikanopoieÐ dÔo anagkaÐec sunj kec gia thn elaqistopoÐhsh thc D.

Gia dosmènh kl�sh o kalÔteroc antiprìswpoc eÐnai to kèntro b�rouc

ck =
1

card[Sk]

∑

xi∈Sk

xi (13.2)

Gia dosmèno sÔnolo antiproswpeutik¸n qrwm�twn h kalÔterh tim  kbantismoÔ enìc dianÔsmatoc
x sunÐstatai sthn epilog  tou plhsièsterou antiprìswpou

‖x− ck‖ < ‖x− cl‖ ∀l 6= k ⇒ x ∈ Sk (13.3)

H qrhsimopoÐhsh twn dÔo aut¸n anagkaÐwn sunjhk¸n dÐdei ènan epanalhptikì algìrijmo
kataskeu c enìc sunìlou antiproswpeutik¸n qrwm�twn.

• Arqikì b ma: Arqik� antiproswpeutik� qr¸mata, i = 1, kai arqik  meg�lh tim  gia thn
paramìrfwsh D(0)

• B ma 1: EÔresh twn kl�sewn (ExÐswsh (13.3))

• B ma 2: Upologismìc thc paramìrfwshc D(i)

• B ma 3: 'Elegqoc sÔgklishc

An
D(i−1) −D(i)

D(i−1)
≤ ε, tèloc

Diaforetik�, prosaÔxhsh tou i, kai sunèqish twn epanal yewn

• B ma 4: EÔresh tou kalÔterou antiprìswpou gia k�je kl�sh (ExÐswsh (13.2)), ki
epistrof  sto B ma 1.
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13.3 MeÐwsh jorÔbou

O jìruboc par�getai eÐte kat� th diadikasÐa thc l yhc, eÐte kat� th met�dosh twn eikìnwn.
PolÔ suqn� mporeÐ na jewrhjeÐ ajroistikìc kai anex�rthtoc apì shmeÐo se shmeÐo. Ta gram-
mik� fÐltra meÐwshc jorÔbou pou parousi�sjhkan sto Kef�laio 9 mporoÔn na qrhsimopoi-
hjoÔn xeqwrist� gia k�je sunist¸sa twn ègqrwmwn eikìnwn. Kai to fÐltro mesaÐac tim c ja
mporoÔse na qrhsimopoihjeÐ anex�rthta stic xeqwristèc sunist¸sec. Wstìso eÐnai protimìtero
na lhfjeÐ upìyh ìti ta dedomèna eÐnai trisdi�stata.

To fÐltro mesaÐou dianÔsmatoc efarmìzetai se mia perioq  W gÔrw apì to shmeÐo pou
lamb�netai h apìkrish kai sun jwc eÐnai èna tetr�gwno mplok. Ac eÐnai

{xn, n = 1, 2, . . . , N}

ta dianÔsmata qr¸matoc sthn perioq  W . To mesaÐo di�nusma eÐnai ekeÐno (xi) metaxÔ twn
parap�nw pou elaqistopoieÐ thn apìstash1

N∑

n=1

‖xi − xn‖p.

To fÐltro mesaÐou dianÔsmatoc afaireÐ ton kroustikì jìrubo kai mei¸nei ton ajroistikì
jìrubo, idÐwc an sunduasjeÐ kai me grammik� fÐltra.

To di�nusma mesaÐac kateÔjunshc apokrÐnetai xi, efìson autì to di�nusma elaqistopoieÐ
thn apìstash

N∑

n=1

θ(xi, xn),

pou orÐzetai me b�sh tic gwniakèc apoklÐseic. Up�rqei epÐshc h dunatìthta qr shc fÐltrwn
kai wc proc thn kateÔjunsh kai wc proc to mètro twn dianusm�twn thc jewroÔmenhc perioq c.

OrÐzetai epÐshc to fÐltro topik� stajmismènhc mèshc dianusmatik c tim c wc akoloÔjwc

f

(∑N
i=1 wixi∑N
i=1 wi

)
, wi = e

−
(∑N

n=1
‖xi−xn‖p

)r

β

me endeqìmenh qr sh miac mh grammik c sun�rthshc f(.).

1‖x‖p =
(∑K

k=1
|xk|p

)1/p
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