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Kef�laio 32-D suneq  s mataM�a suneq  eikìna mpore� na parastaje� apì èna 2-D suneqè s ma, dhlad  apì m�a sun�r-thsh, f(x, y). Idia�terh shmas�a gia thn epexergas�a twn shm�twn e�nai o metasqhmatismì
Fourier, pou d�dei thn par�stash twn shm�twn sto ped�o twn suqnot twn. O metasqhmatismì
Fourier enì 2-D suneqoÔ s mato d�detai w ex 

F (u, v) = F [f(x, y)] =

∫

∞

−∞

∫

∞

−∞

f(x, y)e−j2π(ux+vy)dxdy. (3.1)Ikan  sunj kh Ôparxh tou metasqhmatismoÔ e�nai h Ôparxh tou oloklhr¸mato kat' apìlutotim ,
∫

∞

−∞

∫

∞

−∞

|f(x, y)|dxdy < ∞.O ant�strofo metasqhmatismì Fourier d�detai w ex 
f(x, y) = F−1[F (u, v)] =

∫

∞

−∞

∫

∞

−∞

F (u, v)ej2π(ux+vy)dudv. (3.2)An (x, y) e�nai oi suntetagmène sto 2-D q¸ro, tìte (u, v) e�nai suqnìthte sto q¸ro. H mon�damètrhsh th suqnìthta e�nai ant�stoiqh th mon�da mètrhsh twn apost�sewn sto ep�pedotwn (x, y). PolÔ suqn� ìmw, efìson prìkeitai gia s mata eikìnwn, oi suntetagmène (x, y)kanonikopoioÔntai w pro th gwn�a ìrash, m' apotèlesma oi suqnìthte (u, v) na metr¸ntaise kÔklou an� mo�ra th gwn�a ìrash.Gia th melèth tìso th deigmatolhy�a, ìso kai th sumperifor� grammik¸n susthm�twnepexergas�a 2-D suneq¸n shm�twn, e�nai polÔ qr simh h eisagwg  th 2-D katanom  Dirac

δ(x, y) = 0, |x| + |y| 6= 0 (3.3)

lim
ǫ → 0

∫ ǫ

−ǫ

∫ ǫ

−ǫ

δ(x, y)dxdy = 1 (3.4)O metasqhmatismì Fourier th katanom  Dirac e�nai �so me th mon�da gia ìle ti suqnìthte
F [δ(x, y)] = 1 (3.5)H katanom  Dirac mpore� na ekfr�sei th l yh enì de�gmato apì èna s ma

∫

∞

−∞

∫

∞

−∞

f(x′, y′)δ(x − x′, y − y′)dx′dy′ = f(x, y) (3.6)D�dontai sth sunèqeia merikè basikè idiìthte tou metasqhmatismoÔ Fourier (Ex�swsh 3.1)
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1. Metatìpish
F [f(x − x0, y − y0)] = e−j2π(x0u+y0v)F (u, v) (3.7)

2. Peristrof 
F [f(y,−x)] = F (v,−u) (3.8)

3. Diaqwrisimìthta An f(x, y) = f1(x)f2(y), tìte F (u, v) = F1(u)F2(v) (3.9)ìpou F1(u) (ant�stoiqa F2(v)) e�nai o metasqhmatismì Fourier th f1(x) (ant�stoiqa
f2(y)).

4. Allag  kl�maka
F [f(ax, by)] =

1

|ab|
F (

u

a
,
v

b
) (3.10)

5. Parag¸gish
F [fx(x, y)] = j2πuF (u, v) kai F [fy(x, y)] = j2πvF (u, v) (3.11)

6. SunèlixhH 2-D sunèlixh th h(., .) me thn f(., .) or�zetai w akoloÔjw
g(x, y) =

∫

∞

−∞

∫

∞

−∞

h(x′, y′)f(x − x′, y − y′)dx′dy′ (3.12)O metasqhmatismì Fourier G(u, v) th g(x, y) èqei w ex 
G(u, v) = H(u, v)F (u, v) (3.13)ìpou H(u, v) e�nai o metasqhmatismì Fourier th h(x, y).

7. Eswterikì ginìmeno
∫

∞

−∞

∫

∞

−∞

f(x, y)g∗(x, y)dxdy =

∫

∞

−∞

∫

∞

−∞

F (u, v)G∗(u, v)dudv (3.14)D�dontai akìmh sth sunèqeia oi metasqhmatismo� Fourier tri¸n qarakthristik¸n sunart sewn.
1. Migadik  ekjetik  sun�rthsh

F [ej2π(u0x+v0y)] = δ(u − u0, v − v0) (3.15)

2. Orjog¸nio parallhlep�pedoH sun�rthsh orjog¸niou parallhlep�pedou or�zetai w ex 
Π2(x, y) =

{

1 an |x| ≤ 0, 5 kai |y| ≤ 0, 5
0 an |x| > 0, 5 e�te |y| > 0, 5

(3.16)Tìte èqoume
F [Π2(x, y)] =

sinπu

πu

sinπv

πv
(3.17)
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3. Sun�rthsh Gauss

F [e−π(x2+y2)] = e−π(u2+v2) (3.18)Ask sei
1. Bre�te tou metasqhmatismoÔ Fourier twn shm�twn

a) sin 2πxη1 cos 2πyη2

b) cos 2π(xη1 + yη2)

2. E�n F (u, v) e�nai o metasqhmatismì Fourier tou 2-D s mato f(x, y), na eurejoÔn oimetasqhmatismo� Fourier twn dÔo pr¸twn merik¸n parag¸gwn tou f(x, y). O Laplasianìtelest  or�zetai w to �jroisma twn dÔo deÔterwn merik¸n parag¸gwn w pro ti dÔometablhtè. Poiì e�nai o metasqhmatismì Fourier th Laplasian  tou f(x, y);

3. Or�zetai to zeÔgo mèswn tim¸n tou 2-D s mato f(x, y) w akoloÔjw
(x0, y0) = (

∫

∞

−∞

∫

∞

−∞

xf(x, y)dxdy,

∫

∞

−∞

∫

∞

−∞

yf(x, y)dxdy)To isodÔnamo qwrikì eÔro 2-D s mato or�zetai w ex 
Eχ =

√

√

√

√

∫

∞

−∞

∫

∞

−∞
((x − x0)2 + (y − y0)2) f2(x, y)dxdy

∫

∞

−∞

∫

∞

−∞
f2(x, y)dxdyE�n F (u, v) e�nai o metasqhmatismì Fourier tou s mato f(x, y), or�zetai to isodÔnamoeÔro suqnot twn tou s mato

Eν =

√

√

√

√

∫

∞

−∞

∫

∞

−∞
((u − u0)2 + (v − v0)2)F 2(u, v)dudv

∫

∞

−∞

∫

∞

−∞
F 2(u, v)dudvìpou tì zeÔgo (u0, v0) or�zetai ìpw parap�nw gia to F (u, v). Na eureje� to isodÔnamoqwrikì eÔro kai to isodÔnamo eÔro suqnot twn tou s mato

f(x, y) = exp(−π(x2 + y2))
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