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Kef�laio 5Metasqhmatismì
 Fourier 2-Dakolouji¸nA
 e�nai x(m, n) m�a 2-D akolouj�a orismènh sto ep�pedo twn akera�wn arijm¸n Z6 2. O metasqh-matismì
 Fourier th
 akolouj�a
 x(m, n) e�nai mia periodik  sun�rthsh twn suqnot twn (u, v)me per�odo 1 kai gia ti
 dÔo suqnìthte
.
X(u, v) =

∞
∑

m=−∞

∞
∑

n=−∞

x(m, n)e−j2π(um+vn). (5.1)H Ôparxh tou metasqhmatismoÔ pro�pojètei ìti oi timè
 th
 2-D akolouj�a
 ikanopoioÔn thsunj kh
∞
∑

m=−∞

∞
∑

n=−∞

|x(m, n)| < ∞. (5.2)O ant�strofo
 metasqhmatismì
 Fourier d�dei thn arqik  akolouj�a
x(m, n) =

∫ 1/2

−1/2

∫ 1/2

−1/2
X(u, v)ej2π(um+vn)dudv. (5.3)D�dontai sth sunèqeia merikè
 apì ti
 idiìthte
 tou metasqhmatismoÔ Fourier, parìmoie
 me ti
idiìthte
 tou metasqhmatismoÔ Fourier 2-D suneq¸n shm�twn.

1. GrammikìthtaK�je grammikì
 sunduasmì
 shm�twn metasqhmat�zetai ston ant�stoiqo grammikì sund-uasmì twn metasqhmatism¸n Fourier twn shm�twn.
2. Metatìpish

∞
∑

m=−∞

∞
∑

n=−∞

x(m − m0, n − n0)e
−j2π(um+vn) = e−j2π(um0+vn0)X(u, v) (5.4)

3. DiaqwrisimìthtaAn x(m, n) = x1(m)x2(n), tìte X(u, v) = X1(u)X2(v), (5.5)ìpou X1(u) (ant�stoiqa X2(v)) e�nai o metasqhmatismì
 Fourier th
 x1(m) (ant�stoiqa
x2(n)).
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4. Stajer  tim 
X(0, 0) =

∞
∑

m=−∞

∞
∑

n=−∞

x(m, n). (5.6)

5. DiamìrfwshO pollaplasiasmì
 me m�a ekjetik  armonik  sun�rthsh,
y(m, n) = x(m, n)ej2π(u0m+v0n), (5.7)sunep�getai metatìpish sto ped�o twn qwrik¸n suqnot twn,

Y (u, v) = X(u − u0, v − v0). (5.8)

6. SunèlixhH 2-D sunèlixh th
 h(., .) me thn x(., .) or�zetai w
 akoloÔjw

y(m, n) =

∞
∑

m′=−∞

∞
∑

n′=−∞

h(m′, n′)x(m − m′, n − n′). (5.9)O metasqhmatismì
 Fourier Y (u, v) th
 y(m, n) èqei w
 ex 

Y (u, v) = H(u, v)X(u, v). (5.10)ìpou H(u, v) e�nai o metasqhmatismì
 Fourier ths h(m, n).

7. Pollaplasiasmì
O metasqhmatismì
 Fourier tou ginomènou dÔo 2-D akolouji¸n, x(m, n) kai y(m, n),d�detai w
 ex 

∞
∑

m=−∞

∞
∑

n=−∞

x(m, n)y(m, n)e−j2π(um+vn) =

∫ 1/2

−1/2

∫ 1/2

−1/2
X(u′, v′)Y (u − u′, v − v′)du′dv′,(5.11)ìpou X(u, v) kai Y (u, v) e�nai ìpw
 parap�nw.

8. Eswterikì ginìmeno
∞
∑

m=−∞

∞
∑

n=−∞

x(m, n)y∗(m, n) =

∫ 1/2

−1/2

∫ 1/2

−1/2
X(u, v)Y ∗(u, v)dudv. (5.12)Kat� sunèpeia h enèrgeia enì
 s mato
 diathre�tai met� to metasqhmatismì,

∞
∑

m=−∞

∞
∑

n=−∞

|x(m, n)|2 =

∫ 1/2

−1/2

∫ 1/2

−1/2
|X(u, v)|2dudv. (5.13)AkoloujoÔn parade�gmata analutik¸n ekfr�sewn gia to metasqhmatismì Fourier.Par�deigma 5.1. A
 e�nai

x(m, n) =



















1 m2 + n2 = 0
1/2 m2 + n2 = 1
1/4 m2 + n2 = 2
0 m2 + n2 > 216



2-D diakritì s ma peperasmènh
 èktash
. Diapist¸noume ìti to s ma e�nai diaqwr�simo me
x1(m) = x2(m) =











1 |m| = 0
1/2 |m| = 1
0 |m| > 1'Amesa apì ton orismì tou metasqhmatismoÔ prokÔptei ìti

X1(u) = ej2πu + 1 + e−j2πu = 1 + 2 cos 2πu = 2 cos2 πu.'Ara gia to 2-D s ma, lìgw diaqwrisimìthta
, ja isqÔei
X(u, v) = 4 cos2 πu cos2 πv.Sto Sq ma 5.1 d�detai o metasqhmatismì
 Fourier.

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.5

0

0.5

0

1

2

3

4

v

u

X(u,v)

Sq ma 5.1: Metasqhmatismì
 Fourier th
 peperasmènh
 èktash
 akolouj�a
 tou pa-rade�gmato
 5.1.Par�deigma 5.2. A
 e�nai
x(m, n) = α|m|β|n|, |α| < 1, |β| < 12-D diakritì s ma. AfoÔ to s ma e�nai diaqwr�simo, arke� na eurejoÔn oi dÔo monodi�statoimetasqhmatismo� Fourier. Ja èqoume

X1(u) =
∞
∑

m=−∞

α|m|e−j2πum =
0

∑

m=−∞

α|m|e−j2πum +
∞
∑

m=0

α|m|e−j2πum − 1

=
0

∑

m=−∞

(αej2πu)−m +
∞
∑

m=0

(αe−j2πu)m − 1 =
∞
∑

m=0

(αej2πu)m +
∞
∑

m=0

(αe−j2πu)m − 1

=
1

1 − αej2πu
+

1

1 − αe−j2πu
− 1 =

1 − α2

(1 − αej2πu)(1 − αe−j2πu)

=
1 − α2

1 − 2α cos(2πu) + α2
(5.14)
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Oi timè
 tou metasqhmatismoÔ d�dontai grafik� sto Sq ma 5.2 gia dÔo diaforetikè
 timè
 tou
α, m�a jetik  kai m�a arnhtik . Telik� o metasqhmatismì
 Fourier th
 x(m, n) e�nai

X(u, v) =
(1 − α2)(1 − β2)

(1 − 2α cos(2πu) + α2)(1 − 2β cos(2πv) + β2)
(5.15)
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(b)Sq ma 5.2: Metasqhmatismì
 Fourier ekjetik� fj�nousa
 akolouj�a
 gia (a) α = 0.7, (b)
α = −0.8.'AskhshD�dontai ta akìlouja s mata

• f1(m, n) =



















1 |m| + |n| = 0
1/2 |m| + |n| = 1
1/4 |m| + |n| = 2
0 |m| + |n| > 2

• f2(m, n) =



























1/8 m = −1 kai |n| = 1
1/4 m = −1 kai n = 0
−1/4 m = 1 kai n = 0
−1/8 m = 1 kai |n| = 1

0 |m| 6= 1 e�te |n| > 1Gia kajèna apì ta s mata aut� zhte�tai e�n e�nai diaqwr�simo, kai na eureje� o metasqhmatismì

Fourier.
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