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Kef�laio 72-D diakrit� sust mata'Ena 2-D diakritì sÔsthma (  f�ltro) dèqetai sthn e�sodì tou èna 2-D diakritì s ma x(m, n)kai d�dei san apìkrish èna monadikì 2-D diakritì s ma y(m, n)

y(m, n) = H[x(m, n)]. (7.1)'Ena sÔsthma onom�zetai grammikì, an, kai mìno an, h apìkrish tou sust mato
 se k�jegrammikì sunduasmì eisìdwn x1(m, n) kai x2(m, n) e�nai o �dio
 grammikì
 sunduasmì
 twnant�stoiqwn exìdwn y1(m, n) kai y2(m, n)

H[a1x1(m, n) + a2x2(m, n)] = a1y1(m, n) + a2y2(m, n),∀a1, a2 ∈ IR. (7.2)Or�zetai h akolouj�a δ(m, n) tou Kronecker kat� ton akìloujo trìpo
δ(m, n) =

{

1 (m, n) = (0, 0)
0 (m, n) 6= (0, 0)

(7.3)Opoiod pote s ma epomènw
 ja mpore� na jewrhje� w
 grammikì
 sunduasmì
 twn deigm�twntou,
x(m, n) =

∞
∑

k=−∞

∞
∑

l=−∞

δ(m − k, n − l)x(k, l).'Ara h èxodo
 enì
 grammikoÔ sust mato
 gr�fetai w
 ex 

y(m, n) =

∞
∑

k=−∞

∞
∑

l=−∞

h(m − k, n − l; m, n)x(k, l). (7.4)

7.1 Grammik� amet�blhta se metatìpish sust mataSthn per�ptwsh pou h apìkrish tou sust mato
 e�nai amet�blhth se mia metatìpish th
 eisìdou,dhlad  an m�a metatìpish th
 eisìdou sunep�getai thn �dia akrib¸
 metatìpish th
 exìdou,qwr�
 kam�a �llh allag , tìte h sqèsh eisìdou-exìdou g�netai
y(m, n) =

∞
∑

k=−∞

∞
∑

l=−∞

h(m − k, n − l)x(k, l). (7.5)Mpore� kane�
 eÔkola na diapist¸sei ìti h(m, n) e�nai h apìkrish tou sust mato
 sthn akolouj�a
δ(m, n). 23



Gi' autì to lìgo h 2-D akolouj�a h(m, n) onom�zetai kroustik  apìkrish tou sust mato
(  f�ltrou). H èxodo
 epomènw
 enì
 grammikoÔ amet�blhtou se metatìpish sust mato
prokÔptei apì th sunèlixh th
 eisìdou me thn kroustik  apìkrish tou sust mato
.H sunèlixh èqei thn idiìthta th
 summetrikìthta
. 'Ara isqÔei ep�sh

y(m, n) =

∞
∑

k=−∞

∞
∑

l=−∞

h(k, l)x(m − k, n − l).H sunèlixh èqei kai thn prosetairistik  idiìthta, pou shma�nei ìti dÔo sust mata sth seir� iso-dunamoÔn me èna sÔsthma me kroustik  apìkrish th sunèlixh twn dÔo ant�stoiqwn kroustik¸napokr�sewn. H sunèlixh èqei ep�sh
 thn epimeristik  idiìthta, pou shma�nei pw
 an dÔo sust mataqrhsimopoihjoÔn par�llhla, me thn �dia e�sodo, kai upertejoÔn oi dÔo èxodoi, e�nai tautìshmo m'èna sÔsthma tou opo�ou h kroustik  apìkrish e�nai to �jroisma twn dÔo kroustik¸n apokr�sewn.An h kroustik  apìkrish enì
 sust mato
 e�nai diaqwr�simh
h(m, n) = h1(m)h2(n), (7.6)h apìkrish tou sust mato
 mpore� na upologisje� qwrist� stou
 dÔo de�kte
 (m, n), meapotèlesma oikonom�a kai aplopo�hsh twn upologism¸n.Par�deigma 7.1. To sÔsthma me kroustik  apìkrish

h(m, n) =











1/6 m = −1 kai |n| ≤ 1
−1/6 m = 1 kai |n| ≤ 1

0 |m| 6= 1 e�te |n| > 1e�nai diaqwr�simo, me
h1(m) =











1/2 m = −1
−1/2 m = 1

0 |m| 6= 1
kai h2(n) =

{

1/3 |n| ≤ 1
0 |n| > 1To pragmatikì mèro
 tou metasqhmatismoÔ Fourier th
 h(m, n) e�nai mhdèn, en¸ to fantastikìmèro
 d�detai sto Sq ma 7.1.'Ena grammikì sÔsthma onom�zetai amet�blhto sthn peristrof , an h kroustik  tou apìkrishe�nai sun�rthsh mìno mia
 metablht 
, th
 apìstash
 d apì thn arq  twn axìnwn

h(m, n) = h0(d). (7.7)H akrib 
 èkfrash th
 h(m, n) exart�tai apì ton orismì th
 apìstash
. Dunatè
 ekfr�sei
e�nai oi akìlouje
: d =
√

m2 + n2   d = |m| + |n|.Par�deigma 7.2. To sÔsthma me kroustik  apìkrish
h(m, n) =



















1 m2 + n2 = 0
1/2 m2 + n2 = 1
1/4 m2 + n2 = 2
0 m2 + n2 > 2e�nai amet�blhto sthn peristrof . E�nai ep�sh
 diaqwr�simo me

h1(m) =











1 m = 0
1/2 |m| = 1
0 |m| > 124
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Sq ma 7.1: Metasqhmatismì
 Fourier th
 kroustik 
 apìkrish
 tou parade�gmato
 7.1.kai h2(n) = h1(n). O metasqhmatismì
 Fourier th
 kroustik 
 apìkrish
 tou sust mato
autoÔ d�detai sto Sq ma 5.1.Lème ìti èna f�ltro e�nai peperasmènh
 kroustik 
 apìkrish
, an h h(m, n) pa�rnei mhmhdenikè
 timè
 mìno s' èna peperasmèno sÔnolo shme�wn (m, n), an dhlad 
h(m, n) = 0, |m| > M, |n| > N. (7.8)Kai ta dÔo sust mata pou dìjhkan sta dÔo parap�nw parade�gmata èqoun peperasmènh krousti-k  apìkrish (M = N = 1). Sthn ant�jeth per�ptwsh to f�ltro onom�zetai �peirh
 kroustik 
apìkrish
.Par�deigma 7.3. To sÔsthma me kroustik  apìkrish
h(m, n) = α|m|β|n|, (m, n) ∈ Z6 2e�nai diaqwr�simo kai ekte�netai se ìlo to ep�pedo twn akera�wn. An α = β, to sÔsthma e�naiamet�blhto sthn peristrof , me apìstash d = |m| + |n|.Ta f�ltra peperasmènh
 kroustik 
 apìkrish
 den parousi�zoun kam�a duskol�a ulopo�hsh
.Ant�jeta ta f�ltra �peirh
 kroustik 
 apìkrish
 mporoÔn na ulopoihjoÔn mìno an mporoÔnna perigrafoÔn me th bo jeia mia
 anadromik 
 sqèsh
, dhlad  mia
 2-D ex�swsh
 diafor�
,ìpw
 h akìloujh

y(m, n) =
∑

(k,l)∈Da

a(k, l)y(m − k, n − l) +
∑

(k,l)∈Db

b(k, l)x(m − k, n − l), (7.9)ìpou ta sÔnola Da kai Db e�nai peperasmèna. H parap�nw sqèsh or�zei monadik� èna gram-mikì sÔsthma mìno efìson orisjoÔn oi oriakè
 sunj ke
. To grammikì sÔsthma pou or�zetaim' autìn ton trìpo e�nai amet�blhto se metatìpish upì ti
 proüpojèsei
 pou akoloujoÔn.Kat' arq n apaite�tai h exasf�lish th
 dunatìthta
 anadromik¸n upologism¸n, jèma pouanaptÔssetai me leptomèreia sthn epìmenh par�grafo. Sth sunèqeia prèpei na prosdiorisje�25



h oriak  perioq , h opo�a prokÔptei w
 to sumpl rwma th
 perioq 
 th
 apìkrish
. H perioq th
 apìkrish
 prosdior�zetai mèsw th
 perioq 
 th
 kroustik 
 apìkrish
 kai th
 perioq 
 th
eisìdou x(m, n), ìpw
 aut  upeisèrqetai sto deÔtero mèro
 th
 Ex�swsh
 (7.9). H apìkrishsthn oriak  perioq  prèpei na pa�rnei mhdenikè
 timè
, gia na e�nai to sÔsthma pou or�zei h 2-Dex�swsh diafor�
 amet�blhto se metatìpish, kai na qarakthr�zetai apì th sunèlixh kroustik 
apìkrish
 kai eisìdou.Gia na e�nai h sqèsh (7.9) anadromik  apaite�tai kat' arq n na orisje� m�a sqèsh di�taxh
 stoep�pedo twn akera�wn arijm¸n, me dosmèno ìti den up�rqei fusik  di�taxh gia zeÔgh akera�wnarijm¸n. A
 upojèsoume ìti uiojete�tai h lexikografik  di�taxh, me th seir� pou emfan�zontaioi dÔo de�kte
 pou prosdior�zoun èna shme�o. H sqèsh (7.9) e�nai anadromik , an, gia mi�dosmènh di�taxh, to sÔnolo Da e�nai tètoio ¸ste to shme�o (m, n) na èpetai ìlwn twn shme�wn
(m − k, n − l), ìpou (k, l) ∈ Da. Gia th lexikografik  di�taxh, kai gia L1, L2 akèraiou
arijmoÔ
, èqoume

Da = {(k, l) : k = 0, 0 < l ≤ L2 e�te 0 < k ≤ K, L1 ≤ l ≤ L2}. (7.10)'Opoia ki an e�nai h jewroÔmenh di�taxh, gia na e�nai h sqèsh (7.9) anadromik , apaite�tai ìlata shme�a tou Da na egkle�ontai s' èna tomèa me koruf  to shme�o (0, 0) kai �noigma austhr�mikrìtero apì π, ki epiplèon (0, 0) 6∈ Da.A
 jewr soume t¸ra to kajar� anadromikì f�ltro pou d�detai apì thn akìloujh 2-Dex�swsh diafor�

y(m, n) =

∑

(k,l)∈Da

a(k, l)y(m − k, n − l) + x(m, n). (7.11)H kroustik  apìkrish autoÔ tou f�ltrou e�nai lÔsh th
 ex�swsh

h(m, n) =

∑

(k,l)∈Da

a(k, l)h(m − k, n − l) + δ(m, n). (7.12)M�a tètoia kroustik  apìkrish mpore� na p�rei mh mhdenikè
 timè
 se ìla ta shme�a touel�qistou tomèa pou me koruf  to shme�o (0, 0) egkle�ei ìla ta shme�a tou Da. E�nai tìtedunatì na diakr�noume dÔo peript¸sei
. An L1 = 0, o mègisto
 tètoio
 tomèa
 èqei �noigma
π/2, kai tìte anaferìmaste se èna f�ltro enì
 tètartou tou epipèdou. Sthn ant�jeth per�ptwshanaferìmaste s' èna f�ltro enì
 mh summetrikoÔ hmiepipèdou.Par�deigma 7.4. H sqèsh eisìdou/exìdou

y(m, n) = αy(m − 1, n) + βy(m, n − 1) + x(m, n)or�zei èna f�ltro enì
 tet�rtou tou epipèdou, en¸ h sqèsh eisìdou/exìdou
y(m, n) = αy(m − 1, n + 1) + βy(m, n − 1) + x(m, n)or�zei èna f�ltro enì
 mh summetrikoÔ hmiepipèdou. O metasqhmatismì
 Fourier th
 kroustik 
apìkrish
 tou f�ltrou pou or�zetai sto tètarto tou epipèdou e�nai

H(u, v) =
1

1 − α exp(−2πju) − β exp(−2πjv)
.Gia α = 0, 55 kai β = 0, 35 sto Sq ma 7.2 d�detai h grafik  par�stash tou mètrou toumetasqhmatismoÔ Fourier. 26



Sq ma 7.2: Metasqhmatismì
 Fourier th
 kroustik 
 apìkrish
 tou parade�gmato
 7.4.
7.2 2-D metasqhmatismì
 ZPrin proqwr soume sto jèma th
 eust�jeia
 enì
 f�ltrou me �peirh
 èktash
 kroustik apìkrish, kai gia ti
 an�gke
 th
 melèth
 th
 eust�jeia
 metaxÔ �llwn, d�noume sth sunèqeiaton orismì kai merikè
 idiìthte
 tou 2-D metasqhmatismoÔ Z. O 2-D metasqhmatismì
 Zapotele� gen�keush tou metasqhmatismoÔ Fourier 2-D diakrit¸n akolouji¸n. O metasqhma-tismì
 Z tou 2-D diakritoÔ s mato
 x(m, n) or�zetai w
 ex 


X(z1, z2) =
∞
∑

m=−∞

∞
∑

n=−∞

x(m, n)z−m
1 z−n

2 , (7.13)ìpou z1 kai z2 e�nai migadikè
 metablhtè
. To sÔnolo twn tim¸n twn z1 kai z2 gia ti
 opo�e
to �jroisma (7.13) up�rqei, onom�zetai perioq  sÔgklish
. Prìkeitai gia to sÔnolo twn tim¸ntwn z1 kai z2 gia ta opo�a up�rqei to akìloujo �jroisma
∞
∑

m=−∞

∞
∑

n=−∞

|x(m, n)||z1|−m|z2|−n < ∞. (7.14)Epomènw
 h perioq  sÔgklish
 or�zetai sto ep�pedo (|z1|, |z2|). Gia 2-D s mata peperasmènh
èktash
 h perioq  sÔgklish
 e�nai olìklhro to ep�pedo (|z1|, |z2|), ektì
 �sw
 twn shme�wnìpou |z1| = 0, |z1| = ∞, |z2| = 0, |z2| = ∞. Gia 2-D s mata periorismèna sto pr¸to tètartotou epipèdou, an to (|z′1|, |z′2|) an kei sthn perioq  sÔgklish
, tìte k�je shme�o tètoio ¸ste
|z1| ≥ |z′1| kai |z2| ≥ |z′2| an kei ep�sh
. O ant�strofo
 metasqhmatismì
 Z d�dei thn arqik akolouj�a

x(m, n) =
1

(j2π)2

∮ ∮

X(z1, z2)z
m−1
1 zn−1

2 dz1dz2, (7.15)ìpou h olokl rwsh g�netai me for� ant�strofh eke�nh
 twn deikt¸n enì
 rologioÔ p�nw sekleistè
 kampÔle
 pou an koun sthn perioq  sÔgklish
 kai perikle�oun thn arq  (0, 0). Giathn antistrof  idia�tera qr simo
 e�nai o tÔpo
 tou Cauchy,

f(z0) =
1

j2π

∮

f(z)dz

z − z0
,
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ìpou h kleist  kampÔlh kai h olokl rwsh e�nai w
 anwtèrw ki epiplèon h sun�rthsh f(z) e�naianalutik , dhlad  paragwg�zetai se ìla ta shme�a tou kleistoÔ sunìlou pou or�zei h kampÔlhtou oloklhr¸mato
. O anwtèrw tÔpo
 epekte�netai se parag¸gou
 opoiasd pote t�xh
,
f (n)(z0) =

n!

j2π

∮

f(z)dz

(z − z0)n+1
, (7.16)ìpou n mh arnhtikì
 akèraio
.Par�deigma 7.5. A
 jewr soume to metasqhmatismì

H(z1, z2) =
1

1 − αz−1
1 − βz−1

2

. (7.17)H Ex�swsh (7.15) se sunduasmì me to genikì tÔpo tou Cauchy th
 Ex�swsh
 (7.16) d�dei thnkroustik  apìkrish tou sust mato

h(m, n) =

(m + n)!

m!n!
αmβn, m ≥ 0, n ≥ 0. (7.18)A
 èljoume t¸ra se merikè
 idiìthte
 tou metasqhmatismoÔ Z. Kat' arq  o metasqhma-tismì
 e�nai grammikì
.1. Metatìpish

∞
∑

m=−∞

∞
∑

n=−∞

x(m − m0, n − n0)z
−m
1 z−n

2 = z−m0

1 z−n0

2 X(z1, z2) (7.19)2. DiaqwrisimìthtaAn x(m, n) = x1(m)x2(n), tìte X(z1, z2) = X1(z1)X2(z2) (7.20)ìpou X1(z1) (ant�stoiqa X2(z2)) e�nai o metasqhmatismì
 Z th
 x1(m) (ant�stoiqa
x2(n)).3. Summetrik  akolouj�aAn h akolouj�a y(m, n) e�nai summetrik  th
 x(m, n), dhlad  an y(m, n) = x(−m,−n),tìte

Y (z1, z2) = X(z−1
1 , z−1

2 ) (7.21)4. SunèlixhO metasqhmatismì
 Z th
 y(m, n), pou prokÔptei w
 sunèlixh th
 h(., .) me th x(., .), poud�detai sthn Ex�swsh (7.5), èqei w
 ex 

Y (z1, z2) = H(z1, z2)X(z1, z2), (7.22)ìpou H(z1, z2) e�nai o metasqhmatismì
 Z th
 h(m, n), kai onom�zetai sun�rthsh metafor�
tou sust mato
.
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7.3 Eust�jeia'Ena sÔsthma onom�zetai eustajè
, an gia mia fragmènh e�sodo (|x(m, n))| < ∞,∀(m, n)),h èxodo
 e�nai fragmènh (|y(m, n))| < ∞,∀(m, n)). Autì isoduname� me thn Ôparxh touakìloujou ajro�smato

∞
∑

m=−∞

∞
∑

n=−∞

|h(m, n)| < ∞. (7.23)Pr�gmati, ja èqoume
|y(m, n))| <

∞
∑

m′=−∞

∞
∑

n′=−∞

|h(m′, n′)x(m−m′, n−n′)| < max |x(m, n))|
∞
∑

m′=−∞

∞
∑

n′=−∞

|h(m′, n′)| < ∞.IsqÔei kai to ant�strofo, dhlad  h sunj kh th
 Ex�swsh
 (7.23) e�nai anagka�a gia thneust�jeia. A
 jewr soume w
 s ma eisìdou to x(m, n) = sign (h(m, n)). Tìte ja èqoume
|y(0, 0)| =

∞
∑

m=−∞

∞
∑

n=−∞

sign (h(m, n))h(m, n) =
∞
∑

m=−∞

∞
∑

n=−∞

|h(m, n)| < ∞.Me b�sh ton orismì th
 perioq 
 sÔgklish
 th
 Ex�swsh
 (7.14), h eust�jeia enì
 sust -mato
 exart�tai apì to e�n h perioq  sÔgklish
 gia to metasqhmatismì Z th
 kroustik 
apìkrish
 tou sust mato
 perilamb�nei tou
 monadia�ou
 kÔklou
 |z1| = 1 kai |z2| = 1. E�naifanerì apì ton orismì th
 eust�jeia
, ìti ìla ta f�ltra me peperasmènh kroustik  apìkrishe�nai eustaj . A
 jewr soume t¸ra ta f�ltra me �peirh kroustik  apìkrish, pou ìmw
 pe-rior�zetai sto tètarto tou epipèdou, gia ta opo�a d�detai m�a anadromik  sqèsh w
 akoloÔjw

y(m, n) =

∑K
k=0

∑L
l=0

|k|+|l|6=0

a(k, l)y(m − k, n − l) + x(m, n). (7.24)Efarmìzonta
 thn idiìthta th
 metatìpish
 gia to metasqhmatismì Z pou d�detai sthn Ex�swsh(7.19), prokÔptei ìti h sun�rthsh metafor�
 autoÔ tou sust mato
 e�nai �sh me to ant�strofoenì
 poluwnÔmou twn dÔo migadik¸n metablht¸n z−1
1 kai z−1

2 ,
H(z1, z2) =

1

A(z1, z2)
=

1

1 − ∑K
k=0

∑L
l=0

|k|+|l|6=0

a(k, l)z−k
1 z−l

2

. (7.25)Tìte h sunj kh eust�jeia
 mpore� na ekfrasje� me b�sh th jèsh twn riz¸n tou poluwnÔmou
A(z1, z2). 'Ena f�ltro me sun�rthsh metafor�
 pou d�detai apì thn Ex�swsh (7.25) e�nai eu-stajè
, e�n, kai mìno e�n,

A(z1, z2) 6= 0 gia |z1| ≥ 1, |z2| ≥ 1 (7.26)e�n, kai mìno e�n,
A(z1, z2) 6= 0 gia |z1| ≥ 1, |z2| = 1
A(z1, z2) 6= 0 gia |z1| = 1, |z2| ≥ 1

(7.27)e�n, kai mìno e�n,
A(z1, z2) 6= 0 gia |z1| ≥ 1, |z2| = 1
A(z1, z2) 6= 0 gia z1 = 1, |z2| ≥ 1

(7.28)29



e�n, kai mìno e�n,
A(z1, z2) 6= 0 gia |z1| = |z2| = 1
A(z1, 1) 6= 0 gia |z1| ≥ 1
A(1, z2) 6= 0 gia |z2| ≥ 1

(7.29)Par�deigma 7.6. A
 jewr soume to polu¸numo
A(z1, z2) = 1 − αz−1

1 − βz−1
2 (7.30)Oi ikanè
 kai anagka�e
 sunj ke
 eust�jeia
 (7.27) gr�fontai gia thn per�ptwsh tou parade�gma-to
 w
 ex 


|α| < |1 − βe−jω2 | ∀ω2

|β| < |1 − αe−jω1 | ∀ω1
(7.31)Apì ti
 dÔo autè
 anisìthte
 prokÔptei ìti, an to sÔsthma e�nai eustajè
, ja prèpei,

|α cos ω1 + β cos ω2| < 1, ∀ω1, ∀ω2 (7.32)Kat� sunèpeia, an to sÔsthma e�nai eustajè
 ja èqoume
|α| + |β| < 1. (7.33)An aut  h sqèsh isqÔei mpore� kane�
 na diapist¸sei ìti ja isqÔoun kai oi sqèsei
 (7.31),ki epomènw
 h sqèsh (7.33) e�nai ikan  kai anagka�a, gia thn eust�jeia tou sust mato
 touparade�gmato
. H sunj kh aut  d�detai grafik� sto Sq ma 7.3. To sÔsthma e�nai eustajè
gia timè
 twn α kai β sto eswterikì tou tetrag¸nou.
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Sq ma 7.3: Sunj kh gia eust�jeia disdi�stath
 pr¸th
 t�xh
 anadrom 
.
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Ask sei

1. Gia kajèna apì ta parak�tw sust mata prosdior�ste e�n to sÔsthma e�nai   ìqi gram-mikì, e�nai   ìqi amet�blhto kat� thn metatìpish. E�n to sÔsthma e�nai grammikì kaiamet�blhto kat� thn metatìpish, bre�te thn kroustik  apìkris  tou.

(a) y(m, n) = x(m, n) + 1

(b) y(m, n) = x(2m, 2n)

(c) y(m, n) =

{

x(m/2, n/2) m = 2k, n = 2l
0 alli¸


(d) y(m, n) = (m2 + n2)x(m, n)

(e) y(m, n) =
∑m

m′=−∞

∑n
n′=−∞ x(m′, n′)

(f) y(m, n) = exp(2x(m, n))

(g) y(m, n) =
∑1

m′=−1

∑1
n′=−1 x(m′, n′)

(h) y(m, n) =
∑M−1

m′=0

∑N−1
n′=0 x(m′, n′) exp(−j 2πmm′

M
) exp(−j 2πnn′

N
)

2. D�detai to akìloujo 2-D diakritì s ma
u(m, n) =

{

1 m ≥ 0 kai n ≥ 0
0 alli¸
kai to akìloujo 2-D f�ltro

h(m, n) =











−4 m2 + n2 = 0
1 m2 + n2 = 1
0 m2 + n2 > 1Na eureje� h apìkrish tou f�ltrou h(m, n) sto s ma u(m, n). Na eureje� ep�sh
 ometasqhmatismì
 Z tou h(m, n).3. D�detai to akìloujo disdi�stato f�ltro me kroustik  apìkrish

h(m, n) =











α−m+|n| m < 0,∀n
0 m = 0,∀n

−αm+|n| m > 0,∀nPoi� e�nai apìkrish tou f�ltrou sta akìlouja s mata:
(a) x(m, n) = 1,∀m, n

(b) x(m, n) =

{

1 m ≥ 0, n ≥ 0
0 alloÔPoi� e�nai h sunj kh gia to α ¸ste na up�rqoun autè
 oi apokr�sei
; P¸
 mpore� naulopoihje� autì to f�ltro; Na dojoÔn o metasqhmatismì
 Fourier kai o metasqhmatismì


Z tou f�ltrou.4. E�n X(z1, z2) e�nai o metasqhmatismì
 Z th
 x(m, n), kai e�n x(m, n) = x(−m,−n), nadeiqje� ìti X(z1, z2) = X( 1
z1

, 1
z2

).
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5. D�detai h kroustik  apìkrish enì
 2-D sust mato

h(m, n) =

{

αm m ≥ n ≥ 0
0 alloÔNa eureje� o metasqhmatismì
 Z th
 h(m, n) kai h perioq  sÔgklish
. Poi� e�nai hsunj kh eust�jeia
 tou sust mato
;

6. D�detai
x(m, n) = y(a11m + a12n, a21m + a22n)ìpou gia shme�a tou s mato
 y(m, n) pou den èqoun ant�stoiqo x(m, n), lamb�netai htim  0. Na apodeiqje� ìti

Y (z1, z2) = X(za11

1 za21

2 , za12

1 za22

2 ).

7. A
 upoteje� ìti ta dianÔsmata (N11, N12) kai (N21, N22) prosdior�zoun ta ìria tou tomèaìpou or�zetai h kroustik  apìkrish enì
 2-D sust mato
, me �noigma austhr� mikrìterotou π. D�detai ìti: D = N11N22 − N12N21 > 0.
(a) Na eureje� èna
 trìpo
 grammik 
 apeikìnish
 twn shme�wn tou parap�nw tomèasto pr¸to tètarto tou epipèdou.
(b) Aitiologe�ste giat� h sunj kh eust�jeia
 e�nai isodÔnamh gia ti
 dÔo peript¸sei
ped�ou orismoÔ.
(c) D�detai o metasqhmatismì
 Z enì
 2-D sust mato


H(z1, z2) =
1

1 − az−1
1 z2 − bz−1

2

.Poi� e�nai h sunj kh eust�jeia
 tou sust mato
;
(d) Poi� e�nai h sunj kh eust�jeia
 gia èna sÔsthma orizìmeno sto deÔtero tètartotou epipèdou (m ≥ 0, n ≤ 0), an

H(z1, z2) =
1

A(z1, z2)
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