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Kef�laio 82-D orjomonadia�oimetasqhmatismo�Antike�meno autoÔ tou kefala�ou e�nai oi diakrito� metasqhmatismo�, pou qrhsimeÔoun sthnexagwg  orismènwn qarakthristik¸n apì ti
 eikìne
, ìpw
 ep�sh
 sthn par�stash sto ped�otwn suqnot twn, kai gi' autì akrib¸
 to lìgo qrhsimopoioÔntai sth sump�esh twn eikìnwn.Oi 2-D metasqhmatismo� g�nontai se orjog¸nia   tetr�gwna mplok. Gia lìgou
 aplìthta
 japeriorisjoÔme ed¸ sthn per�ptwsh twn tetr�gwnwn mplok.A
 jewr soume ìti èna tetr�gwno mplok parist�netai apì èna tetragwnikì p�naka X,diast�sewn N×N . A
 e�nai EN o dianusmatikì
 q¸ro
 twn tetragwnik¸n pin�kwn diast�sewn
N × N , me eswterikì ginìmeno orismèno kat� ton akìloujo trìpo

〈A, B〉 = iqn[B†A] =
N−1
∑

m=0

N−1
∑

n=0

a(m, n)b⋆(m, n), (8.1)ìpou A ∈ EN , B ∈ EN , kai B† e�nai o an�strofo
 kai suzug 
 p�naka
 tou B. 'Ena
 grammikì
metasqhmatismì
 e�nai m�a grammik  apeikìnish tou EN ston EN , pou or�zetai w
 ex 

EN ∋ X

T−→ Y ∈ EN

y(m, n) =
N−1
∑

i=0

N−1
∑

k=0

t∗(m, n; i, k)x(i, k). (8.2)SÔmfwna me ton orismì tou eswterikoÔ ginomènou (8.1) mporoÔme na gr�youme
y(m, n) = 〈X, Φ(m, n)〉, (8.3)ìpou to tupikì stoiqe�o tou p�naka Φ(m, n) e�nai {t(m, n; i, k)}. Ta stoiqe�a tou p�naka Yonom�zontai suntelestè
 tou metasqhmatismoÔ. Oi p�nake
 Φ(m, n) sunistoÔn th b�sh toumetasqhmatismoÔ.Upojètoume ìti o metasqhmatismì
 T e�nai antistrèyimo
, dhlad  ìti up�rqei metasqhmati-smì
, T −1, tètoio
 ¸ste
T T −1 = T −1T = I, (8.4)ìpou I e�nai o monadia�o
 metasqhmatismì
 tou dianusmatikoÔ q¸rou EN . O an�strofo
kai suzug 
 metasqhmatismì
, T †, èqei tupikì stoiqe�o {t∗(i, k; m, n)}. Sth sunèqeia ja33



periorisjoÔme stou
 orjomonadia�ou
 metasqhmatismoÔ
, oi opo�oi e�nai antistrèyimoi, kai oant�strofo
 e�nai �so
 me ton an�strofo kai suzug 
T −1 = T †. (8.5)SÔmfwna me tou
 parap�nw orismoÔ
 prokÔptei ìti h b�sh enì
 orjomonadia�ou metasqhmati-smoÔ e�nai orjokanonik 

〈Φ(m, n), Φ(m′, n′)〉 = δ(m − m′, n − n′). (8.6)Mpore� ep�sh
 na apodeiqje� ìti h b�sh e�nai pl rh
. Epomènw
 èna
 orjomonada�o
 metasqh-matismì
 sunist� m�a an�lush se m�a pl rh kai orjokanonik  b�sh.Idia�tero endiafèron èqoun oi diaqwr�simoi metasqhmatismo�, gia tou
 opo�ou
 isqÔei
t(m, n; i, k) = t1(m, i)t2(n, k),∀i, k, m, n (8.7)Se aut  thn per�ptwsh dÔo tetragwniko� p�nake
, T1 kai T2, arkoÔn gia ton orismì tou metasqh-matismoÔ, pou d�detai me th bo jeia dÔo ginomènwn pin�kwn

Y = T ∗
1 XT †

2 . (8.8)'Oson afor� to metasqhmatismì T , e�nai �so
 me to ginìmeno Kronecker twn dÔo suzug¸npin�kwn
T = T ∗

1 ⊗ T ∗
2 . (8.9)To ginìmeno Kronecker dÔo tetragwnik¸n pin�kwn A kai B or�zetai w
 ex 


A ⊗ B =







a(0, 0)B · · · a(0, N − 1)B... ...
a(N − 1, 0)B · · · a(N − 1, N − 1)B






(8.10)O ant�strofo
 metasqhmatismì
 e�nai ep�sh
 diaqwr�simo
, kai efìson e�nai orjomonadia�o
d�detai w
 akoloÔjw


T −1 = T t
1 ⊗ T t

2, (8.11)opìte ja èqoume
X = T t

1Y T2. (8.12)H plèon sunhjismènh per�ptwsh e�nai ìtan T1 = T2 = T , opìte e�nai
Y = T ∗XT † kai X = T tY T. (8.13)O arijmì
 twn pollaplasiasm¸n kai prosjèsewn pou apaitoÔntai sthn per�ptwsh enì
 diaqw-r�simou metasqhmatismoÔ e�nai th
 t�xh
 2N3, se sqèsh me N4 pou e�nai sth genik  per�ptwsh.K�je orjomonadia�o
 metasqhmatismì
 èqei thn idiìthta th
 diat rhsh
 th
 enèrgeia


N−1
∑

m=0

N−1
∑

n=0

y2(m, n) =‖ Y ‖2= 〈T X, T X〉 = 〈T †T X, X〉 = 〈X, X〉 =‖ X ‖2=
N−1
∑

m=0

N−1
∑

n=0

x2(m, n).(8.14)Sth sunèqeia d�noume tou
 plèon qrhsimopoioÔmenou
 orjomonadia�ou
 metasqhmatismoÔ
.
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8.1 Diakritì
 metasqhmatismì
 FourierTo tupikì stoiqe�o tou diakritoÔ metasqhmatismoÔ Fourier (DFT, Discrete Fourier Transform)e�nai to ex 

t(m, n; i, k) =

1

N
exp(

2πj

N
(im + kn)) (8.15)Apì ton orismì e�nai profanè
 ìti o DFT e�nai diaqwr�simo
, kai ep�sh
 e�nai eÔkolo naapodeiqje� ìti e�nai orjomonadia�o
. O DFT e�nai eurÔtata qrhsimopoioÔmeno
 metasqhma-tismì
, gia ton opo�o up�rqoun gr goroi algìrijmoi upologismoÔ. Q�rh sth diaqwrisimìthta,o 2-D DFT mpore� na upologisje� me qr sh tou 1-D FFT (Fast Fourier Transform), opìteo arijmì
 twn pollaplasiasm¸n anèrqetai se N2 log2 N . Efarmìzonta
 thn �dia mèjodo meton 1-D FFT kat' euje�an sto 2-D DFT, mpore� na meiwje� akìmh kat� 25% o arijmì
 twnpollaplasiasm¸n. Gi' autì jètoume: WN = e−

j2π

N kai gr�foume:
S00(m, n) =

N/2−1
∑

i=0

N/2−1
∑

k=0

x(2i, 2k)W 2im+2kn
N

S01(m, n) =

N/2−1
∑

i=0

N/2−1
∑

k=0

x(2i, 2k + 1)W 2im+2kn
N

S10(m, n) =

N/2−1
∑

i=0

N/2−1
∑

k=0

x(2i + 1, 2k)W 2im+2kn
N

S11(m, n) =

N/2−1
∑

i=0

N/2−1
∑

k=0

x(2i + 1, 2k + 1)W 2im+2kn
N

(8.16)

MporoÔme tìte na gr�youme
y(m, n) = S00(m, n) + Wn

NS01(m, n) + Wm
N S10(m, n) + Wm+n

N S11(m, n)

y(m + N
2 , n) = S00(m, n) + Wn

NS01(m, n) − Wm
N S10(m, n) − Wm+n

N S11(m, n)

y(m, n + N
2 ) = S00(m, n) − Wn

NS01(m, n) + Wm
N S10(m, n) − Wm+n

N S11(m, n)

y(m + N
2 , n + N

2 ) = S00(m, n) − Wn
NS01(m, n) − Wm

N S10(m, n) + Wm+n
N S11(m, n)

(8.17)To pl jo
 upodiairèsewn autoÔ tou tÔpou e�nai log2 N , kai gia k�je tèsserei
 suntelestè
 toumetasqhmatismoÔ apaitoÔntai tre�
 pollaplasiasmo�. Epomènw
 o arijmì
 twn pollaplasia-sm¸n ja e�nai 3N2

4 log2 N .
8.2 Diakritì
 metasqhmatismì
 sunhmitìnouTo tupikì stoiqe�o tou diakritoÔ metasqhmatismoÔ sunhmitìnou (DCT, Discrete Cosine Trans-
form) e�nai to ex 


t(m, n; i, k) =
c(m)c(n)

N
cos

(2i + 1)mπ

2N
cos

(2k + 1)nπ

2N
, (8.18)ìpou c(m) =

{

1 m = 0√
2 m 6= 0

. O DCT e�nai èna
 diaqwr�simo
 orjomonadia�o
 metasqhmati-smì
, pou qrhsimopoie�tai eurÔtata gia th sump�esh twn eikìnwn. O metasqhmatismì
 sunhmitìnoue�nai idia�tera apotelesmatikì
 sth sump�esh giat� prosegg�zei ti
 epidìsei
 tou bèltistou gram-mikoÔ metasqhmatismoÔ, efìson ta dedomèna e�nai isqur� susqetismèna.
35



Sq ma 8.1: H b�sh tou 2-D diakritoÔ metasqhmatismoÔ sunhmitìnouO diakritì
 metasqhmatismì
 sunhmitìnou sundèetai �mesa me to diakritì metasqhmatismì
Fourier. A
 e�nai

x1(m, n) =



















x(m, n) 0 ≤ m < N, 0 ≤ n < N
x(m, 2N − 1 − n) 0 ≤ m < N, N ≤ n < 2N
x(2N − 1 − m, n) N ≤ m < 2N, 0 ≤ n < N
x(2N − 1 − m, 2N − 1 − n) N ≤ m < 2N, N ≤ n < 2N

(8.19)kai y1(m, n) o diakritì
 metasqhmatismì
 Fourier tou x1(m, n). Tìte apodeiknÔetai ìti, ane�nai y(m, n) o diakritì
 metasqhmatismì
 sunhmitìnou tou x(m, n), isqÔei
y(m, n) =

1

4
c(m)c(n)W

m+n
2

2N y1(m, n), 0 ≤ m < N, 0 ≤ n < N (8.20)Opìte gia ton upologismì tou 2-D DCT mpore� na qrhsimopoihje� o 2-D FFT me dipl�sioarijmì shme�wn an� di�stash. Wstìso up�rqoun gr goroi algìrijmoi upologismoÔ pou denapaitoÔn th qr sh tou FFT me mikrìtero telik� kìsto
.
8.3 Diakritì
 metasqhmatismì
 hmitìnouTo tupikì stoiqe�o tou diakritoÔ metasqhmatismoÔ hmitìnou (DST, Discrete Sine Transform)e�nai to ex 


t(m, n; i, k) =
2

N + 1
sin

π(i + 1)(m + 1)

N + 1
sin

π(k + 1)(n + 1)

N + 1
(8.21)E�nai ep�sh
 diaqwr�simo
 kai orjomonadia�o
, kai up�rqoun gr goroi algìrijmoi gia ton up-ologismì tou.
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8.4 Diakritì
 metasqhmatismì
 Walsh-HadamardTo tupikì stoiqe�o tou diakritoÔ metasqhmatismoÔ Walsh-Hadamard (WHT) or�zetai me ti
duadikè
 timè
 ±1, an agno soume ton par�gonta kanonikopo�hsh
 1/N . O upologismì
 epo-mènw
 tou WHT den apaite� pollaplasiasmoÔ
. To tupikì stoiqe�o e�nai to ex 

t(m, n; i, k) =

1

N
(−1)p(m,n;i,k) (8.22)ìpou N = 2l kai p(m, n; i, k) =

∑l−1
r=0(irm

(−)
r + krn

(−)
r ). ir (ant�stoiqa kr) e�nai oi duadikè
parast�sei
 twn i (ant�stoiqa k). Ta m

(−)
r kai n

(−)
r perilamb�noun ep�sh
 m�a antistrof  twn

bits, kat� ton akìloujo trìpo
m

(−)
0 = ml−1

m
(−)
1 = ml−1 + ml−2

...
...

...

m
(−)
l−1 = m1 + m0

(8.23)O WHT e�nai diaqwr�simo
 kai orjomonadia�o
, kai up�rqoun gr goroi algìrijmoi gia tonupologismì tou.
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'AskhshA
 e�nai r(m, n) h sun�rthsh summetablhtìthta
 enì
 2-D s mato
 x(m, n). O bèltisto
grammikì
 orjomonadia�o
N×N metasqhmatismì
 d�detai apì th lÔsh twn parak�tw exis¸sewn:
N−1
∑

j=0

N−1
∑

l=0

r(i − j, k − l)t(m, n; j, l) = λ(m, n)t(m, n; i, k), gia 0 ≤ i, k, m, n < NAn h sun�rthsh summetablhtìthta
 e�nai diaqwr�simh
r(m, n) = r1(m)r2(n),tìte kai o metasqhmatismì
 e�nai diaqwr�simo


t(m, n; i, k) = t1(m, i)t2(n, k)kai prokÔptei w
 ex 
:
N−1
∑

j=0

r1(i − j)t1(m, j) = λ1(m)t1(m, i), gia 0 ≤ m, i < N

N−1
∑

l=0

r2(k − l)t2(n, l) = λ2(n)t2(n, k), gia 0 ≤ n, k < ND�detai h akìloujh sun�rthsh summetablhtìthta

r(m, n) = σ2ρ|m|+|n|, me 0 < ρ < 1

1. Na eureje� o 2 × 2 metasqhmatismì
 pou ikanopoie� ti
 parap�nw sqèsei
.
2. Na sugkrije� to apotèlesma me tou
 metasqhmatismoÔ
 Fourier kai sunhmitìnou.
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