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Kef�laio 10Tmhmatopo�hsh eikìnwnH tmhmatopo�hsh twn eikìnwn e�nai to pr¸to st�dio sthn an�lush twn eikìnwn. H anagn¸rishantikeimènwn, h anagn¸rish grapt¸n qarakt rwn, h qartogr�fhsh, h an�lush mia
 trisdi�-stath
 skhn 
 me th stereoskop�a   thn an�lush th
 k�nhsh
 bas�zontai kat� kanìna stoapotèlesma th
 tmhmatopo�hsh
 twn eikìnwn. Epomènw
 h an�lush twn eikìnwn ja e�nai tìsopio akrib 
, ìso pio epituq 
 e�nai o prosdiorismì
 twn tmhm�twn th
 eikìna
, pou antistoiqoÔnse epif�neie
   tm mata epifanei¸n trisdi�statwn antikeimènwn,   akìma se perioqè
 me dia-foretik  sÔstash sto eswterikì swm�twn.DÔo isodÔnamoi kai sumplhrwmatiko� trìpoi prosdior�zoun ta tm mata mia
 eikìna
: tasÔnora kai ta omoiogen  qarakthristik� tou k�je tm mato
. Se autì to kef�laio ja anaferjoÔ-me apokleistik� sthn tmhmatopo�hsh me b�sh th fwtein  èntash. Epomènw
 ta sÔnora anti-stoiqoÔn se asunèqeie
 th
 fwtein 
 èntash
, en¸ ta tm mata parousi�zoun omoiogèneia th
fwtein 
 èntash
. Parousi�zontai sth sunèqeia tèsserei
 prosegg�sei
 tou probl mato
 th
tmhmatopo�hsh
 twn eikìnwn. Sthn an�qneush twn akm¸n anazhtoÔntai me th qr sh arijmhtik 
parag¸gish
 ta shme�a asunèqeia
 th
 fwtein 
 èntash
. Sthn an�lush tou istogr�mmato
g�netai kat�taxh twn shme�wn th
 eikìna
 se diaforetikè
 kl�sei
 an�loga me to di�sthmatim¸n th
 fwtein 
 èntash
. H qr sh enì
 montèlou Markov epitrèpei na lhfje� upìyh hsunektikìthta twn perioq¸n mèsa apì èna krit rio sto sÔnolo th
 eikìna
. Tèlo
, h tmh-matopo�hsh mpore� na g�nei qrhsimopoi¸nta
 topik� èna krit rio omoiogèneia
 gia thn kat�tmhshmia
 perioq 
   th sugq¸neush geitonik¸n perioq¸n.
10.1 An�qneush akm¸nW
 shme�o akm 
 or�zetai eke�no to shme�o ìpou h metabol  th
 fwtein 
 èntash
 e�nai topik�mègisth. 'Ena sÔnolo sundeìmenwn shme�wn akm 
 apotele� èna per�gramma. Se k�je shme�oenì
 perigr�mmato
 mpore� na orisje� o prosanatolismì
 tou se sqèsh me to sÔsthma sunte-tagmènwn tou epipèdou th
 eikìna
. H fwtein  èntash parousi�zei th mègisth metabol  sthnk�jeth sto per�gramma kateÔjunsh. Me aut  thn ènnoia h an�qneush akm 
 isoduname� meton entopismì mia
 monodi�stath
 metabol 
. Sto Sq ma 10.1 d�detai mia orizìntia bajmia�ametabol  kai de�qnetai p¸
 h pr¸th   h deÔterh par�gwgo
 mporoÔn na qrhsimopoihjoÔn gia thnan�qneush kai ton entopismì th
 metabol 
. Se disdi�state
 eikìne
 h an�qneush twn shme�wnakm 
 mpore� na g�nei me th bo jeia e�te tou dianÔsmato
 twn dÔo pr¸twn merik¸n parag¸gwnth
 fwtein 
 èntash
, pou onom�zetai kl�sh, e�te tou ajro�smato
 twn dÔo deÔterwn merik¸nparag¸gwn th
 fwtein 
 èntash
, pou kale�tai laplasianì
 (Laplacian) telest 
. O telest 
autì
 e�nai isotropikì
, dhlad  h apìkris  tou e�nai anex�rthth apì ton prosanatolismì tou
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)
(d) (e) (f)Sq ma 10.1: Ep�nw d�detai h sun�rthsh mia
 bajmia�a
 metabol 
, h pr¸th kai h deÔterhpar�gwgì
 th
. K�tw d�detai mia eikìna me orizìntia bajmia�a metabol , h pr¸th orizìntiaparag¸gish kai h deÔterh orizìntia parag¸gish.perigr�mmato
. H isotropikìthta e�nai shmantik  idiìthta gia thn akr�beia tou entopismoÔ twnperigramm�twn.

10.1.1 Mèjodo
 th
 kl�sh
To di�nusma th
 kl�sh
 th
 fwtein 
 èntash
, I(x, y), èqei sa sunist¸se
 ti
 dÔo pr¸te
merikè
 parag¸gou

∇I =

[

Ix

Iy

]Gia thn an�qneush twn akm¸n qrhsimopoie�tai to mètro tou dianÔsmato
 th
 kl�sh

‖∇I‖ =

√

I2
x + I2

y .ApodeiknÔetai ìti to mètro tou dianÔsmato
 th
 kl�sh
 gia suneq  s mata ikanopoie� thnidiìthta th
 isotropikìthta
. H kateÔjunsh tou dianÔsmato
 th
 kl�sh
 d�detai apì th gwn�a
θ = arctan

Iy

Ix
.H kl�sh th
 fwtein 
 èntash
 se mia dosmènh kateÔjunsh, φ, e�nai

Iφ = Ix cos φ + Iy sinφ.H kl�sh th
 fwtein 
 èntash
 e�nai mègisth sthn kateÔjunsh tou dianÔsmato
 th
 kl�sh
,kai mhdenik  sthn k�jeth s' aut n kateÔjunsh. Shme�a akm 
 aniqneÔontai akrib¸
 sthnkateÔjunsh pou h kl�sh e�nai mègisth, opìte e�nai �sh me to mètro tou dianÔsmato
 th
 kl�sh
,
‖∇I‖. Telik� ta shme�a akm 
 aniqneÔontai w
 ta topik� mègista tou mètrou tou dianÔsmato
th
 kl�sh
, me ta topik� mègista na eur�skontai sthn kateÔjunsh autoÔ tou �diou dianÔsmato
.Gia thn efarmog  th
 mejìdou th
 kl�sh
 apaite�tai epomènw
 o arijmhtikì
 upologismì
twn pr¸twn merik¸n parag¸gwn th
 fwtein 
 èntash
. Efìson prìkeitai gia merik  parag¸-gish, to qrhsimopoioÔmeno f�ltro e�nai monodi�stato. Wstìso lìgw th
 Ôparxh
 jorÔbou,e�nai anagka�a epiplèon h qr sh enì
 bajuperatoÔ f�ltrou sthn �llh kateÔjunsh, w
 pro
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aut  th
 parag¸gish
. 'Etsi sthn per�ptwsh th
 orizìntia
 parag¸gish
, pragmatopoie�taiolokl rwsh sthn katakìrufh kateÔjunsh, kai ant�strofa. Ta dÔo f�ltra qrhsimopoioÔntaixeqwrist�, ¸ste to 2-D f�ltro pou prokÔptei na e�nai diaqwr�simo. A
 e�nai g(.) h kroustik apìkrish tou f�ltrou parag¸gish
, kai h(.) h kroustik  apìkrish tou f�ltrou olokl rwsh
.H akolouj�a g(.) e�nai p�ntote antisummetrik 
g(n) = −g(−n),en¸ sunist�tai h akolouj�a h(.) na e�nai summetrik 
h(n) = h(−n).PolÔ suqn� metaxÔ twn dÔo aut¸n akolouji¸n up�rqei akrib¸
 h sqèsh parag¸gou kaioloklhr¸mato


h(n) =
n−1
∑

k=−∞

g(k) +
1

2
g(n). (10.1)Parousi�zontai sth sunèqeia merik� f�ltra parag¸gish
 kai olokl rwsh
 me peperasmènhkroustik  apìkrish. To aploÔstero antisummetrikì f�ltro parag¸gish
 e�nai to akìloujo

g(n) =











1/2 n = −1
−1/2 n = 1

0 |n| 6= 1
(10.2)To ant�stoiqo f�ltro olokl rwsh
, me b�sh thn Ex�swsh (10.1), e�nai

h(m) =











1/4 |m| = 1
1/2 m = 0
0 |m| > 1

(10.3)To 2-D f�ltro pou prokÔptei e�nai gnwstì san to f�ltro Sobel. An e�nai
(a) (b) (c)Sq ma 10.2: Qr sh tou f�ltrou Sobel gia thn an�qneush akm¸n. Arister� d�detai h orizìntiaparag¸gish, dexi� h katakìrufh parag¸gish kai sto kèntro to mètro tou dianÔsmato
 th
kl�sh
.

h(m) =

{

1/3 |m| ≤ 1
0 |m| > 1

(10.4)
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prìkeitai gia to f�ltro Prewitt. An lìgw jorÔbou apaite�tai èna f�ltro olokl rwsh
 me piotonismèno to bajuperatì qarakt ra, arke� na p�roume th sunèlix  tou (10.3) me ton eautìtou, pou d�nei to ex 
 apotèlesma
h(m) =



















1/16 |m| = 2
1/4 |m| = 1
6/16 m = 0

0 |m| > 2To f�ltro parag¸gish
 pou ikanopoie� thn Ex�swsh (10.1), e�nai
g(n) =



























1/8 n = −2
1/4 n = −1
−1/4 n = 1
−1/8 n = 2

0 n = 0 e�te |n| > 2To prìblhma th
 sqed�ash
 tou f�ltrou parag¸gish
 mpore� na teje� san èna prìblhmabeltistopo�hsh
 orismènwn krithr�wn pou na ekfr�zoun thn kal  an�qneush akm¸n me parous�ajorÔbou. To prìblhma tèjhke arqik� apì ton Canny kai lÔjhke gia èna suneqè
 monodi�statos ma, ìpou to montèlo th
 asunèqeia
 d�detai apì mia bhmatik  sun�rthsh, sthn opo�a prost�-jetai leukì
 jìrubo
 me mhdenik  mèsh tim  kai diaspor� σ2. A
 upojèsoume ìti to s ma èqeiw
 ex 

f(x) =

{

A x ≥ 0
0 x < 0

(10.5)Zhte�tai to f�ltro parag¸gish
 pou ikanopoie� tr�a krit ria: kal 
 an�qneush
, mikr 
 topik 
apìklish
 kai mikr 
 parenìqlhsh
 apì pollapl� mègista. H kal  an�qneush metriètai me thshmatojorubik  sqèsh sthn èxodo tou f�ltrou sto shme�o th
 asunèqeia

R =

| ∫∞−∞ g(−x)f(x)dx|
σ
√

∫∞
−∞ g2(x)dx

. (10.6)H shmatojorubik  sqèsh prèpei na e�nai h mègisth dunat . H asunèqeia prèpei ep�sh
 naaniqneÔetai ìso g�netai plhsièstera sto shme�o th
 pragmatik 
 asunèqeia
 tou s mato
. 'Eqeiprotaje� to akìloujo krit rio kaloÔ entopismoÔ
L =

| ∫∞−∞ f ′(−x)g′(x)dx|
σ
√

∫∞
−∞ g′2(x)dx

. (10.7)Tèlo
, apodeiknÔetai ìti h mèsh apìstash metaxÔ dÔo meg�stwn sthn èxodo tou f�ltrou e�nai
D = 2π

√

√

√

√

∫∞
−∞ g′2(x)dx
∫∞
−∞ g′′2(x)dx

. (10.8)Me dosmènh thn apa�thsh ikanopo�hsh
 pollapl¸n krithr�wn, èqei protaje� o orismì
 toubèltistou f�ltrou parag¸gish
 w
 eke�nou pou megistopoie� to ginìmeno RL me m�a sunj khgia to D. K�tw apì autoÔ
 tou
 ìrou
 e�nai dunat  h lÔsh tou probl mato
 beltistopo�hsh
gia thn per�ptwsh tou s mato
 (10.5) kai gia peperasmènh   �peirh kroustik  apìkrish. Giathn per�ptwsh mia
 peperasmènh
, kai opwsd pote antisummetrik 
, kroustik 
 apìkrish
,
52



ekteinìmenh
 sto di�sthma [−M, M ], zhte�tai epomènw
, gia di�fore
 timè
 touD/M , h megisto-po�hsh tou
|g′(0)|| ∫ 0

−M g(x)dx|
√

∫M
−M g2(x)dx

∫M
−M g′2(x)dxGia qamhlè
 timè
 tou D/M(≈ 0, 1), h lÔsh pou prokÔptei mpore� na proseggisje� apì

g(x) =











1/M2 −M ≤ x < 0
−1/M2 0 < x ≤ M

0 x = 0 e�te |x| > M
(10.9)To ant�stoiqo f�ltro olokl rwsh
 e�nai

h(x) =

{

M−|x|
M2 |x| ≤ M
0 |x| > M

(10.10)Gia uyhlè
 timè
 tou D/M(≈ 1, 5), h lÔsh pou prokÔptei mpore� na proseggisje� apì thnpar�gwgo mia
 sun�rthsh
 Gauss

g(x) = − x

σ3
√

2π
e−

x2

2σ2 . (10.11)Profan¸
 to f�ltro autì èqei �peirh kroustik  apìkrish. An to f�ltro zhthje� kateuje�anna èqei �peirh kroustik  apìkrish, h lÔsh tou probl mato
 beltistopo�hsh
 d�dei
g(x) = −1

4
α3xe−α|x|. (10.12)Uyhlè
 timè
 tou α antistoiqoÔn se qamhlè
 timè
 tou D, kai ant�strofa. To ant�stoiqo f�ltroolokl rwsh
 e�nai

h(x) =
1

4
α(1 + α|x|)e−α|x|. (10.13)'Allo qrhsimopoioÔmeno zeÔgo
 f�ltrwn me �peirh kroustik  apìkrish e�nai to akìloujo

g(x) = −α2

2
sign(x)e−α|x| kai h(x) =

α

2
e−α|x| (10.14)me parìmoio rìlo gia to α. 'Ola ta parap�nw f�ltra qrhsimopoioÔntai fusik� se diakrit morf , anex�rthta an e�nai peperasmènh
   �peirh
 kroustik 
 apìkrish
. Gia ta f�ltra �peirh
kroustik 
 apìkrish
 up�rqoun ulopoi sei
 mèsw anadromik¸n sqèsewn.Sto Sq ma 10.3(a) d�dontai ta parap�nw f�ltra parag¸gish
, me tètoie
 timè
 gia ti
 para-mètrou
, ¸ste h shmatojorubik  sqèsh sthn èxodo tou f�ltrou na e�nai �dia. Sugkekrimèna jae�nai gia thn par�gwgo th
 sun�rthsh
 Gauss, σ =

√
2, gia to f�ltro th
 Ex�swsh
 (10.12),pou d�detai me diakoptìmenh gramm , α =

√

π/2, kai gia to f�ltro th
 Ex�swsh
 (10.14),
α = 1

2

√

π
2 . Ta ant�stoiqa f�ltra olokl rwsh
 d�dontai sto Sq ma 10.3(b).Sto Sq ma 10.4 d�detai to apotèlesma qr sh
 th
 parag¸gou th
 sun�rthsh
 Gauss

(f�ltro Canny) me σ = 1 kai me an�qneush pou qrhsimopoie� dÔo kat¸flia kai thn teqnik  th
ustèrhsh
. Me aut  thn teqnik  kat� thn efarmog  tou deÔterou kai mikrìterou katwflioÔlamb�netai ep�sh
 upìyh h sundesimìthta twn shme�wn akm 
.
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(a) (b)Sq ma 10.3: F�ltra parag¸gish
 kai olokl rwsh
.
(a) (b)Sq ma 10.4: Apotèlesma an�qneush
 akm¸n me th mèjodo tou Canny.

10.1.2 Mèjodo
 deutèrwn parag¸gwnH dièleush apì to mhdèn twn tim¸n tou ajro�smato
 twn dÔo deutèrwn parag¸gwn d�dei ep�sh
shme�a akm¸n th
 fwtein 
 èntash
. O telest 
 pou d�dei autì to �jroisma, onom�zetailaplasianì
 (Laplacian), kai or�zetai w
 akoloÔjw

∆I = Ixx + Iyy.ApodeiknÔetai ìti o laplasianì
 telest 
 e�nai isotropikì
, arke� na e�nai: Ixy = Iyx.Apl� f�ltra peperasmènh
 kroustik 
 apìkrish
 pou qrhsimopoioÔntai gia thn ulopo�hshtou laplasianoÔ telest  e�nai ta akìlouja:

g(m, n) =











−4 m2 + n2 = 0
1 m2 + n2 = 1
0 m2 + n2 > 1

(10.15)kai
g(m, n) =











−4 m2 + n2 = 0
0, 5 m2 + n2 = 1 e�te m2 + n2 = 2
0 m2 + n2 > 2

(10.16)
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Wstìso aut� ta f�ltra qarakthr�zontai apì en�sqush tou jorÔbou. Gia th me�wsh tou jorÔbouprote�netai h qr sh enì
 bajuperatoÔ f�ltrou Gauss, tou opo�ou h kroustik  apìkrish, sesuneqe�
 suntetagmène
 e�nai
h(x, y) =

1

2πσ2
e−

x2+y2

2σ2 .H ìlh epexergas�a e�nai isodÔnamh me th sunèlixh tou s mato
 th
 fwtein 
 èntash
 me tof�ltro pou prokÔptei apì thn efarmog  tou laplasianoÔ telest  sthn kroustik  apìkrish
Gauss, pou d�dei to akìloujo apotèlesma

g(r) =
1

πσ4

(

r2

2σ2
− 1

)

e−
r2

2σ2 (10.17)ìpou r =
√

x2 + y2. ApodeiknÔetai ep�sh
 ìti h parap�nw kroustik  apìkrish mpore� naproseggisje� apì m�a diafor� dÔo sunart sewn Gauss,

g(r) ∝ 1

2πσ2
1

e
− r2

2σ2
1 − 1

2πσ2
2

e
− r2

2σ2
2 , (10.18)ìpou σ2

1 = 1, 28σ2 kai σ2
2 = 0, 8σ2. Sto Sq ma 10.5 d�detai tìso h laplasian  th
 sun�rthsh


Gauss, ìso kai h prosèggis  th
, me diakoptìmenh gramm , me th diafor� dÔo sunart sewn
Gauss. Epeid  h sun�rthsh Gauss dÔo metablht¸n e�nai diaqwr�simh, h diafor� dÔo sunart -sewn Gauss apaite� thn ulopo�hsh dÔo diaqwr�simwn f�ltrwn. H sun�rthsh Gauss mia
 metablh-t 
 prosegg�zetai se diakrit  morf , e�te apì èna f�ltro peperasmènh
 kroustik 
 apìkrish
,e�te apì dÔo anadromik� f�ltra.

(a) (b)Sq ma 10.5: Laplasian  th
 sun�rthsh
 Gauss kai apotèlesma an�qneush
 akm¸n me entopismìtwn dieleÔsewn apì to mhdèn.
10.2 An�lush istogr�mmato
Me thn an�lush tou istogr�mmato
 h tmhmatopo�hsh kaj�statai èna prìblhma kat�taxh
 twnshme�wn th
 eikìna
 se kl�sei
. Apì to istìgramma, met� apì th le�ansh tou, efìson e�naianagka�a, prosdior�zontai oi epikratoÔse
 timè
 th
 olik 
 katanom 
. H kat�taxh twn shme�wnth
 eikìna
 g�netai me b�sh autè
 ti
 timè
,   endeqìmena mèsw th
 katanom 
 an� kl�sh pouja mporoÔse na upologisje�. H mèjodo
 aut  den exasfal�zei opwsd pote th sunektikìthta55



twn antikeimènwn pou entop�zontai, afoÔ h kat�taxh k�je shme�ou bas�zetai apokleistik� sthfwtein  èntash tou dosmènou mìno shme�ou. H axiopist�a th
 mejìdou exart�tai apì thnomoiogèneia tou fwtismoÔ, kai apì to mègejo
 twn antikeimènwn, pou epiplèon w
 pro
 to e�do
ja prèpei na e�nai ol�ga ton arijmì.O qwrismì
 tou istogr�mmato
 se diast mata mpore� na basisje� se k�poio arqikì montèlogia th sun�rthsh puknìthta
 pijanìthta
 th
 metablht 
 pou ekfr�zei th fwtein  èntash. A
jewr soume thn per�ptwsh dÔo epikratous¸n tim¸n,   enì
 e�dou
 antikeimènou pou aniqneÔetaise ant�jesh pro
 to b�jo
 th
 eikìna
. A
 upojèsoume ìti h tuqa�a metablht  tou montèlouakolouje� kai sti
 dÔo peript¸sei
 thn kanonik  katanom , me thn �dia diaspor�, σ2, kai mèshtim  µ0 gia to b�jo
 th
 eikìna
, kai µ1 gia to antike�meno. Me to krit rio th
 mègisth
alhjof�neia
 to kat¸fli an�qneush
 topojete�tai sth mèsh th
 apìstash
 metaxÔ twn jèsewntwn dÔo meg�stwn tim¸n tou istogr�mmato

κ =

µ0 + µ1

2
. (10.19)An epiplèon jewr soume ìti e�nai gnwstè
 oi a priori pijanìthte
 tou antikeimènou (P1) kaisumplhrwmatik� tou b�jou
 th
 eikìna
 (P0 = 1 − P1), tìte h megistopo�hsh th
 a posterioripijanìthta
 d�dei to akìloujo kat¸fli gia thn an�qneush tou antikeimènou

κ =
µ0 + µ1

2
+

σ2

µ1 − µ0
ln

P0

P1
. (10.20)O prosdiorismì
 twn paramètrwn µ0, µ1, σ

2, P0, P1 mpore� na g�nei me th bo jeia tou istogr�m-mato
.O prosdiorismì
 tou katwflioÔ mpore� ep�sh
 na basisje� s' èna krit rio autìmath
 omado-po�hsh
. An me�noume sthn per�ptwsh twn dÔo epikratous¸n tim¸n, èna tètoio krit rio pro
elaqistopo�hsh e�nai to akìloujo
k−1
∑

i=0

pi(i − µ0)
2 +

N−1
∑

i=k

pi(i − µ1)
2,ìpou pi e�nai h suqnìthta emf�nish
,   empeirik  pijanìthta, th
 tim 
 i, gia èna sÔnolo apì

N dunatè
 timè
. ZhtoÔntai oi timè
 tou katwflioÔ k, kai twn paramètrwn µ0 kai µ1 pouelaqistopoioÔn to parap�nw krit rio. Oi timè
 autè
 mporoÔn na prosdiorisjoÔn qrhsimo-poi¸nta
 dÔo anagka�e
 sunj ke
 pou isqÔoun sth jèsh tou el�qistou tou krithr�ou. H pr¸thkathgor�a anagka�wn sunjhk¸n prokÔptei gia dosmèno kat¸fli, kai d�dei ti
 antiproswpeutikè
timè
 twn dÔo kl�sewn
µ̂0 =

∑k−1
i=0 ipi

∑k−1
i=0 pi

kai µ̂1 =

∑N−1
i=k ipi

∑N−1
i=k pi

(10.21)H deÔterh anagka�a sunj kh d�dei to kat¸fli gia dosmène
 antiproswpeutikè
 timè

k = ⌊µ0 + µ1

2
+ 1⌋ (10.22)H diadoqik  qr sh twn parap�nw sunjhk¸n s' èna epanalhptikì algìrijmo, epitrèpei thnelaqistopo�hsh tou krithr�ou kai ton prosdiorismì tou katwflioÔ pou odhge� sthn tmhmato-po�hsh th
 eikìna
. H mèjodo
 aut  mpore� na epektaje� gia perissìtere
 twn dÔo telikè
apoqr¸sei
. 'Ena par�deigma efarmog 
 th
 me trei
 apoqr¸sei
 d�detai sto Sq ma 10.6.K�poia apì ta meionekt mata th
 an�lush
 tou istogr�mmato
, ìpw
 h Ôparxh mikr¸n sthnèktash antikeimènwn   h anomoiogèneia tou fwtismoÔ, pou anafèrjhsan eisagwgik�, mporoÔnna antimetwpisjoÔn me thn efarmog  th
 mejìdou topik� kat� tm mata th
 eikìna
.
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(a)
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(b) (c)Sq ma 10.6: To istìgramma th
 eikìna
 arister� kai to apotèlesma th
 tmhmatopo�hsh
 meqr sh tri¸n apoqr¸sewn.
10.3 An�lush enì
 montèlou Markov   GibbsSe antidiastol  me thn apl  an�lush tou istogr�mmato
, h an�lush me b�sh èna montèlo
Markov gia to ped�o twn apof�sewn kat�taxh
 twn shme�wn se tm mata, qrhsimopoie� ti
allhlexart sei
 pou up�rqoun topik� se geitonik� shme�a. Gia k�je montèlo Markov pou d�neiti
 topikè
 allhlexart sei
 or�zetai isodÔnama m�a katanom  Gibbs pou d�nei sunolik� ìle
 ti
exart sei
 tou ped�ou twn apof�sewn. O orismì
 th
 katanom 
 Gibbs d�detai sth sunèqeia,afoÔ prohgoÔmena dojoÔn oi sqèsei
 geitn�ash
 pou e�nai anagka�e
 gia thn perigraf  twnexart sewn tou ped�ou.A
 e�nai L = {(m, n) : 0 ≤ m < M, 0 ≤ n < N} to sÔnolo twn shme�wn th
 eikìna
. Hgeitoni� enì
 shme�ou (m, n) or�zetai w
 èna uposÔnolo γ(m, n) tou L, pou den perilamb�nei toshme�o (m, n), me ton ìro ìti, e�n (k, l) ∈ γ(m, n), tìte (m, n) ∈ γ(k, l). To sÔsthma geitn�ash
sto L or�zetai w
 to sÔnolo twn geitoni¸n ìlwn twn shme�wn tou L. Me th bo jeia tou orismoÔth
 geitoni�
 or�zetai h parèa, c, w
 èna sÔnolo, e�te enì
 mìno shme�ou, e�te perissotèrwn touenì
 shme�wn, arke� gia k�je shme�o mia
 parèa
 ta upìloipa shme�a th
 parèa
 na an kounsth geitoni� tou. Sto Sq ma 10.7 d�detai o orismì
 mia
 geitoni�
 4 shme�wn kai oi ant�stoiqe
s' aut  parèe
. Parìmoia d�dontai oi parèe
 gia mia geitoni� 8 shme�wn sto Sq ma 10.8.

uSq ma 10.7: Geitoni� 4 shme�wn kai ant�stoiqe
 parèe
.
u

Sq ma 10.8: Geitoni� 8 shme�wn kai ant�stoiqe
 parèe
.
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'Ena ped�o Gibbs perigr�fei sunolik� to ped�o twn apof�sewn se ìlh thn eikìna
Pr{X(m, n) = x(m, n) : (m, n) ∈ L} =

e−U(x)

Ψ
, (10.23)ìpou U(x) onom�zetai sun�rthsh enèrgeia
, kai e�nai sun�rthsh MN metablht¸n, ìsa dhlad e�nai ta shme�a th
 eikìna
. Ψ e�nai m�a stajer�, Ψ =

∑

e−U(x). Idia�tera endiafèrousa e�nai hper�ptwsh enì
 ped�ou Gibbs, ìpou h sun�rthsh enèrgeia
 or�zetai me th bo jeia tou sunìloutwn pare¸n, C, twn shme�wn th
 eikìna

U(x) =

∑

c∈C

φc(x). (10.24)To φc(x) onom�zetai dunamikì th
 parèa
 c. Suqn� gia th geitoni� 8 shme�wn mìno zeÔghshme�wn jewroÔntai ìti èqoun mh mhdenikì dunamikì. 'Ena par�deigma dunamikoÔ gia dimele�
parèe
 pou mpore� na qrhsimopoihje� gia thn tmhmatopo�hsh twn eikìnwn akolouje�
φc(x) =

{

0 e�n ta dÔo shme�a an koun sthn �dia kl�sh
ζ > 0 diaforetik� (10.25)A
 jewr soume t¸ra to prìblhma th
 tmhmatopo�hsh
 th
 eikìna
 katat�ssonta
 ta shme�ath
 se K kl�sei
. Upojètoume ìti h parathroÔmenh eikìna gia k�je shme�o exart�tai mìnoapì thn kl�sh pou an kei autì to shme�o, me m�a parenìqlhsh apì ajroistikì jìrubo, pouparak�tw ja jewr soume ìti akolouje� thn kanonik  katanom  me diaspor� σ2

p(y(m, n)|X(k, l) = x(k, l), (k, l) ∈ L) =
1

σ
√

2π
e−

(y(m,n)−f(x(m,n)))2

2σ2 . (10.26)H sun�rthsh f(.) d�dei th mèsh antiproswpeutik  tim  gia k�je kl�sh Si

f(x(m, n)) = µi, e�n (m, n) ∈ Si, 0 ≤ i ≤ K − 1. (10.27)H tmhmatopo�hsh th
 eikìna
 mpore� na g�nei megistopoi¸nta
 thn a posteriori pijanìthta touped�ou kat�taxh
 twn shme�wn se kl�sei

Pr{X(m, n) = x(m, n)|Y (m, n) = y(m, n); (m, n) ∈ L}

∝ Pr{X(m, n) = x(m, n) : (m, n) ∈ L}
∏

(m,n)∈L

p(y(m, n)|X(m, n) = x(m, n)).(10.28)Autì isoduname� me thn elaqistopo�hsh th
 akìloujh
 posìthta

∑

(m,n)∈L

φc(x(m, n)) +
1

2σ2

K−1
∑

i=0

∑

(m,n)∈Si

(y(m, n) − µi)
2.Wstìso to kìsto
 eÔresh
 th
 bèltisth
 lÔsh
 me diexodik  anaz thsh e�nai exairetik� uyhlì,giat� to pl jo
 twn dunat¸n katast�sewn e�nai KMN , en¸ up�rqoun poll� topik� el�qista.H elaqistopo�hsh mpore� na epiteuqje� me m�a pijanokratik  anaz thsh tou el�qistou proso-moi¸nonta
 to ped�o Gibbs. Wstìso kai se aut  thn per�ptwsh to upologistikì kìsto
 e�naiapagoreutikì gia pollè
 efarmogè
.Ja prèpei ìmw
 na diakr�noume thn per�ptwsh ìpou K = 2, giat� tìte up�rqei algìrijmo
pou eur�skei to el�qisto se poluwnumikì qrìno. Pr�gmati jètonta


λ(m, n) =
1

σ2
((y(m, n)−µ0)

2− (y(m, n)−µ1)
2) =

1

σ2
(2y(m, n)−µ0−µ1)(µ1−µ0), (10.29)
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mporoÔme na gr�youme ìti h pro
 elaqistopo�hsh posìthta isoÔtai me
−

∑

(m,n)∈L

x(m, n)λ(m, n) + ζ
∑

(m, n) ∈ L

(k, l) ∈ γ(m, n)

(x(m, n) − x(k, l))2.ApodeiknÔetai ìti to anwtèrw prìblhma elaq�stou taut�zetai me autì th
 eÔresh
 th
 el�qisth
tom 
 se dimer  gr�fo, kai isodÔnama th
 ep�lush
 tou probl mato
 th
 mègisth
 ro 
. Pr�gmatih anwtèrw posìthta diafèrei kat� m�a stajer  posìthta apì thn akìloujh
C(x) =

∑

(m,n)∈L

x(m, n)max(0,−λ(m, n)) +
∑

(m,n)∈L

(1 − x(m, n))max(0, λ(m, n))

+ζ
∑

(m, n) ∈ L

(k, l) ∈ γ(m, n)

(x(m, n) − x(k, l))2. (10.30)'Ara mporoÔme na jewr soume èna gr�fo me kìmbou
 ta shme�a th
 eikìna
 kai epiplèon ènakìmbo �phg � (s) kai èna kìmbo �dexamen � (t). 'Ena opoiod pote shme�o th
 eikìna
 e�naisundemèno e�te me thn �phg � e�te me th �dexamen �. Efìson λ(m, n) > 0, to shme�o (m, n)sundèetai me thn �phg � kai h qwrhtikìthta th
 sÔndesh
 e�nai λ(m, n). En¸ e�n λ(m, n) < 0,to shme�o (m, n) sundèetai me th �dexamen � me qwrhtikìthta sÔndesh
 −λ(m, n). E�n or�soumeta sÔnola {s} ∪ {(m, n) : x(m, n) = 1} kai {t} ∪ {(m, n) : x(m, n) = 0}, to zhtoÔmeno e�nai hdiamèrish tou sunìlou twn shme�wn th
 eikìna
, ¸ste h tom  na èqei thn el�qisth qwrhtikìthta
C(x).Enallaktik�, mpore� na qrhsimopoihje�, gia opoiond pote arijmì kl�sewn K, h mèjodo
twn epanalambanìmenwn epikratous¸n tim¸n. Apì m�a arqik  kat�taxh, pou suqn� e�naiaut  pou prokÔptei apì apl  an�lush tou istogr�mmato
, g�netai m�a epanekt�mhsh, ¸stena megistopoie�tai h akìloujh pijanìthta

Pr{X(m, n) = x(m, n)|Y (m, n) = y(m, n), x̂(k, l); (k, l) ∈ L − {(m, n)}}.To apotèlesma th
 megistopo�hsh
 e�nai h epikratoÔsa tim  tou ped�ou gia dosmènh parat rhsh,kai me dosmènh thn arqik  ekt�mhsh. ApodeiknÔetai ìti arke� na elaqistopoihje� h akìloujhposìthta se k�je shme�o
1

2σ2
(y(m, n) − µi)

2 +
∑

φc(x(m, n)),ìpou ajro�zontai mìno ta dunamik� twn pare¸n pou perilamb�noun to shme�o (m, n), ki ìpou oitimè
 tou ped�ou gia ta geitonik� shme�a e�nai autè
 th
 prohgoÔmenh
 ekt�mhsh
. An epomènw
apì ta 8 geitonik� shme�a, kat� thn prohgoÔmenh ekt�mhsh katat�qjhkan αi(m, n) sthn kl�sh
i, tìte h trèqousa kat�taxh bas�zetai sthn topik  elaqistopo�hsh tou krithr�ou

(y(m, n) − µi)
2 − σ2ζαi(m, n).'Otan eurejoÔn oi epikratoÔse
 timè
 se ìla ta shme�a tou ped�ou h diadikas�a epanalamb�netaime ton �dio akrib¸
 trìpo, kai stamat� ìtan meiwje� shmantik� o arijmì
 twn shme�wn pou apìm�a epan�lhyh sthn epìmenh all�zoun kl�sh,   idanik� ìtan oudèna shme�o all�zei kl�sh. Oalgìrijmo
 epanalambanìmenwn topik� epikratous¸n tim¸n d�detai katwtèrw se yeudok¸dika.
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Initialization:

for each pixel p

{

current_label(p) := init_label(p)

next_state(p) := active

}

change_pixels := number_of_pixels

Iterations:

while (change_pixels != 0)

{

change_pixels := 0

for each pixel p

{

previous_label(p) := current_label(p)

current_state(p) := next_state(p)

next_state(p) := inactive

}

for each pixel p

{

if (current_state(p) == active)

{

current_label(p) := find_optimal_label(p)

if (current_label(p) != previous_label(p))

{

change_pixels++

next_state(neighbour(p)) := active

}

}

}

}Sto Sq ma 10.9 d�dontai ektim sei
 twn puknot twn pijanìthta
 gia trei
 kl�sei
 pou proèku-yan apì an�lush th
 eikìna
 tou Sq mato
 10.6, h arqik  kat�taxh me b�sh ti
 pijanof�neie
twn tri¸n kl�sewn kai to apotèlesma th
 tmhmatopo�hsh
 me th mèjodo twn epanalambanìmenwnepikratous¸n tim¸n.
10.4 Tmhmatopo�hsh se topologik� sunektikè
 perioqè
S' aut  th mèjodo h sunektikìthta kai h omoiogèneia twn perioq¸n apaite�tai me �meso trìpo.O arijmì
 twn kathgori¸n pou katat�ssontai ta shme�a th
 eikìna
 ja mporoÔse na e�nai�gnwsto
 kai na prokÔyei w
 apotèlesma th
 tmhmatopo�hsh
, se ant�jesh me ti
 prohgoÔmene
mejìdou
, ìpou o arijmì
 autì
  tan dosmèno
.An R e�nai ìlh h eikìna sa sÔnolo shme�wn, zhte�tai h tmhmatopo�hsh se topologik� sune-ktikè
 perioqè
 R1, R2, . . . , RK , ¸ste

•
K
⋃

k=1

Rk = R
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(a) (b) (c)Sq ma 10.9: Tmhmatopo�hsh me ton algìrijmo epanalambanìmenwn epikratous¸n tim¸n.
• Ri ∩ Rj = ∅, i 6= jH tmhmatopo�hsh bas�zetai s' èna krit rio omoiogèneia
, pou ja prèpei na ikanopoie�tai apììla ta tm mata th
 eikìna
, kai na mhn ikanopoie�tai apì thn ènwsh dÔo geitonik¸n tmhm�twn,dhlad  tmhm�twn me koinì sÔnoro. San krit rio omoiogèneia
 mpore� na qrhsimopoihje� hant�jesh th
 fwtein 
 èntash
 se mia perioq , metrhmènh e�te me th mègisth ant�jesh, e�te methn tupik  apìklish th
 fwtein 
 èntash
.Me susswreÔsei
 gÔrw apì k�poio   k�poia afethriak� shme�a mpore� na ulopoihje� miatmhmatopo�hsh pou na ikanopoie� ti
 parap�nw apait sei
. D�detai katwtèrw èna
 algìrijmo
diadoqikoÔ prosetairismoÔ twn shme�wn th
 eikìna
 me b�sh èna prokajorismèno krit rioomoiìthta
, ρ(·, ·), mèsw tou opo�ou prosdior�zetai kai h seir� twn katat�xewn.

B1 Onomatojes�a twn shme�wn twn arqik¸n sunìlwn.
B2 Ekt�mhsh twn qarakthristik¸n twn sunìlwn (p.q. mèsh fwteinìthta).
B3 Eisagwg  sth diatagmènh l�sta ìlwn twn geitonik¸n shme�wn twn arqik¸n sunìlwn.
B4 'Oso h l�sta den e�nai ken :

B4.1 Kat�taxh tou pr¸tou shme�ou th
 l�sta
 α kai afa�res  tou ap' aut .
B4.2 'Elegqo
 twn geitonik¸n shme�wn tou α kai enhmèrwsh th
 l�sta
:

B4.2.1 Prìsjesh twn geitìnwn tou α pou
• den èqoun  dh ìnoma
• den e�nai  dh sth l�stasÔmfwna me thn omoiìthta ρ(·, ·).

B4.2.2 'Elegqo
 gia ge�tone
 pou e�nai  dh sth l�sta kai pou lìgw th
 kat�taxh
tou α sunoreÔoun me èna nèo sÔnolo. Aut� shmadeÔontai w
 shme�a sunìrou.Epiplèon, an h omoiìthta mei¸netai lìgw th
 nèa
 geitn�ash
, anel�ssontaiant�stoiqa sth l�sta.
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'Ena par�deigma efarmog 
 aut 
 th
 mejìdou d�detai sto Sq ma 10.10, ìpou or�zontai afeth-riak� mplok shme�wn kai thre�tai seir� proteraiìthta
 gia ti
 sunen¸sei
, pou g�nontai mekrit rio thn kat' apìluto tim  apìklish th
 fwteinìthta
 tou dosmènou shme�ou apì th mèshtim  th
 perioq 
 sthn opo�a geitoneÔei.
(a) (b)Sq ma 10.10: Tomografik  eikìna th
 kardi�
 kai tmhmatopo�hs  th
 me susswreÔsei
 gÔrwapì ta afethriak� mplok shme�wn pou or�sjhsan apì to qr sth.Wstìso to apotèlesma ephre�zetai apì thn epilog  twn afethriak¸n shme�wn kai ep�sh
apaite�tai meg�lo
 arijmì
 elègqwn gia thn upìjesh th
 omoiogèneia
. To apotèlesma e�naipio stajerì, an h tmhmatopo�hsh epitugq�netai me èna sunduasmì diairèsewn anomoiogen¸ntmhm�twn kai sugqwneÔsewn geitonik¸n omoiogen¸n tmhm�twn. H ulopo�hsh enì
 tètoiou al-gor�jmou dieukolÔnetai me th qr sh mia
 puramidwt 
 dom 
 gia thn par�stash twn tmhm�twnth
 eikìna
. Sthn koruf  th
 puram�da
 br�sketai olìklhrh h eikìna, kai sth b�sh th
 tashme�a th
 eikìna
. IsodÔnama h tmhmatopo�hsh mpore� na parastaje� m' èna dèndro, tou opo�ouh r�za e�nai olìklhrh h eikìna, kai ta fÔlla tou ta shme�a th
 eikìna
. Pio suqn� to dèndroe�nai tetr�klwno, pou antistoiqe� se kat�tmhsh k�je tm mato
 th
 eikìna
 se tèssera �satm mata. Sto Sq ma 10.11 d�detai èna par�deigma tètoia
 par�stash
 twn tmhm�twn th
eikìna
. To apotèlesma e�nai pio endiafèron, kai h poluplokìthta periorismènh, an h ekk�nhshtou algor�jmou g�nei s' èna endi�meso ep�pedo th
 puram�da
.
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Sq ma 10.11: Tm mata th
 eikìna
 kai ant�stoiqo tetr�klwno dèndro.
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 τη δήλωση Διατήρησης Σημειωμάτων

 το Σημείωμα Χρήσης Έργων Τρίτων (εφόσον υπάρχει)

μαζί με τους συνοδευόμενους υπερσυνδέσμους.



Χρηματοδότηση

• Το παρόν εκπαιδευτικό υλικό έχει αναπτυχθεί στα πλαίσια του εκπαιδευτικού έργου του
διδάσκοντα.

• Το έργο «Ανοικτά Ακαδημαϊκά Μαθήματα στο Πανεπιστήμιο Κρήτης» έχει χρηματοδοτήσει
μόνο τη αναδιαμόρφωση του εκπαιδευτικού υλικού.

• Το έργο υλοποιείται στο πλαίσιο του Επιχειρησιακού Προγράμματος «Εκπαίδευση και Δια
Βίου Μάθηση» και συγχρηματοδοτείται από την Ευρωπαϊκή Ένωση (Ευρωπαϊκό Κοινωνικό
Ταμείο) και από εθνικούς πόρους.


