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Kef�laio 11Majhmatik  morfolog�a
11.1 Morfologik  epexergas�a duadik¸n eikìnwnH majhmatik  morfolog�a mpore� na qrhsimopoihje� gia thn an�lush duadik¸n eikìnwn, pouprokÔptoun met� apì tmhmatopo�hsh eikìnwn. Se aut  thn per�ptwsh oi pr�xei
 kai oi telestè
th
 majhmatik 
 morfolog�a
 metasqhmat�zoun th morf  enì
 antikeimènou   ex�goun k�poiaqarakthristik� th
 morf 
 tou antikeimènou. Sth sunèqeia ja anaferjoÔme sunoptik� stou
basikoÔ
 morfologikoÔ
 telestè
 gia duadikè
 eikìne
. 'Ena antike�meno or�zetai san ènasÔnolo shme�wn, ki oi telestè
 pou ja orisjoÔn qrhsimopoioÔn èna antike�meno ant�stoiqo touepidiwkìmenou stìqou, pou onom�zetai domikì stoiqe�o. Telik� oi morfologikè
 pr�xei
 giaduadikè
 eikìne
 or�zontai me th bo jeia twn klasik¸n pr�xewn kai sqèsewn metaxÔ sunìlwn.D�dontai sth sunèqeia meriko� apì tou
 basikìterou
 morfologikoÔ
 telestè
.

• Di�brwshTo apotèlesma th
 di�brwsh
 tou antikeimènou X apì to stoiqe�o B e�nai to sÔnolo
X ⊖ B = {x : Bx ⊂ X}, (11.1)ìpou Bx e�nai to stoiqe�o B metatopismèno sth jèsh x. H di�brwsh e�nai pr�xh anallo�wthsth metatìpish, e�nai aÔxousa,an X ⊂ Y, tìte X ⊖ B ⊂ Y ⊖ Bkai surriknwtik , an (0, 0) ∈ B, tìte X ⊖ B ⊂ XAn èna antike�meno e�nai merik� gnwstì, tìte kai to apotèlesma th
 di�brwsh
 e�naimerik� gnwstì

(X ∩ Z) ⊖ B = (X ⊖ B) ∩ (Z ⊖ B).H di�brwsh dianèmetai sthn ènwsh dÔo stoiqe�wn, kat� ton akìloujo trìpo
X ⊖ (B ∪ B′) = (X ⊖ B) ∩ (X ⊖ B′).

• Diastol To apotèlesma th
 diastol 
 tou antikeimènou X apì to stoiqe�o B e�nai to sÔnolo
X ⊕ B = {x : Bx ∩ X 6= ∅}. (11.2)
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H diastol  e�nai pr�xh anallo�wth sth metatìpish, e�nai aÔxousa,an X ⊂ Y, tìte X ⊕ B ⊂ Y ⊕ Bkai epektatik , an (0, 0) ∈ B, tìte X ⊂ X ⊕ B.H diastol  diathre� ti
 sundèsei
 metaxÔ shme�wn enì
 antikeimènou. H diastol  dianè-metai sthn ènwsh dÔo stoiqe�wn, kat� ton akìloujo trìpo
X ⊕ (B ∪ B′) = (X ⊕ B) ∪ (X ⊕ B′).H epan�lhyh th
 diastol 
 e�nai isodÔnamh me th diastol  apì èna stoiqe�o pou prokÔpteiapì to apotèlesma th
 diastol 
 twn dÔo stoiqe�wn,

(X ⊕ B) ⊕ B′ = X ⊕ (B ⊕ B′).To �dio stoiqe�o prosdior�zei kai to apotèlesma th
 epan�lhyh
 th
 di�brwsh

(X ⊖ B) ⊖ B′ = X ⊖ (B ⊕ B′).Oi pr�xei
 th
 di�brwsh
 kai th
 diastol 
 e�nai metaxÔ tou
 sumplhrwmatikè
, me thnènnoia ìti

X ⊕ B = (Xc ⊖ B̆)c,ìpou Xc e�nai to sumpl rwma tou sunìlou X, kai B̆ e�nai to summetrikì tou B w
 pro
to shme�o (0, 0).H diastol  epitrèpei thn eÔresh twn sunistws¸n enì
 antikeimènou, dhlad  twn upo-sunìlwn tou antikeimènou pou èqoun thn idiìthta sÔndesh
 twn shme�wn tou
. An xe�nai èna shme�o tou antikeimènou X, h epanalhptik  efarmog  th
 diastol 
 d�dei ìlata sundeìmena me to x shme�a tou antikeimènou,
Xi+1 = (Xi ⊕ H) ∩ X, X1 = xìpou to stoiqe�o H ekfr�zei thn ènnoia th
 sÔndesh
 twn shme�wn (geitoni� 4   8shme�wn), kai ìpou oi epanal yei
 stamatoÔn ìtan epiteuqje� sÔgklish (Xi+1 = Xi).

• EÔresh qarakthristik¸n morf¸nAut  h morfologik  pr�xh or�zetai me th bo jeia dÔo domik¸n stoiqe�wn, ìpou to èna,
B1, afor� to antike�meno, kai to �llo, B2, to sumpl rwm� tou. Arke� h pr�xh th
di�brwsh
 gia ton orismì tou telest  eÔresh
 qarakthristik¸n morf¸n

X ∗©B = (X ⊖ B1) ∩ (Xc ⊖ B2). (11.3)Sto Sq ma 11.1 d�dontai ta sÔnjeta domik� stoiqe�a: E, gia thn anaz thsh termatik¸nshme�wn enì
 antikeimènou, I, gia thn anaz thsh memonwmènwn shme�wn, kai G, gia thnanaz thsh twn gwni¸n enì
 antikeimènou.
• 'AnoigmaTo �noigma sun�statai sth di�brwsh enì
 antikeimènou apì èna domikì stoiqe�o, B,akoloujoÔmenh apì th diastol  apì to summetrikì tou B,

XB = (X ⊖ B) ⊕ B̆. (11.4)
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Sq ma 11.1: Domik� stoiqe�a eÔresh
 qarakthristik¸n morf¸nTo �noigma e�nai pr�xh anallo�wth sth metatìpish, aÔxousa, surriknwtik  kai adÔnamh,me thn ènnoia ìti h epan�lhyh tou ano�gmato
 me to �dio stoiqe�o den all�zei to apotè-lesma. To �noigma leia�nei to per�gramma twn antikeimènwn, kìbei stenoÔ
 isjmoÔ
 kaiexafan�zei mikr� antike�mena.
• Kle�simoTo kle�simo enì
 antikeimènou sun�statai sth diastol  tou apì èna domikì stoiqe�o, B,akoloujoÔmenh apì th di�brwsh apì to summetrikì tou B,

XB = (X ⊕ B) ⊖ B̆. (11.5)To kle�simo e�nai pr�xh anallo�wth sth metatìpish, aÔxousa, epektatik  kai adÔnamh.To kle�simo exafan�zei mikrè
 opè
 enì
 antikeimènou kai fr�ssei sten� kan�lia kaileptoÔ
 kìlpou
.
• Skeletì
O skeletì
 enì
 antikeimènou mpore� na orisje� w
 to sÔnolo twn kèntrwn ìlwn twnkÔklwn pou eggr�fontai sto antike�meno kai ef�ptontai se dÔo toul�qiston shme�a touperigr�mmatì
 tou (Sq ma 11.2). O skeletì
 mpore� na upologisje� qrhsimopoi¸nta
 th

Sq ma 11.2: O skeletì
 enì
 orjog¸niou sq mato
di�brwsh kai to �noigma
S(X) =

∞⋃

n=0

sn(X) =
∞⋃

n=0

((X ⊖ nH) − (X ⊖ nH)H) . (11.6)To domikì stoiqe�o H apotele� diakrit  par�stash enì
 monadia�ou d�skou, en¸ o d�sko
me mhdenik  akt�na e�nai to oudètero stoiqe�o th
 pr�xh
 th
 di�brwsh
, kai d�skoi me me-galÔterh akt�na mporoÔn na orisjoÔn proodeutik� (Sq ma 11.3). Me b�sh ton parap�nworismì o skeletì
 den e�nai kat' an�gkh omoiotopikì
 tou antikeimènou, me thn ènnoia ìtiden èqei ton �dio arijmì tmhm�twn kai op¸n ìpw
 to antike�meno. To antike�meno mpore�na apokatastaje� apì ta endi�mesa apotelèsmata th
 skeletopo�hsh
 me diastol 
X =

∞⋃

n=0

(sn(X) ⊕ nH) . (11.7)
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Sq ma 11.3: Domik� stoiqe�a par�stash
 d�skwn akt�na
 0 kai 1
• LèptunshH lèptunsh sun�statai sthn epanalhptik  afa�resh qarakthristik¸n tou antikeimènou

X © B = X − X ∗©B. (11.8)An B e�nai domikì stoiqe�o 3 × 3, pou or�zei eswterik� shme�a me sundèsei
 8 shme�wn,tìte h lèptunsh d�nei to sÔnoro tou antikeimènou, me sundèsei
 geitoni�
 4 shme�wn. En¸to stoiqe�o B = 1H (Sq ma 11.3) d�dei to sÔnoro me sundèsei
 geitoni�
 8 shme�wn. Tostoiqe�o B = L (Sq ma 11.4), maz� me ta stoiqe�a pou prokÔptoun me peristrof  ap'autì, d�dei èna skeletì omoiotopikì tou antikeimènou.
• P�qunshSumplhrwmatik  pr�xh th
 lèptunsh
 e�nai h p�qunsh

X ⊙ B = X ∪ (X ∗©B). (11.9)To stoiqe�o B = C (Sq ma 11.4), maz� me ta stoiqe�a pou prokÔptoun me peristrof  ap'autì, d�dei èna kurtì per�gramma tou antikeimènou.
L :

u u u
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u C :
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u eSq ma 11.4: Domik� stoiqe�a omoiotopikoÔ skeletoÔ kai kurtoÔ perigr�mmato

11.2 Morfologik  epexergas�a eikìnwn fwteinìthta
Sti
 eikìne
 fwteinìthta
 oi morfologikè
 pr�xei
 sunistoÔn mh grammik� f�ltra epexer-gas�a
. Se aut  thn per�ptwsh to domikì stoiqe�o, b(m, n), e�nai mia upoeikìna, mikr 
 sun jw
èktash
, pou prosdior�zetai ep� enì
 sunìlou shme�wn Db. Gia par�deigma mpore� na e�nai

b(m, n) = 1, Db = {(m, n) : m2 + n2 ≤ 8}.H tim  ja mporoÔse na e�nai kai b(m, n) = 0 gia ìla ta shme�a tou ek�stote Db.
• Di�brwshE�n f(m, n) e�nai oi timè
 th
 eikìna
 h di�brwsh me to domikì stoiqe�o b(m, n) d�detaimèsw mia
 el�qisth
 tim 
 w
 ex 


(f ⊖ b)(m, n) = min{f(m + k, n + l) − b(k, l)|(k, l) ∈ Db}, (11.10)gia ìsa shme�a mpore� na orisje� h tim  f(m + k, n + l). Opìte an to stoiqe�o b(m, n)lamb�nei th mhdenik  tim  h di�brwsh e�nai apl� h el�qisth tim  th
 arqik 
 eikìna
 se
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mia geitoni� pou or�zetai apì to sÔnolo Db. An ìle
 oi timè
 tou domikoÔ stoiqe�ou e�naimh arnhtikè
, tìte h eikìna g�netai pio skoÔra. Ep�sh
 fwtein� st�gmata, an�loga me tomègejì
 tou
, perior�zontai.
• Diastol H diastol  d�detai mèsw th
 mègisth
 tim 
 w
 ex 


(f ⊕ b)(m, n) = max{f(m + k, n + l) + b(k, l)|(k, l) ∈ Db}, (11.11)gia ìsa shme�a mpore� na orisje� h tim  f(m + k, n + l). Se ant�jesh me th di�brwsh, anìle
 oi timè
 tou domikoÔ stoiqe�ou e�nai mh arnhtikè
, tìte h eikìna g�netai pio fwtein .Ep�sh
 skotein� st�gmata, an�loga me to mègejì
 tou
, perior�zontai. H diafor� dia-stol 
 kai di�brwsh
 d�dei th morfologik  kl�sh pou entop�zei ti
 akmè
,
g = (f ⊕ b) − (f ⊖ b). (11.12)Sthn aploÔsterh per�ptwsh ja e�nai

g(m, n) = max{f(m+k, n+ l)|k2 + l2 ≤ 2}−min{f(m+k, n+ l)|k2 + l2 ≤ 2}. (11.13)Mpore� ep�sh
 na orisje� o Laplacian telest 
 w
 akoloÔjw

g(m, n) = max{f(m+k, n+l)|k2+l2 ≤ 2}+min{f(m+k, n+l)|k2+l2 ≤ 2}−2f(m, n).

(11.14)

• 'Anoigma kai kle�simoTo �noigma or�zetai kat� trìpo ant�stoiqo me thn per�ptwsh twn duadik¸n eikìnwn meqr sh ano�gmato
 kai kleis�mato
,
fb = (f ⊖ b) ⊕ b̆, (11.15)ìpou to stoiqe�o b̆ antistoiqe� sto summetrikì tou b w
 pro
 thn arq  (0, 0). Parìmoiaor�zetai to kle�simo
f b = (f ⊕ b) ⊖ b̆. (11.16)To �noigma leia�nei ti
 korufè
 th
 fwteinìthta
, en¸ to kle�simo leia�nei ti
 qar�dre
.H diadoqik  qr sh tou ano�gmato
 kai tou kleis�mato
 se mia eikìna odhge� se exom�lunshtwn tim¸n th
 eikìna
 parìmoia me aut  pou d�dei to f�ltro mesa�a
 tim 
. Akribèsteraèna f�ltro mesa�a
 tim 
 se èna d�sko me akt�na dipl�sia aut 
 tou domikoÔ stoiqe�outwn morfologik¸n pr�xewn d�dei parapl sio apotèlesma.
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