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Kef�laio 12Apokat�stash eikìnwnPollè forè oi eikìne kat� th l yh uf�stantai paramìrfwsh. H epexergas�a pou skopeÔeiston periorismì th paramìrfwsh onom�zetai apokat�stash. Pijanè ait�e paramìrfwshe�nai h k�nhsh kat� th di�rkeia th l yh th eikìna, h kak  est�ash,  , sthn per�ptwshdoruforik¸n eikìnwn, oi atmosfairikè diataraqè.Suqn� sa montèlo th paramìrfwsh th arqik  idanik  eikìna, f(x, y), qrhsimopoie�taièna grammikì f�ltro h(x, y), sthn èxodo tou opo�ou prost�jetai jìrubo
g(x, y) =

∫ ∫

h(x − x′, y − y′)f(x′, y′)dx′dy′ + w(x, y) (12.1)me ∫ ∫

h(x, y)dxdy = 1, kai jewr¸nta ìti h mèsh tim  tou jorÔbou, w(x, y), e�nai mhdèn kaih diaspor� tou σ2. H kroustik  apìkrish tou f�ltrou onom�zetai kai sun�rthsh diaspor�shme�ou. Parade�gmata sunart sewn diaspor� shme�ou d�dontai sth sunèqeia:
• Metak�nhsh sthn kateÔjunsh θ kat� L

h(x, y) =
1

L
Π1(

x cos θ + y sin θ

L
)δ(−x sin θ + y cos θ)me metasqhmatismì Fourier,

H(u, v) = sinc(πL(u cos θ + v sin θ))H grafik  par�stash th sun�rthsh sinc d�detai sto Sq ma 4.3.
• Kak  est�ash me akt�na r

h(x, y) =
1

πr2
, x2 + y2 ≤ r2me metasqhmatismì Fourier,

H(u, v) =
J1(rρ)

rρ
, ρ =

√

u2 + v2.ìpou J1(.) e�nai m�a sun�rthsh Bessel. H J1(rρ)
rρ

d�detai sto Sq ma 12.1. Mia eikìna mekak  est�ash kat� th l yh d�detai sto Sq ma 12.2.
• Atmosfairikè diataraqè diaspor� α2

h(x, y) =
1

2πα2
e
−

x2+y2

2α2
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Sq ma 12.1: Metasqhmatismì Fourier th apìkrish sthn kak  est�ash

Sq ma 12.2: Kak� estiasmènh eikìname metasqhmatismì Fourier,

H(u, v) = e−2π2α2(u2+v2).Se diakrit  morf  h ex�swsh pou d�nei thn parathroÔmenh eikìna e�nai h ex 
g(m, n) =

∑

m′

∑

n′

h(m − m′, n − n′)f(m′, n′) + w(m, n), (12.2)pou mpore� na grafe�, jewr¸nta ta dianÔsmata f kai g pou kataskeu�zontai apì ti timè twn
f(., .) kai g(., .) ant�stoiqa,

g = Hf + w, (12.3)ìpou o p�naka H kataskeu�zetai apì ta de�gmata th sun�rthsh diaspor� shme�ou h(., .). Hapokat�stash sun�statai sthn antistrof  tou gnwstoÔ telest  H th parap�nw sqèsh giathn eÔresh tou f apì to parathroÔmeno g. O p�naka H ìpw èqei orisje� anwtèrw e�nai mplok
Toeplitz. Autì shma�nei ìti sun�statai apì p�nake Toeplitz me thn idiìthta th ex�rthshtwn stoiqe�wn tou mìno apì th diafor� twn deikt¸n. Qwr� kam�a allo�wsh twn parap�nwexis¸sewn, kai epekte�nonta kat�llhla tou p�nake me mhdenik�, prokÔptoun p�nake kuk-liko�, en¸ o p�naka H metatrèpetai se mplok kuklikì. H dom  tou p�naka H èqei w ex , an
N2 × N2 e�nai h di�stash tou p�naka,

H =













H(0) H(N − 1) · · · H(1)
H(1) H(0) · · · H(2)

...
...

...
...

H(N − 1) H(N − 2) · · · H(0)













,

69



ìpou oi p�nake H(m) èqoun th morf 
H(m) =













h(m, 0) h(m, N − 1) · · · h(m, 1)
h(m, 1) h(m, 0) · · · h(m, 2)

...
...

...
...

h(m, N − 1) h(m, N − 2) · · · h(m, 0)













.H allag  aut  e�nai idia�tera endiafèrousa giat� epitrèpei th qr sh tou diakritoÔ metasqhma-tismoÔ Fourier gia th lÔsh tou probl mato apokat�stash.D�dontai sth sunèqeia lÔsei tou ant�strofou probl mato gia thn apokat�stash twneikìnwn.
12.1 Ant�strofo f�ltroTo ant�strofo f�ltro h(−1) or�zetai w akoloÔjw

∑

m′

∑

n′

h(−1)(m − m′, n − n′)h(m′, n′) = δ(m, n) (12.4)kai gia ti apokr�sei sti suqnìthte
H(−1)(u, v)H(u, v) = 1 (12.5)Opìte èqonta metatrèyei tou ant�stoiqou p�nake se kuklikoÔ h lÔsh mpore� na doje� mèswtou diakritoÔ metasqhmatismoÔ Fourier

F̂ (u, v) =
G(u, v)

H(u, v)
. (12.6)Me dosmèno ìti gia k�poie suqnìthte mpore� h apìkrish H(u, v) na mhden�zetai t�jetai kat'arq n èna jèma Ôparxh gia to ant�strofo f�ltro, ki opwsd pote èna z thma eust�jeia, methn ènnoia th antoq  sto jìrubo. Efìson to ant�strofo f�ltro up�rqei, h prosdokht  tim th antistrof  th parat rhsh apokajist� tèleia thn eikìna, me pollaplasiasmènh ìmw thdiaspor� tou jorÔbou sti uyhlè suqnìthte. To fainìmeno autì mpore� na periorisje� me thqr sh enì bajuperatoÔ f�ltrou, pou ìmw ja mei¸sei thn eukr�neia th eikìna.

12.2 Yeudo-ant�strofo f�ltroH antistrof  tou p�naka H (12.3) proüpojètei ìti e�nai tetragwnikì. PolÔ suqn� h di�stashth parathroÔmenh eikìna e�nai megalÔterh apì aut  th apokajistìmenh. Tìte h antistro-f  zhte�tai me thn ènnoia th elaqistopo�hsh th apìstash ‖Hf − g‖2. E�n o p�naka HT He�nai antistrèyimo, h lÔsh e�nai
f̂ = (HT H)−1HT g (12.7)kai, e�n qrhsimopoihje� o diakritì metasqhmatismì Fourier,

F̂ (u, v) =
H∗(u, v)G(u, v)

|H(u, v)|2
, H(u, v) 6= 0. (12.8)Wstìso to prìblhma sqetik� me thn eust�jeia paramènei. H qr sh enì epanalhptikoÔalgìrijmou epitrèpei thn eÔresh th lÔsh qwr� thn �mesh antistrof  tou p�naka HT H,
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kai tautìqrona d�dei èna trìpo gia thn antimet¸pish tou zht mato th eust�jeia. SeParart mata d�dontai dÔo epanalhptikè mèjodoi ep�lush me kat�bash sthn kateÔjunsh thkl�sh h m�a, kai th suzugoÔ kl�sh h �llh. H pr¸th den apaite� diairèsei kai e�nai pio arg apì th deÔterh. Kai sti dÔo peript¸sei k�je nèa epan�lhyh belti¸nei thn apokajistìmenheikìna, aux�nonta ìmw tautìqrona to jìrubo. H bèltisth sunolik� lÔsh prokÔptei ìtan oiepanal yei termatisjoÔn prin thn tèleia antistrof  tou p�naka HT H.

12.3 Genikeumènh antistrof Sthn per�ptwsh pou o p�naka HT H den e�nai antistrèyimo, mpore� na zhthje� h lÔsh thopo�a to mètro e�nai el�qisto. Anaferìmaste tìte sth genikeumènh antistrof , pou sumbol�-zetai w ex 
f# = H#g.O genikeumèno ant�strofo ikanopoie� ti sunj ke Moore-Penrose

HH#H = H

H#HH# = H#

(HH#)T = HH#

(H#H)T = H#HO genikeumèno ant�strofo mpore� na ekfrasje� me th bo jeia twn idiazous¸n tim¸n kai twnant�stoiqwn dianusm�twn tou p�naka H. A e�nai
H = UΛV T , me UT U = II kai V T V = IIìpou o p�naka Λ perilamb�nei ti idi�zouse timè tou H: {λ1, . . . , λR}. Ja isqÔei tìte

H# =
R

∑

r=1

1

λr
vru

T
r ,ìpou ur (ant�stoiqa vr) e�nai oi st le tou U (ant�stoiqa V ). H lÔsh e�nai

f# =
R

∑

r=1

1

λr
〈g, ur〉vr.To prìblhma th ast�jeia paramènei, ki antimetwp�zetai agno¸nta sto parap�nw �jroismatou ìrou me qamhlè idi�zouse timè.

12.4 Exom�lunsh'Ena ant�strofo prìblhma jewre�tai ìti èqei teje� k�tw apì kalè sunj ke, e�n up�rqei lÔsh,kai m�a mình, ki epiplèon aut  h lÔsh e�nai stajer . H mèjodo th exom�lunsh metatrèpei ènaprìblhma pou t�jetai k�tw apì dusmene� ìrou s' èna prìblhma pou mpore� na luje� k�tw apìkalè sunj ke. Pro toÔto prost�jetai m�a sunj kh eust�jeia sto krit rio elaqistopo�hshpou ekfr�zei to ant�strofo prìblhma. Kat�llhle tètoie sunj ke eust�jeia or�zontai meth bo jeia twn telest¸n parag¸gish. H qr sh twn pr¸twn merik¸n parag¸gwn d�dei thnakìloujh lÔsh
f̂ = (HT H + µ(DT

x Dx + DT
y Dy))

−1HT g.
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H par�metro µ onom�zetai suntelest  exom�lunsh. H qr sh tou laplasianoÔ telest  d�deithn ex  lÔsh
f̂ = (HT H + µLT L)−1HT g.H ep�lush mpore� na g�nei me m�a apì ti epanalhptikè mejìdou pou d�dontai sta Parart mata,  me qr sh tou diakritoÔ metasqhmatismoÔ Fourier.E�n e�nai gnwst� ta f�smata isqÔo tìso th arqik  eikìna (Pf (u, v)), ìso kai toujorÔbou (Pw(u, v)), tìte mporoÔn na qrhsimopoihjoÔn gia thn prosarmog  th exom�lunsh,d�donta to f�ltro Wiener

F̂ (u, v) =
Pf (u, v)H∗(u, v)G(u, v)

Pf (u, v)|H(u, v)|2 + Pw(u, v)
.

12.5 Parart mata
12.5.1 Kat�bash sthn kateÔjunsh th kl�shKat� thn epan�lhyh k + 1 h lÔsh d�detai apì thn ex�swsh

f̂ (k+1) = f̂ (k) − βHT (Hf̂ (k) − g)me f̂ (0) = βHT g. H epanalhptik  aut  sqèsh d�dei
f̂ (k) = β

k
∑

l=0

(II − βHT H)lHT gkai sugkl�nei me thn proüpìjesh ìti
0 < β <

2

λ2
max

,ìpou λ2
max e�nai h mègisth idiotim  tou p�naka HT H.

12.5.2 Algìrijmo twn suzug¸n kl�sewnGia aplopo�hsh jètoume: Q = HT H kai b = HT g. O p�naka Q e�nai summetrikì kai jetik�orismèno, diast�sewn K × K. DÔo dianÔsmata d1 kai d2 onom�zontai Q-orjog¸nia, an
dT

1 Qd2 = 0. To sÔnolo K Q-orjog¸niwn dianusm�twn apotele� m�a pl rh b�sh sto q¸ro
K diast�sewn. Ja e�nai epomènw

f =
K−1
∑

k=0

αkdk.O algìrijmo twn suzug¸n kl�sewn kataskeu�zei tautìqrona ti suzuge� kl�sei kai th lÔshtou sust mato grammik¸n exis¸sewn, kai sugkl�nei se K akrib¸ b mata. Gia mia opoiad potearqik  lÔsh f̂ (0), upolog�zetai h kl�sh d0 = b − Qf̂ (0). Gia k = 0, . . . , K − 1, upolog�zetai hnèa lÔsh tou sust mato me m�a diìrjwsh sthn kateÔjunsh th kl�sh
f̂ (k+1) = f̂ (k) + αkdk,ìpou αk = (b−Qf̂ (k))T dk

dT
k

Qdk
. H nèa kl�sh, Q-orjog¸nia sti prohgoÔmene, ja e�nai

dk+1 = b − Qf̂ (k+1) + βkdk,ìpou βk = (Qf̂ (k+1)−b)T Qdk

dT
k

Qdk
.
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