
Ψηφιακή Επεξεργασία Εικόνων
Ενότητα: Ανάλυση σε ζώνες συχνοτήτων

Καθηγητής Γεώργιος Τζιρίτας

Τμήμα Επιστήμης Υπολογιστών

ΕΛΛΗΝΙΚΗ ΔΗΜΟΚΡΑΤΙΑ
ΠΑΝΕΠΙΣΤΗΜΙΟ ΚΡΗΤΗΣ



Kef�laio 14An�lush se z¸ne
 suqnot twnMe thn an�lush h eikìna diaqwr�zetai se mikrìtere
 eikìne
 pou h kajem�a antistoiqe� sem�a diaforetik  z¸nh suqnot twn. Epeid  kat� kanìna gia ta 2-D s mata qrhsimopoioÔntaidiaqwr�sima f�ltra gia thn an�lush, e�nai arketì na anaptÔxoume to z thma gia 1-D s mata.A
 xekin soume me k�poiou
 qr simou
 orismoÔ
. Onom�zetai apodekatismì
 t�xh
 p (ìpou
p > 1 fusikì
 arijmì
) h periodik  deigmatolhy�a enì
 apì k�je p de�gmata enì
 s mato
. Toapodekatismèno s ma pou prokÔptei apì to s ma x(n) e�nai

y(n) = x(pn) (14.1)A
 onom�soume X(z) (ant�stoiqa Y (z)) to metasqhmatismì Z tou x(n) (ant�stoiqa y(n)). Hsqèsh metaxÔ twn dÔo metasqhmatism¸n Z prokÔptei w
 ex 
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p ) (14.2)Ap' aut  th sqèsh mpore� na exaqje� ep�sh
 h sqèsh metaxÔ twn dÔo metasqhmatism¸n Fourier
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) (14.3)E�nai fanerì ìti me ton apodekatismì dhmiourge�tai èna prìblhma yeud¸numwn suqnot twn.To fainìmeno autì den e�nai epijumhtì, ant�jeta epizhte�tai o periorismì
 tou apodekatismènous mato
 se mia z¸nh suqnot twn eÔrou
 1/p. Gi' autì apaite�tai h qr sh enì
 bajuperatoÔf�ltrou prin ton apodekatismì. To idanikì f�ltro, e�n up rqe, ja e�qe thn akìloujh apìkrishsti
 suqnìthte


H(u) =

{

1 |u| ≤ 1

2p

0 1

2p < |u| ≤ 1

2

(14.4)78



Sthn pr�xh gia èna opoiod pote f�ltro kai met� ton apodekatismì ja omiloÔme gia prosèggishtou s mato
 se kl�maka 1/p kai ja èqoume ti
 akìlouje
 sqèsei

xa(n : p) =

∞
∑
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h(pn − k)x(k) (14.5)
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Xa(z : p) =
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) (14.7)Sthn ant�jeth kateÔjunsh se sqèsh me ton apodekatismì eur�sketai h parembol  deigm�twnme mhdenik  tim  gia thn epèktash tou s mato
 kat� èna par�gonta p. To s ma pou prokÔpteie�nai to akìloujo

y(n) =

{

x(n
p ) n%p = 0

0 n%p 6= 0
(14.8)ìpou n%p dhl¸nei to upìloipo th
 dia�resh
 tou n dia p. ApodeiknÔetai eÔkola ìti metaxÔ twnmetasqhmatism¸n Z kai Fourier isqÔoun oi akìlouje
 sqèsei


Y (z) = X(zp) (14.9)
Y(u) = X (pu) (14.10)H stajmismènh parembol  p−1 tim¸n metaxÔ dÔo tim¸n tou arqikoÔ s mato
 x(n) prokÔpteime th qr sh enì
 bajuperatoÔ f�ltrou met� thn parembol  twn mhdenik¸n tim¸n. Opìte jaèqoume
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h(n − pl)x(l) (14.11)MetaxÔ twn metasqhmatism¸n Z kai Fourier isqÔoun oi akìlouje
 sqèsei

Xi(z : p) = H(z)X(zp) (14.12)
Xi(u : p) = H(u)X (pu) (14.13)Sth sunèqeia ja periorisjoÔme mìno sthn per�ptwsh th
 an�lush
 se dÔo z¸ne
 suqnot twn(p = 2) me b�sh tou
 parap�nw orismoÔ
. H prosèggish tou s mato
 se kl�maka 1/2 antis-toiqe� sth z¸nh qamhl¸n suqnot twn. Sun jw
 to f�ltro h(n) epilègetai ¸ste na ikanopoie�th sunj kh
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h(2n + 1)Me parìmoio trìpo kai sthn �dia kl�maka mporoÔn na exaqjoÔn oi leptomèreie
 tou s mato
pou antistoiqoÔn sti
 uyhlè
 suqnìthte
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g(2n − k)x(k) (14.14)Opìte ja èqoume, qrhsimopoi¸nta
 thn Ex�swsh (14.6)
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) (14.15)79



To f�ltro gia thn exagwg  twn uyhl¸n suqnot twn epilègetai me b�sh to bajuperatì f�ltropou qrhsimopoie�tai gia thn prosèggish. Sun jh
 epilog  e�nai h akìloujh
G(u) = e−j2πuH∗(u − 1

2
) (14.16)
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z
) (14.17)

g(n) = (−1)1−nh(1 − n) (14.18)Apì thn prosèggish kai apì ti
 leptomèreie
 tou s mato
, akìma ki an to f�ltro h dene�nai idanikì mpore� na apokatastaje� tèleia to arqikì s ma arke� na qrhsimopoihje� staj-mismènh parembol  me to f�ltro H(1

z ) gia ti
 qamhlè
 suqnìthte
 kai me to G(1

z ) gia ti
 uyhlè
suqnìthte
, kai ta dÔo prokÔptonta s mata na prostejoÔn. A
 e�nai X̂(z) o metasqhmatismì

Z pou prokÔptei m�utì ton trìpo. Ja èqoume
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z ) = 2, tìte X̂(z) = X(z). H parap�nw sunj kh e�naiisodÔnamh me
|H(u)|2 + |H(u − 1

2
)|2 = 2 (14.19)Epiplèon metaxÔ twn f�ltrwn H kai G apaite�tai m�a sqèsh orjogwniìthta


∫ 1

2

−
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2

H(u)G∗(u)du = 0F�ltra pou epalhjeÔoun autè
 ti
 sqèsei
 an koun sthn kathgor�a twn suzug¸n orjog¸niwnf�ltrwn.Ena zeÔgo
 f�ltrwn pou ikanopoie� ìle
 ti
 parap�nw apait sei
 e�nai to akìloujo
H(z) =

1√
2
(1 + z−1) kai G(z) =

1√
2
(−1 + z−1)pou ìmw
 èqei ptwqè
 epidìsei
 w
 pro
 thn an�lush se z¸ne
 suqnot twn. Kat� kanìnaqrhsimopoioÔntai f�ltra me peperasmènh, all� megalÔterh se èktash, kroustik  apìkrish,pou ikanopoioÔn proseggistik� ti
 parap�nw apait sei
. Tètoia parade�gmata f�ltrwn d�dontaiston P�naka 14.1.Sthn per�ptwsh 2-D shm�twn ta qrhsimopoioÔmena 2-D f�ltra prokÔptoun me b�sh thn arq th
 diaqwrisimìthta
. Etsi gia an�lush se tèsserei
 z¸ne
 suqnot twn qrhsimopoioÔntai taex 
 f�ltra

hLL(m, n) = h(m)h(n)

hLH(m, n) = h(m)g(n)

hHL(m, n) = g(m)h(n)

hHH(m, n) = g(m)g(n)H an�lush mpore� na epanalhfje� gia opoiad pote apì ti
 z¸ne
 suqnot twn, all� kur�w
èqei endiafèron h peraitèrw an�lush th
 z¸nh
 qamhl¸n suqnot twn gia prosèggish se mikrìte-rh kl�maka. Sunolik� to 2-D s ma mpore� na analuje� se K s mata Ik, me diaforetik  èktashto kajèna sth genik  per�ptwsh.
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n h4(n) h6(n) h8(n) h10(n) h12(n)0 .483 .333 .230 .160 .1121 .837 .807 .715 .604 .4952 .224 .460 .631 .724 .7513 −.129 −.135 −.028 .138 .3154 −.085 −.187 −.242 −.2265 .035 .031 −.032 −.1306 .033 .078 .0987 −.011 −.006 .0288 −.013 −.0329 .003 .00110 .00511 −.001P�naka
 14.1: F�ltra prosèggish
 se kl�maka 1/2
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