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Kef�laio 42-D deigmatolhy�a'Estw èna 2-D orjog¸nio plègma shme�wn periodik� diatagmènwn sto ep�pedo twn pragmatik¸narijm¸n (Sq ma 4.1). To plègma autì d�dei ta shme�a ìpou ja lhfjoÔn de�gmata apì to2-D suneqè s ma. A e�nai ∆x (ant�stoiqa ∆y) h per�odo th deigmatolhy�a w prì x(ant�stoiqa y). Me b�sh thn idiìthta th katanom  Dirac, pou d�detai sthn Ex�swsh (3.6),
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Sq ma 4.1: 2-D orjog¸nio plègma shme�wngia exagwg  deigm�twn apì èna 2-D s ma, or�zetai h �sun�rthsh� deigmatolhy�a
s(x, y) = ∆x∆y

∞
∑

m=−∞

∞
∑

n=−∞

δ(x − m∆x, y − n∆y). (4.1)To apotèlesma th deigmatolhy�a tou s mato f(x, y) e�nai to ginìmeno autoÔ tou s matome th �sun�rthsh� deigmatolhy�a
fs(x, y) = s(x, y)f(x, y), (4.2)pou d�dei

fs(x, y) = ∆x∆y

∞
∑

m=−∞

∞
∑

n=−∞

f(m∆x, n∆y)δ(x − m∆x, y − n∆y). (4.3)
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H deigmatolhy�a sunep�getai periodikopo�hsh sto ped�o twn suqnot twn. Pr�gmati ometasqhmatismì Fourier tou s mato fs(x, y) prokÔptei apì th sunèlixh tou F (u, v) me to
S(u, v), to metasqhmatismì Fourier th s(x, y). Epeid  h s(x, y) e�nai periodik  sun�rthsh,mpore� na parastaje� me th bo jeia mia seir� Fourier, pou e�nai h akìloujh

s(x, y) =
∞
∑

m=−∞

∞
∑

n=−∞

e
j2π(m x

∆x
+n y

∆y
)
. (4.4)Pr�gmati oi suntelestè th seir� Fourier e�nai �soi me th mon�da
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)
dxdy =

∫ ∆x/2

−∆x/2

∫ ∆y/2

−∆y/2
δ(x, y)e

−j2π(m x

∆x
+n y

∆y
)
dxdy = 1.Sthrizìmenoi t¸ra sthn Ex�swsh (3.15), br�skoume

S(u, v) =
∞
∑

m=−∞

∞
∑

n=−∞

δ(u −
m

∆x
, v −

n

∆y
). (4.5)Epomènw to apotèlesma th sunèlixh, me b�sh kai thn Ex�swsh (3.6), e�nai

Fs(u, v) =
∞
∑

m=−∞

∞
∑

n=−∞

F (u −
m

∆x
, v −

n

∆y
). (4.6)H sun�rthsh aut  e�nai profan¸ periodik , me per�odo th suqnìthta deigmatolhy�a νx = 1

∆x(ant�stoiqa νy = 1
∆y ) gia th suqnìthta u (ant�stoiqa v).Sto z thma an e�nai dunatì na anakataskeuasje� to suneqè s ma apì ta periodik� toude�gmata ìpw or�sjhkan prohgoÔmena apant� to je¸rhma th deigmatolhy�a.Je¸rhma th 2-D deigmatolhy�aAn to s ma f(x, y) e�nai peperasmènh z¸nh suqnot twn, dhlad , an

F (u, v) = 0, |u| > uM , |v| > vM , (4.7)tìte arke� oi suqnìthte deigmatolhy�a na e�nai toul�qiston �se me ti suqnìthte Nyquist,

νx ≥ 2uM , νy ≥ 2vM , (4.8)gia na mpore� na apokatastaje� tèleia to suneqè s ma apì to diakritì pou d�dei h deigma-tolhy�a.Sto Sq ma 4.2 fa�netai h periodikopo�hsh lìgw deigmatolhy�a sto ep�pedo twn suqnot twn,se sunj ke isqÔo tou jewr mato th deigmatolhy�a. O kÔklo pou perib�llei thn arq twn axìnwn antistoiqe� sto qwr�o ìpou ekte�netai me mh mhdenikè timè o metasqhmatismì
Fourier tou s mato.H anakataskeu  tou suneqoÔ s mato epitugq�netai qrhsimopoi¸nta èna f�ltro pou d�deitèleia thn kÔria per�odo tou Fs(u, v)

H(u, v) =

{

1, |u| ≤ νx

2 kai |v| ≤
νy

2
0, |u| > νx

2 e�te |v| >
νy

2

(4.9)Profan¸ èqoume
F (u, v) = H(u, v)Fs(u, v). (4.10)

11



νx

νy

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

j j j j j j j j j

-

6

u

v

Sq ma 4.2: H periodikopo�hsh sto ep�pedo FourierO ant�strofo metasqhmatismì Fourier tou H(u, v) e�nai (blèpe Ex�swsh (3.16))

h(x, y) =
1

∆x∆y
sinc

πx

∆x
sinc

πy

∆y
, (4.11)ìpou sincx = sin x

x (Sq ma 4.3). Opìte h parembol  gia opoiad pote tim  twn x kai y d�detaiapì thn akìloujh sunèlixh
f(x, y) =

∞
∑

m=−∞

∞
∑

n=−∞

f(m∆x, n∆y)sinc
π(x − m∆x)

∆x
sinc

π(y − m∆y)

∆y
. (4.12)

Sq ma 4.3: Sun�rthsh sincAn oi suqnìthte deigmatolhy�a e�nai k�tw apì ti suqnìthte Nyquist, tìte prokÔptounepikalÔyei sto f�sma twn suqnot twn, m' apotèlesma na e�nai adÔnato na anakthje� tèleia tosuneqè s ma. Oi suqnìthte pou lìgw epik�luyh all�zoun jèsh onom�zontai yeud¸nume,kai eis�goun paramìrfwsh sto suneqè s ma. Sunep¸ oi Exis¸sei (4.10) kai (4.12) denisqÔoun. Gia ton periorismì aut  th paramìrfwsh sunist�tai h qr sh tou f�ltrou H(u, v)prin th deigmatolhy�a.
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Paramìrfwsh mpore� ep�sh na eisaqje�, èstw ki an ikanopoioÔntai oi sunj ke tou jewr -mato th deigmatolhy�a, an to f�ltro th parembol  den e�nai idanikì. An dhlad  denqrhsimopoihje� to f�ltro th Ex�swsh (4.11), pou den e�nai praktik� ulopoi simo, all� k�poio�llo pou na to prosegg�zei, èqonta gia par�deigma peperasmènh apìkrish sto q¸ro. Tètoiaf�ltra parembol  e�nai ta akìlouja:
• h0(x, y) = 1

∆x∆yΠ2(
x

∆x , y
∆y )

• h1(x, y) = h0(x, y)∗h0(x, y) =

{

1
∆x∆y

(

1 − |x|
∆x

) (

1 − |y|
∆y

)

, |x| < ∆x kai |y| < ∆y

0 alloÔ
• h2(x, y) = h1(x, y) ∗ h0(x, y)Sto Sq ma 4.4 de�qnetai h diergas�a th deigmatolhy�a kai o rìlo tou bajuperatoÔf�ltrou. Ed¸ h arqik  eikìna e�nai ep�sh orismènh p�nw se èna diakritì plègma, kai uf�stataiupodeigmatolhy�a me rujmì 1/4, dhlad  lamb�nonta èna sta tèssera de�gmata tìso sthnorizìntia, ìso kai sthn katakìrufh kateÔjunsh. De�qnetai to apotèlesma ìtan prohge�taith deigmatolhy�a h qr sh bajuperatoÔ f�ltrou, pou fusik� den e�nai to idanikì. An denqrhsimopoihje� to f�ltro, parathre�tai h emf�nish yeud¸numwn suqnot twn, pou bèbaia dendiorj¸nontai, an to bajuperatì f�ltro akolouj sei th deigmatolhy�a.'AskhshTo 2-D s ma f(x, y) = cos 4πx cos 6πy uf�statai deigmatolhy�a me ∆x = ∆y = 0, 5, kai me

∆x = ∆y = 0, 2. To f�ltro anakataskeu  e�nai èna ideatì bajuperatì f�ltro me eÔrh z¸nh
( 1
2∆x , 1

2∆y ). Po�a e�nai h anakataskeuazìmenh eikìna se k�je per�ptwsh;
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(a) (b)

(c) (d)Sq ma 4.4: Anw arister� : eikìna “Barbara”. Anw dexi� : qr sh bajuperatoÔ f�ltrou kaimet� deigmatolhy�a. K�tw arister� : deigmatolhy�a qwr� na prohghje� f�ltro. K�tw dexi� :deigmatolhy�a kai met� qr sh bajuperatoÔ f�ltrou.
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