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Kef�laio 6Kbantismì
'Ena
 kbantist 
 (Sq ma 6.1) antistoiqe� se m�a suneq  metablht  X m�a diakrit  tim  apìèna peperasmèno sÔnolo {r1, r2, . . . , rN} antiproswpeutik¸n tim¸n. Gia ton prosdiorismì toukbantist  apaite�tai afenì
 to sÔnolo twn antiproswpeutik¸n tim¸n kai afetèrou to sÔnolotwn shme�wn apìfash
 {d1, d2, . . . , dN−1} pou qwr�zoun ton �xona twn pragmatik¸n arijm¸nsta akìlouja diast mata
IR = (−∞, d1] ∪ (d1, d2] ∪ · · · ∪ (dN−1,∞). (6.1)Gia to sqediasmì enì
 kbantist  parousi�zontai sth sunèqeia dÔo prosegg�sei
 tou jèmato
.
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r1Sq ma 6.1: 'Ena
 summetrikì
 kbantist 
H pr¸th bas�zetai sta sumper�smata twn peiram�twn tou Weber, kai h deÔterh se kajar�statistik� krit ria.
6.1 Krit rio basismèno sthn optik  ant�lhyh mia
 ant�jesh
M�a dunatìthta gia ton kajorismì enì
 kbantist  prosfèretai apì to nìmo tou Weber giathn ant�lhyhth
 fwtein 
 ant�jesh
 (Ex�swsh (2.2) ). A
 e�nai L0 (ant�stoiqa LT ) h el�qisth(ant�stoiqa mègisth) tim  th
 fwtein 
 èntash
 pou zhte�tai h prosèggis  th
 apì èna pepe-rasmèno sÔnolo diakrit¸n antiproswpeutik¸n tim¸n. An upojèsoume ìti oi parap�nw akra�e
timè
 an koun sto di�sthma pou isqÔei h stajer� tou Weber C, gia na mhn e�nai orat  hparamìrfwsh pou eis�gei o kbantismì
, o apaitoÔmeno
 arijmì
 antiproswpeutik¸n tim¸n e�naitoul�qiston

N =
log LT

L0

log(1 + C)
+ 1. (6.2)
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M�a sunhjismènh tim  gia to lìgo LT /L0 e�nai 100. An epomènw
 lhfje� C = 0, 02, prokÔpteiìti apaitoÔntai 234 ep�peda kbantismoÔ, pou shma�nei ìti 8 bits e�nai arket� kat� kanìna giana parastajoÔn oi timè
 mia
 eikìna
. Aut  h mèjodo
 kbantismoÔ isoduname� me omoiìmorfokbantismì tou log�rijmou th
 fwtein 
 èntash
.
6.2 Statistikì krit rioA
 e�nai X m�a tuqa�a metablht , th
 opo�a
 h sun�rthsh puknìthta
 pijanìthta
 e�nai p(x).Zhte�tai o prosdiorismì
 tìso twn epipèdwn kbantismoÔ, ìso kai twn shme�wn apìfash
, giadosmèno arijmì N diasthm�twn kai epipèdwn kbantismoÔ, me trìpo ¸ste to mèso tetragwnikìsf�lma na elaqistopoie�tai

D = E{(X − Q(X))2} =
N
∑

i=1

∫ di

di−1

(x − ri)
2p(x)dx, (6.3)ìpou Q(.) e�nai o telest 
 tou kbantismoÔ, kai d0 = −∞, dN = ∞.Oi Lloyd kai Max èdwsan ti
 anagka�e
 sunj ke
 gia thn elaqistopo�hsh tou D, pousun�stantai se dÔo sust mata exis¸sewn. To pr¸to sÔsthma d�dei thn kalÔterh antipros¸peush,me dosmèna ta diast mata

ri = E{X|X ∈ (di−1, di)} =

∫ di

di−1
xp(x)dx

∫ di

di−1
p(x)dx

; i = 1, . . . , N. (6.4)To deÔtero sÔsthma d�dei thn kalÔterh tmhmatopo�hsh tou �xona twn pragmatik¸n arijm¸n medosmèna ta ep�peda antipros¸peush

di =

ri + ri+1

2
; i = 1, . . . , N − 1. (6.5)Analutikè
 ekfr�sei
 gia th lÔsh tou parap�nw sust mato
 exis¸sewn lamb�nontai mìnogia eidikè
 peript¸sei
 katanom¸n kai arijmoÔ epipèdwn kbantismoÔ.Par�deigma 6.1. A
 upoteje� ìti h katanom  e�nai omoiìmorfh sto di�sthma [L0, LT ].Tìte apì thn ex�swsh (6.4) prokÔptei ìti

ri =
di−1 + di

2
.Opìte apì to sÔnolo twn exis¸sewn, pou s' aut  thn per�ptwsh e�nai ìle
 grammikè
, èqoumethn akìloujh lÔsh gia ta ìria twn diasthm�twn

d0 = L0, di − di−1 =
LT − L0

N
(i = 1, . . . , N).Ta ep�peda kbantismoÔ ja e�nai

ri = L0 +

(

i − 1

2

)

LT − L0

N
, i = 1, . . . , N.'Ara ta diast mata kai ta ep�peda kbantismoÔ katanèmontai omoiìmorfa sthn per�ptwsh th
omoiìmorfh
 katanom 
. To el�qisto mèso tetragwnikì sf�lma e�nai

Dmin =
(LT − L0)

2

12N2
.
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Sth genik  per�ptwsh to parap�nw sÔsthma exis¸sewn (6.4) kai (6.5) mpore� na epiluje�mìno me arijmhtikè
 epanalhptikè
 mejìdou
. Met� apì k�poie
 arqikè
 timè
 gia ta ep�pedakbantismoÔ, qrhsimopoioÔntai diadoqik�, kai epanalhptik� mèqri th sÔgklish, oi exis¸sei
 (6.5)kai (6.4). Prèpei na shmeiwje� ìti h epanalhptik  ep�lush tou sust mato
 twn exis¸sewnden exasfal�zei p�ntote thn elaqistopo�hsh tou mèsou tetragwnikoÔ sf�lmato
. Mpore� hsÔgklish na odhg sei s' èna topikì el�qisto, ìtan oi parap�nw sunj ke
 e�nai mìno anagka�e
,all� ìqi kai ikanè
 gia thn elaqistopo�hsh tou D. Sto Sq ma 6.2 d�dontai apotelèsmatakbantismoÔ me qr sh th
 parap�nw mejìdou, ìpou h katanom  pijanìthta
 gia ti
 timè
 th
èntash
 prokÔptei empeirik�.

(a) (b)

(c) (d)Sq ma 6.2: Kbantismì
 se 256, 16, 8 kai 4 ep�peda prosarmosmèna sthn katanom  twnapoqr¸sewn th
 eikìna
.O Lloyd-Max kbantist 
 èqei ti
 akìlouje
 idiìthte
.
• H mèsh kbantismènh tim  e�nai �sh me th mesh tim  th
 metablht 


E{Q(X)} = E{X}.

• H kbantismènh tim  kai to sf�lma kbantismoÔ e�nai asusqètiste
 metablhtè

E{(X − Q(X))Q(X)} = 0.
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• H diaspor� tou sf�lmato
 kbantismoÔ e�nai �sh me th diafor� th
 diaspor�
 th
 metablht 
me�on th diaspor� twn kbantismènwn tim¸n
E{(X − Q(X))2} =

∫

∞

−∞

x2p(x)dx −
N
∑

i=1

Pir
2
i ,ìpou Pi =

∫ di

di−1
p(x)dx.

• Asumptwtik�, dhlad  gia meg�lo N , h diaspor� tou sf�lmato
 kbantismoÔ mei¸netaiìpw
 to 1/N2,

D ≈

(

∫

∞

−∞
(p(x))1/3dx

)3

12N2
.An h tuqa�a metablht  X katanèmetai omoiìmorfa, ta diast mata kbantismoÔ e�nai isom kh,kai ta ep�peda kbantismoÔ katanèmontai omoiìmorfa, ìpw
 apode�qjhke sto Par�deigma 6.1.O omoiìmorfo
 kbantist 
 prosdior�zetai me th qr sh m�a
 mìno paramètrou, to b ma toukbantismoÔ. Gi' autì to lìgo ja mporoÔse na èqei endiafèron kai sthn per�ptwsh metablht¸npou den katanèmontai omoiìmorfa. An m�a metablht  katanèmetai sto sÔnolo twn pragmatik¸narijm¸n, up�rqei èna bèltisto b ma kbantismoÔ pou elaqistopoie� to mèso tetragwnikì sf�lma.Parousi�zetai sth sunèqeia to prìblhma beltistopo�hsh
 sthn per�ptwsh m�a
 summetrik 
metablht 
, ìtan p(x) = p(−x), me sunèpeia o kbantist 
 na e�nai summetrikì
, ki ìtan epiplèono arijmì
 twn epipèdwn kbantismoÔ e�nai �rtio
.A
 e�nai ∆ to b ma tou kbantist  kai 2N o arijmì
 twn epipèdwn kbantismoÔ. Ja èqoume

ri = (2i − sgn(i)) ∆
2

, i = ±1, . . . ,±N
di = i∆ , i = 0,±1, . . . ,±(N − 1)

}

(6.6)To mèso tetragwnikì sf�lma e�nai
D = 2

N−1
∑

i=1

∫ di

di−1

(

x − (2i − 1)
∆

2

)2

p(x)dx + 2

∫

∞

dN−1

(

x − (2N − 1)
∆

2

)2

p(x)dx. (6.7)H lÔsh w
 pro
 ∆ eur�sketai me arijmhtikè
 mejìdou
.'AskhshD�detai tuqa�a metablht  X me sun�rthsh puknìthta
 pijanìthta

p(x) =

1

σ
√

2
exp

(

−
√

2|x|
σ

)

.

1. Na eureje� o bèltisto
 kat� Lloyd-Max kbantist 
 gia N = 2, 3 kai 4 ep�peda kban-tismoÔ. Poiì e�nai to mèso tetragwnikì sf�lma se k�je m�a apì ti
 parap�nw peript¸sei
;
2. Ta �dia erwt mata t�jentai gia to bèltisto omoiìmorfo kbantist .
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