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Kef�laio 9Belt�wsh eikìnwnH ènnoia th
 poiìthta
 twn eikìnwn ìnta
 polÔ suqn� upokeimenik , h belt�wsh or�zetai mekrit rio to zhtoÔmeno stìqo, pou mpore� na sqet�zetai apl� me thn emf�nish twn eikìnwn. 'Etsih belt�wsh anafèretai, e�te ston tonismì k�poiwn qarakthristik¸n th
 eikìna
, ìpw
 h suno-lik  fwtein  ant�jesh,   ta ìria twn tmhm�twn th
 eikìna
, e�te ston periorismì tou jorÔbou,pou endeqìmena ephre�zei thn emf�nish mia
 eikìna
   parenoqle� thn exagwg  qr simh
 plhro-for�a
 apì thn eikìna.
9.1 Tonismì
 th
 fwtein 
 ant�jesh
Aut  h epexergas�a afor� eikìne
 me qamhl  fwtein  ant�jesh. Prìkeitai gia èna telest shme�ou, pou tropopoie� thn tim  th
 fwtein 
 èntash
 shmeiak�. H arqik  tim  x(m,n)tropopoie�tai se

y(m,n) = g(x(m,n)). (9.1)O telest 
 autì
 ulopoie�tai se kbantismèna dedomèna me th bo jeia enì
 p�naka antis-toiq�a
. Sunèpeia th
 tropopo�hsh
 twn tim¸n th
 fwtein 
 èntash
 e�nai h tropopo�hsh touistogr�mmato
.A
 upojèsoume ìti e�nai epijumht  h epèktash tou istogr�mmato
 gia ti
 timè
 th
 fwtein 
èntash
 pou perilamb�nontai sto di�sthma [xmin, xmax], sto mègisto dunatì di�sthma tim¸n
[0, L]. Tìte h grammik  antistoiq�a twn tim¸n g�netai me ton akìloujo trìpo

y =











0 x < xmin
⌊

L x−xmin

xmax−xmin
+ 0, 5

⌋

xmin ≤ x ≤ xmax

L x > xmax

(9.2)Sto Sq ma 9.1 d�detai m�a eikìna kai to apotèlesma tou tonismoÔ th
 fwtein 
 ant�jesh
 methn parap�nw sqèsh. Ja mporoÔse ep�sh
 na orisje� mia mh-grammik  antisto�qhsh, ìpw

y =

⌊

L

(

x− xmin

xmax − xmin

)γ

+ 0, 5

⌋

, (9.3)ìpou γ stajer� pou lamb�netai mikrìterh tou 1 gia na d¸sei pio fwteinè
 timè
 kai megalÔterhtou 1 gia na d¸sei pio skoteinè
 timè
 sthn eikìna, an�loga me ti
 an�gke
 gia tonismì th
fwtein 
 ant�jesh
.E�nai ep�sh
 dunatì h tropopo�hsh tou istogr�mmato
 na prosarmosje� sta dedomèna th
eikìna
, kajor�zonta
 thn epijumht  morf  tou tropopoihmènou istogr�mmato
. An epidi¸ketai
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(a) (b)Sq ma 9.1: Tonismì
 th
 fwtein 
 ant�jesh
.

(a) (b)

(c) (d)Sq ma 9.2: Tonismì
 th
 fwtein 
 ant�jesh
 grammik�, mh-grammik� (γ = 0, 7) kai me exisor-rìphsh istogr�mmato
.
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sto telikì istìgramma oi timè
 na e�nai omoiìmorfa katanemhmène
, tìte anaferìmaste sthnisost�jmish tou istogr�mmato
, pou epitugq�netai me ton akìloujo trìpo
y =

⌊

L
P (x) − P (xmin)

1 − P (xmin)
+ 0, 5

⌋

, (9.4)ìpou P (x) =
∑

u≤x p(u), p(.) ìnta
 to istìgramma th
 arqik 
 eikìna
. Wstìso eikìne
 meisostajmismèno istìgramma suqnìtata den fa�nontai idia�tera fusikè
, ìpw
 gia par�deigma stoSq ma 9.2(d). Gi' autì e�nai protimìterh h tropopo�hsh tou istogr�mmato
 ¸ste na akolouje�m�a katanom  pou na qrhsimopoie� to diajèsimo eÔro
 tim¸n kai na e�nai puknìterh per� th mèshtim , ìpw
 h katanom  Gauss.

9.2 Me�wsh jorÔbouH me�wsh tou jorÔbou mpore� na epiteuqje� qrhsimopoi¸nta
 èna grammikì f�ltro me uyhl apìkrish sti
 qamhlè
 suqnìthte
 kai amet�blhto tìso se mia metatìpish, ìso kai se miaperistrof . A
 e�nai h(m,n) h kroustik  apìkrish tou sust mato
, ki a
 upojèsoume ìtitopik� to s ma e�nai stajerì, me tim  µ, ki ìti h diaspor� tou jorÔbou e�nai σ2. Gia na mhnup�rxei metabol  th
 mèsh
 tim 
 tou s mato
 apaite�tai ìpw

M
∑

m=−M

N
∑

n=−N

h(m,n) = 1, (9.5)efìson to f�ltro e�nai peperasmènh
 kroustik 
 apìkrish
 kai ekte�netai summetrik� w
 pro
thn arq . An upojèsoume ìti o jìrubo
 e�nai leukì
, dhlad  qwrik� asusqètisto
, h diaspor�tou jorÔbou sthn èxodo tou f�ltrou ja e�nai
σ2

M
∑

m=−M

N
∑

n=−N

h2(m,n).Aut  h diaspor� e�nai el�qisth, an
h(m,n) =

1

(2M + 1)(2N + 1)
.Prìkeitai epomènw
 gia èna f�ltro mèsh
 tim 
 me apìkrish

y(m,n) =
1

(2M + 1)(2N + 1)

M
∑

k=−M

N
∑

l=−N

x(m− k, n− l). (9.6)H mèsh tim  w
 gnwstìn elaqistopoie� thn tetragwnik  apìklish
M
∑

k=−M

N
∑

l=−N

(x(m− k, n− l) − y(m,n))2.O bajmì
 me�wsh
 tou jorÔbou pou epitugq�netai e�nai
β =

1
∑M

m=−M

∑N
n=−N h2(m,n)

= (2M + 1)(2N + 1). (9.7)
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Wstìso sti
 perioqè
 ìpou h upìjesh stajeroÔ s mato
 den isqÔei, to s ma uf�stataiparamìrfwsh pou e�nai idia�tera aisjht  sti
 akmè
, dhlad  sta ìria metaxÔ diafìrwn tmhm�twnth
 eikìna
. H dusmen 
 sunèpeia th
 paramìrfwsh
 metri�zetai, an oi suntelestè
 tou f�ltrouden e�nai ìloi �soi. Autì isoduname� me thn elaqistopo�hsh mia
 stajmismènh
 tetragwnik 
apìklish
,
M
∑

k=−M

N
∑

l=−N

h(k, l)(x(m− k, n− l) − y(m,n))2.Par�deigma enì
 tètoiou f�ltrou, me peperasmènh kroustik  apìkrish, e�nai to akìloujo
h(m,n) =



















1
4 m2 + n2 = 0
1
8 m2 + n2 = 1
1
16 m2 + n2 = 2
0 alloÔ (9.8)'Allo par�deigma, me �peirh ìmw
 kroustik  apìkrish, e�nai to f�ltro Gauss, pou ofe�lei toìnom� tou sto gegonì
 ìti h kroustik  apìkrish proèrqetai apì thn puknìthta pijanìthta


Gauss,

h(m,n) =
1

2πα2
exp

(

−
m2 + n2

2α2

)

. (9.9)Ep�sh
 ja mporoÔse na qrhsimopohje� èna sÔsthma me kroustik  apìkrish
h(m,n) =

(

1 − α

1 + α

)2

α|m|+|n|, 0 < α < 1.O suntelest 
 me�wsh
 jorÔbou gia to teleuta�o f�ltro d�detai sto Sq ma 9.3. Bèbaia
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Sq ma 9.3: Suntelest 
 me�wsh
 jorÔbou.h paramìrfwsh twn akm¸n den a�retai pl rw
. KalÔterh exisorrìphsh an�mesa sta anti-maqìmena apotelèsmata th
 me�wsh
 tou jorÔbou kai th
 diat rhsh
 anallo�wtou tou s mato
epitugq�netai me thn prosarmog  tou f�ltrou sta dedomèna th
 eikìna
.H qr sh mh grammik¸n f�ltrwn mpore� ep�sh
 na mei¸sei to jìrubo, me ligìtere
 sunèpeie
sto s ma. Tètoio e�nai to f�ltro mesa�a
 tim 
. A
 e�nai D èna sÔnolo shme�wn me perittì42



plhjikì arijmì, K = (2M + 1)(2N + 1), pou e�nai summetrikì w
 pro
 to shme�o (0,0), kaiperilamb�nei to shme�o (0,0). To f�ltro mesa�a
 tim 
 d�dei thn ex 
 apìkrish
y(m,n) = Mesa�a{x(m− k, n− l) : (k, l) ∈ D}. (9.10)H eÔresh th
 mesa�a
 tim 
 prokÔptei apì th di�taxh twn tim¸n tou sunìlou {x(m−k, n− l) :

(k, l) ∈ D}. H mesa�a tim  èqei de�kth sto diatagmèno sÔnolo (K+1)/2, kai elaqistopoie� thnkat' apìluth tim  apìklish
M
∑

k=−M

N
∑

l=−N

|y(m,n) − x(m− k, n− l)| = 0.To f�ltro mesa�a
 tim 
 èqei ti
 akìlouje
 idiìthte
:
• Mesa�a[αx(m,n)] = αy(m,n)

• Mesa�a[α+ x(m,n)] = α+ y(m,n)

• Mesa�a[x1(m,n)+x2(m,n)] ìqi upoqrewtik� �sh me Mesa�a[x1(m,n)]+Mesa�a[x2(m,n)]H teleuta�a idiìthta de�qnei ìti to f�ltro mesa�a
 tim 
 den e�nai grammikì. H mh grammikì-thta epitrèpei th diat rhsh twn akm¸n th
 eikìna
 me tautìqronh me�wsh tou jorÔbou. Sto

(a) (b) (c)Sq ma 9.4: Me�wsh tou jorÔbou me f�ltro mèsh
 tim 
 kai me f�ltro mesa�a
 tim 
.Sq ma 9.4 d�detai m�a sunjetik  eikìna kai to apotèlesma th
 me�wsh
 tou jorÔbou m' ènaf�ltro mèsh
 tim 
 kai m' èna f�ltro mesa�a
 tim 
 kai ta dÔo diast�sewn 11 × 11.An k�noume ti
 �die
 upojèsei
 gia to s ma kai to jìrubo, ìpw
 autè
 pou anafèrjhkansthn per�ptwsh twn grammik¸n f�ltrwn, ki an epiplèon upojèsoume ìti h sun�rthsh puknìthta
pijanìthta
 tou jorÔbou e�nai summetrik , tìte h empeirik  mesa�a tim  e�nai mia amerìlhpthektim tria th
 jewrhtik 
 mesa�a
 tim 
, pou ep�sh
 taut�zetai me th mèsh tim . ApodeiknÔetaiìti h me�wsh th
 diaspor�
 tou jorÔbou exart�tai apì th sun�rthsh puknìthta
 pijanìthta
tou jorÔbou. ApodeiknÔetai ìti o suntelest 
 me�wsh
 tou jorÔbou, β, ja e�nai:
1. An o jìrubo
 katanèmetai omoiìmorfa, β = K+2

3

2. An o jìrubo
 akolouje� thn kanonik  katanom , β ≈ 2(K−1)+π
π
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3. An o jìrubo
 akolouje� thn katanom  Laplace1, β ≈ 2K − 1O megalÔtero
 suntelest 
 me�wsh
 jorÔbou sthn per�ptwsh th
 katanom 
 Laplace exhge�tailìgw tou gegonìto
 ìti h mesa�a tim  apotele� thn ekt�mhsh mègisth
 pijanof�neia
 gia th jew-rhtik  mèsh, kai tautìqrona mesa�a, tim  th
 metablht 
. To f�ltro mesa�a
 tim 
 èqei ep�sh
polÔ kalè
 epidìsei
 sthn per�ptwsh tou kroustikoÔ jorÔbou, pou alloi¸nei ti
 pragmatikè
timè
 ajroistik� kai me idia�tera meg�le
 timè
.Endiafèron parousi�zei ep�sh
 o sunduasmì
 twn f�ltrwn mèsh
 (  stajmismènh
 mèsh
)tim 
 me to f�ltro mesa�a
 tim 
, ¸ste na axiopoihjoÔn kat� to dunatì oi epijumhtè
 idiìthte
kai twn dÔo, qwr�
 ta meionekt mata. Tètoio e�nai to tropopoihmèno f�ltro apìrriyh
, ìpouh apìrriyh orismènwn tim¸n g�netai me qr sh tou f�ltrou mesa�a
 tim 
, kai h mèsh tim ,endeqìmena stajmismènh, d�dei thn apìkrish periorizìmenh mìno sti
 enapomènouse
 timè
,
y(m,n) =

∑M
k=−M

∑N
l=−N h(k, l)φ(x(m− k, n− l) −Mesa�a[x(m,n)])x(m− k, n− l)

∑M
k=−M

∑N
l=−N h(k, l)φ(x(m− k, n− l) −Mesa�a[x(m,n)]) (9.11)ìpou

φ(x) =

{

1 |x| ≤ δ
0 |x| > δH tim  tou δ mpore� na prosdiorisje� me b�sh th diaspor� twn tim¸n,   me b�sh èna posostìapìrriyh
.

9.3 Tonismì
 akm¸nO tonismì
 twn akm¸n mpore� na g�nei e�te me k�poio uyiperatì f�ltro, an o jìrubo
 e�naiqamhlì
, e�te me k�poio zwnoperatì f�ltro, an tautìqrona apaite�tai me�wsh tou jorÔbou.Par�deigma uyiperatoÔ f�ltrou e�nai h diakrit  ulopo�hsh tou laplasianoÔ (Laplacian) telest 
h(m,n) =











−4 |m| + |n| = 0
1 |m| + |n| = 1
0 alloÔ (9.12)To f�ltro me kroustik  apìkrish δ(m,n) − λh(m,n), ìpou λ m�a jetik  stajer�, d�dei sthnèxodì tou m�a eikìna me tonismène
 akmè
. 'Ena zwnoperatì f�ltro mpore� na ulopoihje� sanmia diafor� dÔo bajuperat¸n f�ltrwn. Suqn� w
 bajuperatì f�ltro qrhsimopoie�tai to f�ltro

Gauss (Ex�swsh 9.9). Arke� na lhfjoÔn gia th diafor� dÔo diaforetikè
 timè
 th
 paramètrou
α. 'Oso megalÔtero e�nai to α, tìso pio bajuperatì e�nai to f�ltro, dhlad  tìso pio perior-ismèno e�nai to eÔro
 twn suqnot twn sthn èxodo tou f�ltrou.
9.4 Megèjunsh kai parembol Pollè
 forè
 e�nai epijumht  h megèjunsh enì
 tm mato
 mia
 eikìna
. H megèjunsh mpore� naparastaje� me m�a parembol  mhdenik¸n sti
 jèsei
 pou le�poun oi timè
 th
 eikìna
 akoloujoÔmenh

1H sun�rthsh puknìthta
 pijanìthta
 e�nai
p(x) =

1

σ

√
2

exp

(

−
√

2|x − µ|
σ

)
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apì èna bajuperatì f�ltro. An to f�ltro e�nai diaqwr�simo, me 1-D kroustik  apìkrish h(.), kaizhte�tai megèjunsh ep� dÔo gia ti
 diast�sei
 th
 eikìna
, tìte to apotèlesma th
 megèjunsh
e�nai
y(m,n) =

∞
∑

k=−∞

∞
∑

l=−∞

h(m− 2k)h(n− 2l)x(k, l). (9.13)H apìkrish sti
 suqnìthte
 e�nai
Y (u, v) = H(u)H(v)X(2u, 2v). (9.14)An h(m) = 1 gia m = 0   m = 1, kai h(m) = 0, alloÔ, tìte h megèjunsh g�netai meapl  antigraf  twn tim¸n th
 eikìna
. Diaforetik� g�netai parembol  twn tim¸n th
 eikìna
sta shme�a ìpou den diat�jentai timè
. Kat�llhlo tètoio f�ltro e�nai autì th
 grammik 
parembol 

h(m,n) =



















1 m2 + n2 = 0
0, 5 m2 + n2 = 1
0, 25 m2 + n2 = 2

0 alloÔ (9.15)H sqèsh eisìdou/exìdou g�netai
y(m,n) =



















x(k, l) m = 2k, n = 2l
1
2(x(k, l) + x(k + 1, l)) m = 2k + 1, n = 2l
1
2(x(k, l) + x(k, l + 1)) m = 2k, n = 2l + 1

1
4(x(k, l) + x(k + 1, l) + x(k, l + 1) + x(k + 1, l + 1)) m = 2k + 1, n = 2l + 1Sto Sq ma 9.5 d�detai to apotèlesma th
 qr sh
 tou f�ltrou th
 ex�swsh
 (9.15) gia todiplasiasmì tou megèjou
 mia
 eikìna
.

(a) (b)Sq ma 9.5: Diplasiasmì
 tou megèjou
 mia
 eikìna
.
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Par�rthma: Diaspor� th
 mesa�a
 tim 
H sun�rthsh puknìthta
 pijanìthta
 th
 ektim tria
 th
 mesa�a
 tim 
, Mk, e�nai:
fm(x) =

(2k + 1)!

(k!)2
F (x)k(1 − F (x))kf(x),ìpou f(x) e�nai sun�rthsh puknìthta
 pijanìthta
 th
 arqik 
 metablht 
, F (x) e�nai hajroistik  th
 pijanìthta kai K = 2k + 1 e�nai o arijmì
 twn dedomènwn.JewroÔme gia thn arqik  metablht  omoiìmorfh katanom  sto di�sthma [−1

2 ,
1
2 ]. Eur�skoumeepomènw
:

fm(x) =
(2k + 1)!

(k!)2

(

1

4
− x2

)k

, |x| ≤
1

2
.Lìgw summetr�a
 prokÔptei eÔkola ìti h prosdokht  tim  th
 ektim tria
 th
 mesa�a
 tim 
e�nai mhdèn.Dedomènou ìti h olik  pijanìthta e�nai 1 ja èqoume:

∫ 1/2

−1/2

(2k + 1)!

(k!)2

(

1

4
− x2

)k

dx = 1.Opìte h diaspor� th
 Mk ja e�nai:
var{Mk} =

∫ 1/2

−1/2

(2k + 1)!

(k!)2
x2
(

1

4
− x2

)k

dx

=
(2k + 1)!

(k!)2

(

1

4

∫ 1/2

−1/2

(

1

4
− x2

)k

dx−

∫ 1/2

−1/2

(

1

4
− x2

)k+1

dx

)

=
1

4
−

(2k + 1)!

(k!)2
((k + 1)!)2

(2k + 3)!
=

1

4
−

k + 1

2(2k + 3)
=

1

4(2k + 3)
.AfoÔ h diaspor� th
 arqik 
 metablht 
 e�nai 1

12 , o suntelest 
 me�wsh
 tou jorÔbou meqr sh th
 mesa�a
 tim 
 ja e�nai:
β =

2k + 3

3
=
K + 2

3
.
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Ask sei

1. D�detai m�a eikìna 8 × 8 shme�wn w
 akoloÔjw
.

0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1

1 1 1 2 2 2 3 4

1 1 1 2 2 2 3 4

1 1 1 2 2 3 3 5

1 1 1 2 2 3 3 5

1 1 2 2 2 3 4 6

1 1 2 2 2 3 4 7Zhte�tai h tropopo�hsh twn tim¸n th
 eikìna
 ¸ste na exisorrophje� to istìgramma stodi�sthma metaxÔ 0 kai 7.
2. Jewre�ste to grammikì f�ltro tou opo�ou h apìkrish sto disdi�stato (2-D) s ma x(m,n)e�nai y(m,n), ¸ste

y(m,n) =
1

16

1
∑

k=−1

1
∑

l=−1

g(|k| + |l|)x(m− k, n− l),ìpou g(0) = 4, g(1) = 2 kai g(2) = 1.

(a) E�nai to parap�nw f�ltro amet�blhto se metatìpish; D¸ste thn kroustik  apìkrishtou f�ltrou, kai to metasqhmatismì Fourier th
 kroustik 
 apìkrish
.
(b) E�nai to f�ltro autì diaqwr�simo; Se arijmhtik  akera�wn arijm¸n, pw
 mpore� naulopoihje� to f�ltro qwr�
 pollaplasiasmoÔ
; Pìse
 prosjèsei
 apaitoÔntai an�shme�o;D�detai ìti h diaspor� tou jorÔbou sthn èxodo enì
 f�ltrou h(m,n) e�nai

σ2
h = σ2 ∑∑

(m,n) ∈ Z2
h2(m,n),ìpou σ2 e�nai h diaspor� tou jorÔbou sthn e�sodo tou f�ltrou.

(c) Poi� e�nai h diaspor� tou jorÔbou sthn èxodo tou parap�nw f�ltrou;
(d) Poiì anepijÔmhto apotèlesma mpore� na èqei h qr sh autoÔ tou f�ltrou gia me�wshtou jorÔbou;Gia thn topik  prosarmog  sti
 diaforetikè
 perioqè
 th
 eikìna
, jewre�ste thsun�rthsh φ(ψ) =

{

0 |ψ| > δ
1 |ψ| ≤ δ

kai to f�ltro me thn akìloujh apìkrish
y(m,n) =

∑1
k=−1

∑1
l=−1 φ(x(m− k, n− l) − x(m,n))g(|k| + |l|)x(m− k, n− l)

∑1
k=−1

∑1
l=−1 φ(x(m− k, n− l) − x(m,n))g(|k| + |l|)

.

(e) E�nai autì to f�ltro grammikì;
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3. D�dontai ta akìlouja disdi�stata diakrit� s mata ((m,n) ∈ Z6 2):

u(m,n) =

{

1 m ≥ 0 kai n ≥ 0
0 alli¸


s0(m,n) =

{

1 n ≥ 0
0 alli¸


s1(m,n) =

{

1 m+ n ≥ 0
0 alli¸


(a) Na eureje� h apìkrish sta parap�nw s mata tou f�ltrou endi�mesh
 tim 
 gia taakìlouja sÔnola shme�wn: D1 = {(k, l) : k2+l2 ≤ 1} kai D2 = {(k, l) : k2+l2 ≤ 2},kai ep�sh
 h apìkrish s�ena diaqwr�simo f�ltro mesa�a
 tim 
 tri¸n shme�wn gia k�jesuntetagmènh. Gia poi� f�ltra ta parap�nw s mata paramènoun anallo�wta; Meparous�a anex�rthtou ajroistikoÔ omoiìmorfa katanemhmènou jorÔbou, poiì
 e�naio suntelest 
 me�wsh
 tou jorÔbou gia ti
 trei
 peript¸sei
 f�ltrou endi�mesh
tim 
;
(b) Na eureje� h apìkrish sta parap�nw s mata twn akìloujwn dÔo f�ltrwn ulopo�hsh
tou laplasianoÔ telest :

h1(m,n) =











−4 m2 + n2 = 0
1 m2 + n2 = 1
0 m2 + n2 > 1

h2(m,n) =











−4 m2 + n2 = 0
0, 5 m2 + n2 = 1 e�te m2 + n2 = 2
0 m2 + n2 > 2Sugkr�nete th sumperifor� twn dÔo f�ltrwn se gwn�e
 kai thn euaisjhs�a tou
sthn kateÔjunsh mia
 euje�a
. Sthn per�ptwsh Ôparxh
 anex�rthtou ajroistikoÔjorÔbou, ta parap�nw f�ltra ton mei¸noun   ton enisqÔoun, kai me poiì suntelest ;
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