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" S
Eicaywyika Oéuara

m AVTIKEiIHEVO ToU HaBhuatoc Twv Aopwyv
Aedopévwy eival n avamapdoraon Kai h
dlaxeipion oUVOAWY avTIKEIHEVWY
(dedopéva), Ta omoia emidéxovTal
mpdgeig eCaywyng TAnpoyopiag A
aAAayAC TnC ouvBEagewe Touc.
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Eicaywyika Oéuara

Apnpnuévol TUror Aegdopévwy

‘Eva h tep1ocoTEPa oUVoAa avTIKEIHEVWY Kdl Hid OUAAOYR AEITOUpYIWY
(TTpAewv) €T TWV OTOIXEIWV TWV CUVOAWV.

TTapadeiypa (eUpeon oToixeiov og wivaka)

m Ta dedopéva eival kamolou TUTTOV, £€0TW Type, KAl UTTdpXEl HId
Ypapuikn diataén avapeod Toug:

vV u,v rumou Type, eiTEu<v,iv<u Qv-=LU.

m Aidetal éva oUvoho S amo aToixeia TUTTOU Type kai {nTeiTal
amdvrnon oTo €pWTNHA: «U € S?»

m 2ZUvoAd avTikelpévwy: aToixeia TUmou Type (T.X., U,v) Kai
TETEPACPEVA oUVOAa auTwy (T.X., S)

B 2U0voAo AEIToupyIwv: ATTAVTNON TNG £pWTNONG «U € S?», OTToU: U
gival gToixelo TUTTOU Type Kai S gival Temepaopévo oUvoAo amod
oToix€ia TUTou Type.
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" J
Eioaywyika O¢éparta - Aopéc Aedopévwv

m Mia dopn dedopévwy UAomolei Evav apnpnpévo TUTTO
0E0OHEVWVY.

m Mia dopn dedopévwy eTTopéVWE oupTTEpIAapPpaver:

éva oUvoAo dedopévwy Ta oTroia emdExXovTal e epyaoia péow
TOU oUVvOAoU AgiToupyiwy TTou uttooTnpilovTal amd Tov apnpnpévo
TUTTO 0€dOopEVWY TToU UAoTToIEi h doun

Hia doph amoBnkeuong Twyv dedopévwy (T.X., €vav Tivaka, pid
AioTa, KATL.)

éva oUvoAo amoé opiopoU¢ cuvapTAoewv/d1adikaciwy, 0TTou n KABe
ouvdpTthon/di1adikacia avTioToiXi{eTal oc Hid amod TIC AEITOUPYIEC
NG dopng,

géva aUvoAo amod «aAyopiOuouc», kABe €vag ek Twv OTToiWY
UAoTIOIEi pia atd TIC TTdpamdvw ouvapThoeic/diadikaaisc.
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Eicaywyika Oéuara - Aopéc Acdopévwy

Mepikéc amo TiIC PacikEC AsiToupyieC TTou
uttooTnpiel pia dopn dedopévwy eivai:

m [IpooméAaon m Taivouynon
m Avalntnon m AVTIVpdPRn
m Eicaywyn m 2 UyXWVEUON

m Aiaypagnh m Aiaxwpiopoc
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" A
Eicaywyikd Oéuarta - AAyop1Bpol

AAyop10Buog gival pia remepaouEvn akoAouBia
uTtoAOYIOTIKWY PnudTwy (A evToAWv) auoThpd
kaBopiopévwy (TTou KAOe éva ekTeAciTal o€ TTETTEPATHEVO
XpPOV0), Td oTroia av akoAouBnBoUv emIAUETAI KATIOIO
TpopAnua.

O aAy6p1Buog déxeTal kAmola TIUA R KATo10 oUVOAO
TIHWY WG €i00d0 Kai divel kATola TIUA i KATT010 GUVOAO
TIHWV w¢ é€odo.
Eioodo¢: Nedopéva Tou tapéxovral oTov aAyépiBuo kKatd Thv
EKKivnon TNG EKTEAEONC Tou.

Eéodoc: Nedopéva ou amoTeAoUV To ATTOTEAEONA TOU
aAyopiOuou.

TTpoypappa

YAoTmoinon evo¢ aAyopiOpou oe kdmoia yAwooad Tipoypdppartiopou.
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" B
Eva ATtA6 TTapddeiyua AAyopiBuou

Yywon evoc apiBpol x oc pia aképaia duvapn n

Algorithm Power(x, n) {// Tlepiypapn pe C-like yeudo-kwdika
// Eioodoc¢: évac mpaypdTikoc apiBudc x kai évac aképaiog dpiOuéc n
// EEodoc: évac payuUdTIKOC apIOpPoC TTou 100UTal HE XN

int j=0;
doubley = 1;

while (j < n) {
Y=y
J= L
}

returny;
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Texvikéc AmodeiEnc

Xpnon mapadeiyparoc R avrinapadeiyHaroc

m Toxupiopocg: «Ymdpxel ToUAdXI0TOV £vd OTOIXEIO X OTO
ouvoAo S Trou éxel Tnv 1010TNTa P» -> Ma va deifoupe 0TI
0 I0XUPIOUOC 10XVEl, dpKei va PpoUpe €va OoToIXEIO X TOU S
IOV IKavoTrolgi Thv P.

m Toxupiopoc: «KdaBe oToixeio Tou S iIkavoToiei Thv
1010ThTa P» -> Tia va d¢ciCoupe 0TI 0 1I0XUPIOHOC deV 10XVEL,
apkei va ppolpe €va aToixeio X Tou S Tou dev €xel Thv P.
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Texvikéc Anodeiénc

AvTiOeTo-avTioTpopn & Amaywyn €i1¢ ATomo

m Toxupiopocg: «Av To YIvOopevo ab cival tepiITTd, TOTE KAl TO @ gival
TEPITTO KAl To b gival epITTOo»

AvTIBeTo-avTioTpooh: Ma va amodeixBei 4TI «av o 1GXUPIOHOG p Eival

aAnBA¢ TOTE KAl 0 1I0XUPIOUOC q Eival aAnBAg», amodeikvUoule 0TI «av o

1oxuptopog NOT(q) eivar aAnBng, T16Te kai o NOT(p) eivar aAnBng».

0 AmodelkvUoupe 0TI «AV N TO a €ival dpTio R To b gival dpTio, TOTE TO

yivopevo ab givai dpTio» . Eotw, Xwpic PAAPN TNG YEVIKOTNTAC OTI
TO @ gival dpTio, dnAadn a = 2*k, yia kamolo aképaio k. Tote, To ab =
(2*k)*b = 2 * (k*b) eivai dpTio. H mepimTwaon mou 1o b civai dpTio
gival tapopola.

Me eic dTtomo amaywyn.

0 Eotw 611 To ab cival tepiTTo. YMoO£ETOUNE YVIa va kaTtaAnEoupe o€
daroto TW¢ N To a eival dpTio B To b gival dptio. ‘BEotw, xwpic PAdPN
TNC YEVIKOTNTAC, TWC To b gival dpTio, dnAadn b = 2 * k, yia kdmoio
aképaio k. Tote, To ab = a* (2*k) = 2*(a*k) civai dpTio.

AUTO avTITiOeTal oTnv UTOOEoN pHag oTiI To ab eival TepITTO.
H mepimmTwon mou To a givail dpTio gival Tapopolda.
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" N
MaOBnuatikn ETTaywyn

Znteital va anmodeixOei mwg évag 1oxupiopoc I, mou oxetileTal e kamola
HeETAPANTA j, 10XVeI yid kABe TIUA TG HETAPANTAG j, OTTOU N j TIAipvel TIHEG
amo pia akoAouBia TIHWY Xq, X5, ..., X,,.

ATrodeikvUoule Ta eENC:

m Av o 10XUpIopdg I 1oxUel yia kdmoia TIpA Tou j (TT.X., TNV X, ) TTOU UTTopEi va eival
oTToIddATIOTE TIHA EKTOC TNG TEAEUTAIAG TNG akoAouBiag Tipwy Tng j, T6TE 0 I 1oxUel
Kal yid Thv TTOHEVN TIHA ThG akoAouBiag Tipwv TG § (0nAadn yvia Thv Xy,q). (1)

m O I ioxVel yid TNV TTPWTH TIPA ThG akoAouBiag Tigwyv Tng j (Tnv X;). (2)

» Epooov amo (2) o 1oxupIopog toxuel via Tnv X, améd (1) ioxVel kai yia Tnhv X,.  (3)
» Epdooov améd (3) o 10xupIoudc 1oxUel via Thy X,, amd (1) 1oxUel kai yia Tnv X5, (4)
» Epdooov amd (4) o 10xupIoudc 1oxUel yia Thv X5, amd (1) 1oxUel kai yia Tnv X4. (D)

L (..)

» Epdoov amod (...) o 10xupIopdg 1oxUel yia Tnv X,,_1, amo (1) o 10xupIop6g 10xUE! Kal
yia Thv X,.

© O 10xupIogpoG 10XUEI Yia OAEG TIGC TIHEG TNG .
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" A
MaBnuaTikn Emaywyn - TTapdadeiyua

OpBodTnTa AAyopiBuou Power

2.uppoAiloupe pe y; ThV TIHA TNG HETAPANTAG Yy OThV

apxh Tn¢c k-ooThc avakUkAwong, k = 1, ..., n+1. Oa Algorithm Power(x, n)

dcioupe wg y, = xX1, vk=1, ..., n+1. int j =0;
doubley = 1;

Me emaywyn oto k. -

Bdon emaywyAc while (j < n) {

k=1 Apxikd, y; = 1= x0 = xI'1 = xk1, y = y*x;

.

Emaywyikf Y1éBOeon } J= I

' : ' — ym-1

Eotw 671 via kdmolom, 1 <m<m+1,y, = x™1 (1) return y:

Emaywyiké BAua }

Oa d¢cioupe 0TI 0 10XUPIOPOC 1oXUel yia (m+1):

Ym+1 = XM,

ATI6 aAyopIBUO: Y, = Yy *X.
ATIO emaywyikn umoBeon: y,,, = x™L,
Apd, Y1 = XM, OTTWG ATtaITEiTal.
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" A
MaBnuaTtikn Emaywyn - Ioxuph Emaywyn

Ma kamoloug toxupiopoU¢ I, dev pmopei va amodeixOei n (1), aAAa pmopei va
anodeixOci oTi:

m  Av o ioxupiopog I ioxUer yia k@Oe TiIuA Tou j TTou Tponyeital aTnv akoAouBia
TIHWY TG j amo oTroIddATOTE TIUA X # X, (BNAadh av o 10XupIopog 10XUE! Yid TIG

TIHEG Xq, X5, ..., X1), TOTE 0 I 10xUEI KAl yId TNV X, (1)
ATodeIkvUeTal €TTiong OTI:
m O T ioxUel yia Ty TpwTn TIPA TNG akoAouBiag Tipwv TnG j (Thv Xy). (2)
ToTe:
m dgou amd (2) o 10XupIopog 10XVEl yia TRV X, atté (1°) 1ox0er kai yia Tnv Xs. (3)

m  apoU amo (2) kai (3) o 10xUpIop6G 10XUEl YIA TIG Xq, X,, amo (17) 1ox0el kai yia Tnv X3. (4)
m apoU amo (2), (3) kai (4) o 1oxupiopog 10xUEr YIA TIG X1, X», X3, amo (17) 1ox0el kai yia
TNV X, (5)

(-)

m  apoU amo (2), (3). (4), (B), .., (...) o 1oxupiopog 1oxUEl YIA TIG X1, X2, X3, Xa, -\ Xp-1,
amé (1%) o 10xUpIoHOC 10XUET YIA TNV X,

© O 10XupIoHoG 10XUEI Yia OAEG TIGC TIHEG TNG .
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" JEE
MaBnuaTikh Etaywynh - Ioxupn Emaywyn

AlyunTiako¢ TToAAawAaoiaopog
Aivetar n ouvdpTtnon:

0, avy=0
m(x,y) = { m(x+x,y/2), av y dptiog & =0
X + m(x, y-1), av y mep1t16g & 0

Oa deifw 0TI m(x,y) = x*y, V OeTIkO aképaio X,y

Anodeifn: Me emaywyn oto y.
Bdon 1ng emaywyng: Avy = 0, m(x,y) = O, aAAd kai x*y = O, oTtdTe 0 1GXUPIOHOG 10XVEI.

Emaywyikn Y60eon: Eotw omoiadnmote Tign y > 0. YmoBéToude 0TI m(x,z) = x*z, yia
kaBe iR z, 0 < z < y.

Emaywyikoé BAua: AmodeikvUoupe Tov 10XUPIOU6 via Tnv TipA Y, dnAadn amodeikvioupe
wg m(x,y) = x*y. Aiakpivoupe TepIMTWoeIG:

m Oy cival mepITTog: m(x,y) = x + m(x,y-1). Amé emaywyikn utméOeon (z = y-1<y)
1oxUel 0TI m(x,y-1) = x*(y-1). Apa: m(x)y) = x + x*(y-1) = x + x*y -x = x™y.

m Oy cival dpTiog: m(x,y) = m(x+x,y/2). Amé emaywyikn umdBeon (z = y/2 < y) 1oxUel
oTI m(X,y) = (x+x)*y/2 = x*y. Apa, m(x,y) = x*y.

» Kai oTic U0 TTepIMTWOEIC, O 1IGXUPIOHOC 1GXUEL.
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" A
Koithpia EmAoyhc AAyopiBuwyv

B Xpovoc EkTéAeanc (xpovikh TToOAUTTAOKOTNTA N
TOAUTTAOKOTNTA XPOVOU)

m ATTAITOUHEVOC XWPOC - amoBnkeuTikéC Béaeic (Béaeicg
HUVAUNG) TTou XpnaoipoToloUvTal (XWpIKA TTOAUTTAOKOTNTA N
TOAUTTAOKOTNTA XWPOU)

m EukoAia Tpoypappartiopou

m [ evikOTNTA

AvdAuon AAyopiBuou amokaAcital n eUpeon TWv TTOPWV
(Xpovog, XWPoC) TToU auTOC ATIAITEI YId VA EKTEAEDTEI.
Mac evdiapépel KUpiwe N XPOVIKA KAl N XWPIKA
moAutTtAokoTNTa. O1 dU0 auToi TtapdapeTpol kaBopilouv Thv
amodoTIKOTNTA Tou aAyopiBpou.

To povTéAo uttoAoyiopoU amoTeAei Thv apaipeTikA Oswpnaon
TOU UAIKOU TTou O1aTiOeTal yia Thv eKTEAEON Tou aAyopiBpou.
HY240 - TTavayiwTta ®atoUpou 16



" J
To MovTtéAo YmoAoyiopou RAM
Mnxavi Tuxaiac TTpooréAaonc (Random Access

Machine, RAM)

To ovoTnua Tapéxel:

m TOUG avaykaioug kataxwpntég (registers)

m ¢évav ouogowpeuTh (accumulator)

® [ia akoAouBia ano@nxsunxwv Oéocwv (memory cells)

pe dievuBuvoeic 0O, 1, 2, ... Tou amoTeAoUv TnV KUpIA HVALN

To oUoTnua civai e Béon:

va ekTeAei ap1BunTikéc pdleic (+, -, *, /, mod)
va Ttaipvel amopdoceic diakAadwoewc (if... else...) pdoei
TWV TEAEOTWY 20:: <,>,=¢, >z, =)

va diapader h va ypdger amé kai pog omoladAmoTe BEan
HVNHNC.
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" A
To MovTtéAo YmoAoyiopoU RAM

2. TOIXEIWOEIC EVTOAEC

m Karaxwpnon TIHAC o€ Hia HETAPANTA

m KAAon piag peGodou

m EkTéAeon piac apiOunTikic mpaing

m 2 Uykpioh 0Uo apiBuwy

m AcikT080TnON Tivaka (ouppoAiCoupe pe A[s..u] évav
Tivakd Tou oTroiou h TpwTh B€on deikTodoTeiTAl ATO ThY
TIUA S VW N TeAeuTaia amd Thv TIPA u, cuppoAiloupe
etmiong pe A[i] To i-00Td oTOIXEiO TOU Tivaka A, s <i < u)

m [TpooPpaon otn dicUBuvon HVAUNG TTou deixVvel évac
O€iKTNC

m EmoTtpoph amd pia péBodo (return)

HY240 - TTavayiwTta ®atoUpou
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" A
To MovtéAo YmoAoyiopoU RAM

MéTpnon Movadiaiov Kootoug

> O xpbvog ekTéAEONG KADE oToIXEIWBOUG EVTOANG eCaprarai
amod 1o VAIKO (eivai aveﬁaanToc_; amd Tn YAwooa
TPOYPAMHATIOHOU) Kai I000Tdl pE KATrola 0TaBepd. Ocwpolpe
0TI KAB¢e TETOIA eVTOAN eKTeAEITAI O¢€ pia povdda Xpovou.

MéTpnon AoyapiBuikou Kéotoug

» H oToixeiwdng evroAn amaitei Xxpovo avdAoyo Tou HAKOUG TNG
OUadIkAC avamapdoTaong TwWv TEAEoTaiwy.

TTapadeiypa: H petakivhon evég apiBuou n amé I nv KUpId
UVAHN TIPOG évav KaTaxwpnTh pmopei va anaitei | logn | + 1
Hovadecg xpovou.

2 uvhBwg, payparomolgiTal avahuoh Twv aAyopiBuwy pdoer
HETPAOEWG Hovadidiou KOOTOUC (EKTOG Kal av YivETdl EKTEVAG
xphon mpaewv i ouppoAoccipwy bit).
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" A
Xpovikn TToAuTtAokoTnTa

m EiodyeTtal pia petaPAnTh n ou ekppdlel To HEyEBOC TNC €10680U.

Tlapadeiypara
m 270 TPOPAnUa avuywoewc oe dUvapn To HEyeBoc auTo cival To n, h duvapn
oTnv otroia mpémel va uywOei o dedopévoc apiBuoC.

H oywon evo¢ apiBuou orn duvaun 10 amaiTel Tnv EKTEAEON TTEPIOOOTEOWY
OTOIXEIWOWV EVTOAWY amo TNV Uyworn Tou apiBLoU o€ Lid LIKPOTEPN ouvatn.

m 2¢ éva popAnua Taélvounong EVOC TTivakda, To HEyeOoc¢ Tou TpoPAANATOC
gival To TARB0OC Twv OTOIXEiIWV TOU TTivaKa.

H rgf/ vounon 1000 apiBudv anaitel mep1oodTepo xpdvo and thy taéivounon 10
ap16Luwv.

m  AUTO I1oXUel YEVIKOTEPQA:
«O xpovo¢ mov anaiTei evag aAyop1BLoc yia va eKTEAEOTEI ouxvd efapTdrar amo
TO LEYEBOC TNS £10000U»!

Xpovoc EKTEAEONC Yia OUYKEKPIPEVN £i0000

m O xpdvoc ekTéAeong (running time) A n XpoviKA TOAUTTAOKOTNTA EVOC
aAyopiBuou yia pia ouykekpipévn gioodo cival To TARBOG TWv oToIXEIWOWY

EVTOAWYV TTOU €KTEAOUVTAI KATA ThV €KTEAEON ToU aAyopiBpou e auTAv Thv
gigodo.
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" A
YmoAoyiCovTac 1o TAKBOC TWV OTOIX EIWOWY
evToAwv - AAyopiBuoc Power

Algorithm Power(x, n) TTANOoc¢ ZToixeiwdwv EvroAwv
int j=0; >1 B T(n)=1+1+n+l+2*n+2%n
double y = 1. 1 +1=5n+4

m O mapamdvw TUTOC 10XVEI YId
oTtoladATIOTE TIHA TOU n.

while (j < n) { >n+1 , ,
Y = Y*X; . 2% = To mAB0G TWV OTOIXEIWIWY
A s EVTOAWYV TTOU eKTEAEI O
J= L *2*n aAyép1Bpoc sivai pia
} ouvVAPTNON Tou peyéBouc n TG
returny; »1 e10680u!
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" J
‘Eva Akopun TTapddeiyua

Algorithm InsertionSort (A[1..n]) {
TTpopAnua // El0060§ évag pn-Tagivounpévog
Tivakag A aképaiwy apiOpwy
Eicodoc // EEodoc¢: 0 Tivakag A We Ta oToIXEid
Mia akoAouBia améd n ap1Bpou¢ TO::8 af’g?uoa didragn
int key, i, j;
<a,, a, ..., Q.. . . :
b 7 for (j=2. j<n; j++){
. i key = A[j];
E€odo¢ (output): At
, , i=j-1;
Mia usTaeson (avadiaran) while (i > 0 && A[i]> key) {
<aj; a, .., a, Tnc akohoubiag Ali+1] = A[i];
£100800 £T01 Wore: i=i-1
ay<a,<..<a, )
Ali+1] = key;
}
return A;
}

TTwc AeiToupyei o aAyopiBuoc av A =<7,4,6,8,2,5,1>;

HY240 - TTavayiwTta ®atoUpou 22



" J
‘Eva Akopn TTapadeiyua

1 2 3 4 5
Algorithm InsertionSort (A[1..n]) E 6182
{ T
int key, i, j;
for (j=2:j<n; j++){
i = j-1;
while (i > 0 && A[i]> key) {
Ali+1] = Ali] 24678!1 1] 2[4]5]6]7]8
i=i-1; I
}
Ali+1] = key;
} ’ ’
_ TTwc¢ AsiToupyei o aAyopiBuoc av
} refurn A; A=<7468251;
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" A0
YmoAoyiCovtac 1o TARGOC TWV OTOIX EIWOWV
evToAwv - AAyopi1Buoc¢ InsertionSort

Algorithm InsertionSort(A[l..n]) { KéoToc
int key, i, j:
for (J =2 J =<n J:J"'l){ ———————————————————— > l+n+ 2*(n_1)
1 —— s 2% (n1)
= J—l: -------------------- > 2*(n-1)
while (i >0 && A[i] > key) { ----------—————————- > 4% 5.8,
Ali+1] = A[i], - > 4*% . (5-1)
=il e > 2%% J2n(s 1)
}
Ali+1]= key: e > 3% (n-1)
}
return A; e |
}

= S;i 0 dpIBUOC TWV PopWY TTOU 0 eAevxog Tou while loop ekTeAgiTal
yid Th CUYKEKPINEVN TIPA Tou j, 2 < j < N,
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" A
YmoAoyilovTac 1o TARGOC TWV OTOIX EIWOWV
evToAwv - AAyopiBuoc InsertionSort

2 uvoAiko¢ Xpovoc EkTéAsong

TN =1+n+2*(n-1)+2* (n-1)+2*(n-1)+4* X s +4* 2 (s.-1)
+2* % (s-1) + 3*(n-1) + 1 ! !
= 10n - 7+10*ZJ2ns-6* 1
=10n-7+10% 2,5~ 6 * {n-1)
=4n-1+10* X, s

TToiog €ival o KAAUTEPOG XPOVOG EKTEAEONG TTOU UTTOPEI va TITEUXOEI
amoé thv InsertionSort?

O mivakag sivair €€ apxng Taivounpévocg oe aufouvoa diartan.
Tore?

=1,vj-= , n.
EL TTOLEVWC, T(n) 4n - 1+10 *(n-1) = 14n - 11

=> YPAHHIKA ouvaptnon Tou n.
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" A
YmoAoyiCovrac 1o TAKBOC TWV OTOoIXEIWOWY
eVTOAWYV - AAyop1Buoc InsertionSort

TToloc eival o xelpdTEPOC XPOVOC EKTEAEONC KATA TNV
ekTéEAeon Tn¢ InsertionSort?

Ta oToixeia Tou Tivaka eivai oe @Bivouoa didatain.
Tore?

S; = J.VJj=2, .., n, Kka

Zion Sj= Ljzand =2+ ..+n=(n+2)(n-1)/2
Emopévwc:

T(n)=4n -1+ 5(n+2)(n-1) = 5nf + 9n - 11

= TETPAYWVIKN ouvapthon Tou n.
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" A
AvaAuon XeipoTepng TepIiTTTWONG

m O xeipioTroc xpovoc ektéAeanc (h n XpoVvikn
TTOAUTTAOKOTNTA XEIPOTEPNC TTEPITITWONC)
evoc aAyopiOuou opileTal va sivai o
HEYIOTOC XpOVOoC eKTEAEDONC YId
OTTOIAOATIOTE €i0000 HE OUYKEKPIHEVO
HéyeBoc¢ n (kar cuvRBwc¢ eival cuvdpTnon
TOU n).

m Mac evdiapépel va Ppoupe To XapnAoTepo
avw epdaypd Kadi To uYnAdTEPO KATW Ypayud.
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AvdAuon Avapevopevng TTepimTwong

= Av gival YVWOoTH Kamola katavopn mlavétnrag emi Tou cuvoAou Twy
OTIYHIOTUTIWY Tou eV Adyw TtpoPAfpaTog (6nAa6n, OAWV TWV duvaTwy £1660WV
HeyEBoug n), T6Te eivar duvaTth n avdAuon avapevopevng TepimTwaong, n oToia
pag Oivel TNV avapevopevn xpovmn T[OAUTU\OKOTHTG (R Tov avapevopevo Xpovo
eKTEAEONC) Tou aAyopiBpou, 6Tav Tou doBci pia vopipn cicodo¢ pe péyeBog n.

Tlapadeiypa

m  Ag umoBéoouye 6TI Ta h aToixegia Tou Tivaka oTov aAyopiBuo InsertionSort
EXOUV ETIIAEYET OpoIOHOP YA LE TUXAiO TPOTIO ATT6 KATIOI0 APXIKG OUVOAO
oToixeiwv (universe).

m TTooeg popécg Ba ekTeAeoTei To owpa Tou while loop Tou aAyopiBuou via
OTTOIAOATTIOTE TIHA TOU |;

Katd pégo 6po, Ta piod otoixeia otov A[1..j-1] Ba civar pikpdTepa Tou A[j] Kai Ta dAAa
HIod HeyaAUTepa.
Emopévwg, To avapevopevo mAnBog oToixeiwv ou Ba eAeyxBouv eivai j/2. Apa, S =

i’2
m O avapevopevog xpovog ekTéAeong Tng InsertionSort cival emopévwg:

T(n)=4n-1+10*%, ;s;=4n-1+5*% ., j=4n-1+5%* (n+2)(n-1)/2
(6n+5n2+5n -10 2)/2 (5n2+11n -12)/2.

= TeTpavwvmn O’UVC(anO'n TOU Nn.
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" A
AvdaAuaon XeipoTepng mepimtTtwong - AvdAuon
Avapevopevne TTepimTwong

B 270 HAOnua auto Oa soTidooupe oThv avdAuon XeipoTEPNC
TEPITITWONCG YId TOUC akoAouBouc¢ Adyouc:
O xeip1oTog Xpovog ekTEAeoNC evo¢ aAyopiOuou gival éva tavw
ppdypa aTov Xpovo ekTEAeoNng via omoladnmoTe cicodo pey£Ooucg n.

2.€ ToAAd TTpoPAAUATa, N XeipioTn TtepiTtTwWon ocuppaiver ouxva
(T.x., amoTuxXnuévn avalitnon).

O avapevopevog Xpovog ekTEAeong ouxvd dev gival TToAU
KAAUTEPOC ATt TOV XEipIOTO XpOVo eKTEAEDNC.

m ATo €0W Kai oTo £ENC, 01 6poI XPOVIKA TTOAUTTAOKOTNTA KAl
Xpovoc eKTEAEONC evoC aAyopiOuou Ba avapépovTal oTh
XPOVIKA TTOAUTTAOKOTNTA XEIPOTEPNC TTEPITTTWONG KAl OTO
XEip1oTo Xpovo ekTEAeoNC Tou aAyopiOpov.
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" A
ACUUTITWTIKA AvdAuonh

H xpoviki toAuttAokoTnTa ThG InsertionSort civai
5n%+9n-11.
Oi1 oT1aPepéc b, 9, -11 dev pacg divouv xphaoipun
TTAnpoyopia.
Mac evdiapépel Kupiweg o puBpoc peTtaPoAng Tng
ouvapThong TG XPOoVvIKAC TTOAUTTAOKOTNTAC:
AT6 To dBpoiopa 5n2+9n-11 pac evdiapépel HOVoO 0 Kupiapxoc
opoc Bn?, apouL o1 dAAoi1 dUo 6pol gival Un onpAvTIKoi yid HEYAAEC
TIMEC TOU n.
AyvoouUpe emion¢ To ouvTeAeoTn B, apoU o1 oTaBepoi TapdyovTec
O&V gival onpavTiKoi yid HEYAAEC TIHEC TOU Nn.
Aépe TWE N XpoVvikh ToAuTtAokoTnTa TNG InsertionSort
gival TETPAYWVIKAC TAENC.
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" A
ACUUTTTWTIKA AvaAuoh - 2uppoAicuoc O

Opiopoc

Eotw f(n) kai g(n) dvo cuvapThoeig. H f(n) aviaker ato O(g(n)),
f(n) € O(g(n)) h f(n) = O(g(n)), av umtdpxouv oTaBepéc ¢ € R* (c
TpayuaTikog, ¢ > 0) kai aképaiog ny > 0, €101 WOTE yid KABe h > n,
va 1oxUel:

0 < f(n) < cg(n)

e O ouppoAiopoc O umodnAwver 6Ti pia ocuvdpthon (f(n)) civai
AOUUTITWTIKA dvw @paypévn.

@ To O(g(n)) eivar éva ocuvoAo ouvapTACEWV: TO OUVOAO TWV
oUVAPTAOEWV YId TIG oTroie¢ N g(n) amoTeAei ACUUTTTWTIKO Avw
(ppaypa.

» O ouppoAiouog f(n) = O(g(n)) (av kai cuvnBileTai yiari eivai

PoAIKOG O€ KATIOIEC TTEPITITWOEIC) eV €ival HaONUATIKA OWaTOC.
AnAwver arAd 671 n f(n) givar péAog Tou ouvdrou O(g(n)).
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" J
ACUUTITWTIKA AvdAuon - 2uppoAiopoc O

cg(n)

. ”D Zxhua 3.1(a): Cormen, Leiserson, Rivest & Stein,
— Eioaywyri orouc aAydpiBuouc,
f( '}I) - O({g(”)) Tavemornuiakég Ekdooeic KpATtng, 2006
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" A
ACUUTTTWTIKA AvaAuoh - 2uppoAicuoc O

TTapadeiypa 1
EBotw f(n) = an? +bn, 6Tou a,b BeTikéC oTaBepéc.
Toxuel 611 f(n) = O(n?);

Anavrnon
Avalntoupe otaBepég c eR* & ny >0, T.W.:
an? + bn < cn?, yia kaBe n > n,

O<(c-a)n°-bn<=0<n[(c-a)n-b]< (c-a)n-b >0
(apoU n > ny> 0)

Av gmiAé€oupe ¢ = a+1 kal orolodATOTE Ny > b, n avigéTnTa
(c-a)n - b > 0 1oxUVel.
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" A
ACUUTITWTIKA AvdAuon - 2uppoAiopoc O

TMapadeiypa 2
Eotw f(n) = 20n3 + 10nlogn + 5. Toxvel 671 f(n) = O(n3);

Aravrnon

20n3 + 10nlogn + 5 < 35n3, yia n > 1. Av amod¢eifoupe TTwg uTtdpxouv
0TaBepéc c e R &Ny >0 1. w. 3bn3 < cn3, V n > ny, Ba 1oxVel kal Twg
f(n) <cn3, V n>n,. Apa, av emiAé€oupe ¢ = 35 Kal omolodATOTE Ny > 1,
o 1axupiopog f(n) = O(n3) amodeikvueTal.

TTapadeiypa 3
Eotw f(n) = 3 logn + loglogn. Ioxvel 671 f(n) = O(logn);

Anavrnon

3 logn + loglogn < 4 logn, av n > 1. Apa, av emAéCoupe ¢ = 4 Kkai
omolodAToTE Ny > 1, 0 1axupiopog f(n) = O(logn) amodeikvueTal.
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ACUUTTTWTIKA AvdAuon - 2uppoAiopoc O

O /\evovmg OTI 0 xpovog £KT€A80n§ EVOC a)\vopleuou EIVGI O(n?)
evvooUUe 0TI UTtdpx el Hia ouvdpThon f(n) n omoia aviker ato O(n?),
TETOld WOTE YId OTIOIAOATIOTE TIUA Tou h (EKTOC iowg amd KAmoieg
HIKPEC TIHEG), aveldpTnTa atd Th HopYh ThG KADE OUYKEKPIUEVNG
EIOO5OU ueveeoug h, o xpovog £KT£A€0n§ yid auTh Thv €igodo
ppdooseTal ek Twv dvw amé thv TipR f(n).

= Aev eivar ouvnBiopévo va cupmepiAappdavovral otaBepoi TapdyovTeg
Kdl xaunAOTepng Taén opou oTo ouu[SoAlouo O.
O 10XupIop6g 2n? = ? 4n? + nlogn) cival owoTog ahAd dev BewpeiTal
<KKOUYOC>.

m O oxupiopog f(n) < O(g(n)) dev eivar emiong kopywdg agou 1o O
EUTIEPIEXEI TNV €VVOIA TOU «UIKPOTEPOU 1 igou»: uTTodNAWVE! €va pn
auoTnpd ACUUTITWTIKO dvw @pdypa The f.

m Emirpémeral n xphon Tou aupPoAiopoU O ge apiBUNTIKEC EKPPAOTEIC:

H f(n) eivai ato h(n) + O(g(n)) = umdpxouv oTabepég ¢ Kai ny T.W., yid
KABe n > ngy, f(n) < h(n) + cg(n).
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" J
ACUUTITWTIKA AvdAuon - ZuppoAioudc (2

Opiopoc
Eotw f(n) kar g(n) d0o ouvapThoeig. H f(n) aviker ato £2(g(n)),
f(n) € Q(g(n)) A f(n) = 2(g(n)), av urtdpxouv aTabepéc ¢ € R*
(c mpaypaTikdg, ¢ > 0) kai aképaiog hy > 0, £T01 WOTE, yia KABOe
n > ng, va I0XVEl:

0 < cg(n) < f(n)

® O ouppoAiopoc £2 dnAwver 611 pia ouvdptnon (f(n)) sival doupPTTWTIKA KATW
@paypévn.

f(n)
cg(n)
|
|
|
l 2 xAua 3.1(p): Cormen, Leiserson, Rivest & Stein,
: Eioaywyri arouc aAydpiBuouc,
' n Tlavemortnuiakéc Ekdooeic Kphtng, 2006

n

0 f(n) = Qg(n)
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" A
AouumTWTIKA AvdAuon - ZuupoAioudc (2

TTapadeiypa 1.
‘Botw f(n) = an? +bn, 6mou a,b BeTikéC oTABEpEc.
Oa amodeioupe 611 f(n) = £2(n).

Anodeifn

Avalntoupe otaBepéc ¢ € R* & ny > 0 T.w., yid kKdO¢e n > n,y va 1oxVEl:
an+bn>cn< an®+ (b-c)n>0 < an + b-c > 0.

Av emiAé€oupe ¢ = b 1oxVel 0TI an > 0, yia kdBe n > 0 (apovl a € RY).
Emopévwe, yia c = b & ny = 0, o 1oxUpIop6¢ amodeikvUeTal.

TTapadeiypa 2
Eotw f(n) = 20n3 + 10nlogn + 5. Toxver oT11 f(n) = £2(n3);

Amavrnon

20n3 + 10nlogn + 5 > 20n3, yia n > 1. Apa, av emAéCoupe
¢ = 20 ka1 oTmo10dATTOTE hy > 1, 0 1oxUpIopdc f(n) = €2(n3) amodeikvueTal.
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AouuTTWTIKA AvdAuon - ZuupoAioudc ()

TTapadeiypa 3
Eotw f(n) = n3 - 10nlogn - 5. Taxver o011 f(n) = (2(n3);

Anavrnon

n3 - 10nlogn - 5 > n3 - 10n? - Bn?, yia k@Oe n > 1.
AvalntoUpe o1aBepég c cR & ng > 0, T.w. , yia kaBe n > n,
va 1oxVel:

n3 - 10nlogn-5>n3 - 10n° - 5n? > cn3 <
nd-15n2>cnd3< (1-c)n3-15n2>0< (1-c)n- 15> 0.

EmiAéyovrag m.x., ¢ = 1/2 kai ny = 30, n TeAeuTaia
aviodTnTa 1axVel yia KaBe n > ny. Apa, o 1oxuptopog f(n) =
€(n3) 10xVEL.
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" A
ACUUTITWTIKA AvdAuon - 2uppoAiopoc O
Opiopoc

Eotw f(n) kar g(n) duo cuvapthoeic. H f(n) aviker ato O(g(n)),
f(n) € ©(g(n)) K f(n) = ©(g(n)), av 1oxVel OTI
f(n) = O(g(n)) kai f(n) = £2(g(n)). ¢, 8

f(n)

2 xhua 3.1(y): Cormen, Leiserson, Rivest & Stein,
Eioaywyri orous aAyépBuouc,
TTavemoTtnuiakég Ekddoeic Kphtng, 2006

"0 iy = 0%g(n)

Av f(n) € O(g(n)), 10xUel 6TI uTtdpxouv oTaBepég ¢y, C, € R+ kKal aképaiog ny > O,
£TOI WOTE YId KABE h > ny va 10XVEL:

c9(n) < f(n) < c,g(n)

@ O ouppoAiopog O umodnAwver 4TI pia ocuvdpTthon (f(n)) ivai
AOUUTITWTIKA @paypévn e auotnpd Tpomo (n g(n) civar éva aouumTwTikd
avoTnpo gpdyua yia tnv f(n)).
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ACUUTITWTIKA AvdAuon - 10160TnTEC

MeTapaTikn IdioTnTa

m f(n) = O(g(n)) kai g(n) = O(h(n)) = f(n) = O(h(n)) (To idio 10XVEl
Kdi yid Touc ouppoAiopouc €2, ©

AvakAaoTikn IdioTnta

= f(n) = O(f(n)), f(n) = Q(f(n)) kai f(n) = O(f(n))
2 uppeTpikn IdioTnTa

m f(n) = ©(g(n)) av kai yévo av g(n) = O(f(n))
AvaoTtpoywikn IdioTnTa

m f(n) = O(g(n)) av kai pévo av g(n) = £2(f(n))

AAAec IdioTnTEC
m Av fén) = O(g(n)), Tote (cf)(n) = O(g(n)), yia omoiadhmoTe oTaOepd
CeR'

= Avf(n) = O(g(n)) ka h(n) = O(g(r), T6Te (csf rech)(n) = O(g(n) vi
omroleodnTOTE 0TABEPEG ¢4, €, € R,
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" A
2 UVnBeIc TAEeic TOAUTTAOKOTNTAC

XapakTnpIoTIKEC KAAOEIC OUVAPTAOEWY
Kal ol HeTall Toug oX£ETEIC
Oo(l) c

O(log n)

O(log™ n), yia k@@e m > 1
O(n/2) ¢

O(n) <

O(h log n) c

O(n?) c

O(n™), vyia K@Be m > 2
o(2") <

O(nl) <

O(n")
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"papikéc TlapaoTdoeic 2uvapThoswy

45

20

154

104

Y
y

f(x) = x°

£(x) =Vx

x f(x) = log x
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" A
"papikéc TlapaoTdoeic 2uvapThoswy

f(x) = x*

fx) = 2

1500+

1000+

004

f(x) = x2
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ACUUTTTWTIKA AvdAuon - MiaTi €ivar onuavTikAi;

Size |llogn | /[N nlogn | n? h3 2n

?r:cpu‘r

2 1 14 |2 4 8 4

4 2 2 |4 8 16 64 16

8 3 28 |8 24 64 512 256

16 4 4 |16 64 256 4096 65.536

32 5 5.7 |32 160 1024 32.768 4.294.967.296
64 6 8 |64 384 4096 262.144 1,84 * 1010
128 7 11 | 128 896 16384 2.097.152 3,40 * 1038
256 |8 16 |256 |2048 |65536 16.777.216 1,15 * 1077
512 9 23 | bl12 4608 |262144 |134.217.728 |1,34* 10154
1024 |10 32 | 1024 |10240 |1048576 |1.073.741.824 | 1,79 * 10308

AUENTIKOC XapaKTAPAC 2UVAPTAOEWV
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" JdE
ACUUTTTWTIKA AvdAuon - TiaTi eival onpavTikA;

Size Of l n nz n5 2n 3n

input

10 0,01 O0,1msec |0, sec 1 msec 59 msec
msec

20 0,02 0,4 msec | 3,2 sec 1 sec 58 min
msec

40 0,04 1,6 msec |1,7 min 12,7 days | 3855
msec centuries

50 0,05 25 msec |5,2 min 35,7 2*108
msec years centuries

60 0,06 3,6 msec |13 min 366 1,3*101
msec centuries | centuries

EvdeikTikéC Avaykec oe Xpovo YToTiIOépuevwy AAyopiOpwy

Figure 1.2: Garey, M. R., Johnson, D. S., Victor Klee. Computers and Intractability: A Guide to the Theory of NP-Completeness.
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" A
AOUUTITWTIKA AvdAuon - TMiaTi gival ongavTikA;
MéyeOoc¢ Tou peyaAUTEPOU OTIYHIOTUTIOU £VOC TTPOPAARNATOC

oV pmropei va emAuBei og 1 wpa
n (G n> 2n 3n
Me évav Tpéxov | N; N, N N, N5
UTTOAOYIOTRH
Me évav 100N; | 10N, 2 ,5N; N,+6,64 | Ns+4,19
uttoAoyioth 100
POPEC TIIO
YpNyopo
Me évav 1000N; |31,6N, | 3,98N; |N4+9,97 |Ns+6,29
UTTOAOYIOTRH
1000 ¢popécg mio
Yphyopo

Emidpaon PeATiwpévng Texvohoyiac oe d1d@opouC TOAUWVUHIKOUC Kdl
eKOETIKOUC aAyopiOpouc

Figure 1.3: Garey, M. R., Johnson, D. S., Victor Klee. Computers and Intractability: A Guide to the Theory of NP-Completeness.
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" J
Xpnoigo MaBnuariko YmopaBpo
EkBéTec & AoyapiBuol

Ma omolouadnToTe TTpaypHaTikoUc apiBuolc x > O, m Kai n, 1oxUouv Ta e€AC:
mx9=-1 xl=x,x1=1/x,

- (xm)n - xmn’ (xm)n - (xn)m

m XMxN = xm*n, xm/xn = ym-n

2 uppoAiCoupe pe e = 2,71828... Tn pdon Twv QUAIKWY (VETTEPEIWY)
AoyapiOpwv.

Ma omolouodAToTE TTpaypartikoUg apiBuoug x,y,z > O, 1oxUouv Ta egAG:

log, xy = log,x + log,y,

log,(x/y) = log,x - log,y, log,(1/x) = - log,x
log,x¥ =y log,x

log,x = (log,x) / log,y

n
n
X = %X ylomx _ ylog,y log(IT}_ %) = _logx,
k=1
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Xpnoigo MaBnuartiko YmopaBOpo - Katw kai
tavw aképaio pépoc & TTapayovTikd

Na kB¢ mpayuaTiko apiOuo x:

m 70 oUupoAo | x| dnAwvel To peyaAUTepo aképaio TTou gival HIKPOTEPOC 1 igoC Tou
X Kal To gUPPoAo | X | BnAWVE! To HIKPOTEPO aKéPAIo TIOU gival HeYaAUTEPOC A
igo¢ Tou X

B x-1<¢|x]<x<[x]<x+l

m [1ad omolouodnmoTe akepaioug a,b > O 1oxUel OTI:
[Lx/al/b] = x/ab]
[x/al/bl=]x/ab]

Ma kdOe aképaio n, 10xUel 6T Ln/2]+[n/2]=n

W= 1%2% *nf oni=] @ =0
n*(n—-1)! dSwpopetikd,
nl < nn

log(n!) = ©(nlogn)
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Xpnoigo MaBnuartiko YmopaBpo - ABpoiouara
Ap1OunTikn TTpoodocg
n(n+1)
2

Zk:l+2+...+n:
k=1

n
a+a,+...+a, :E(a1+an)
MewpeTpikn TTpoodog
DX =14 X+ X 4.+ X S

k=0 . 1
k

Av |x| <1, ToTE X =—

2X =1

TnAeokomikn (Telescoping) Zeipd
n TTapddeiyua

@ —a_)=a,—a, L= | 19 1 1
kZ:; k k-1 Z :Z(_——):l—_
“rk+l) Sk k+1 n
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" A
AvaAuon Avadpopikwy AAyopiOuwv

Eivai n Power o o amodoTik6¢ aAyopiOuoc yia To
TpopAnHa Uywong apiBuou ae duvapn;

Algorithm RPower(x, n) {
double y;

if (n==1) return x;
y = RPower(x, Ln/2));
if nis even

return y*y;
else

return x*y*y:
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" S
IxvnAdTion (trace) tnc RPower()

RPower(x,5)  Memory

wer(x,2)

RPower(x,1); RP x 1
if (1==1) return x; e

Algorithm RPower(x, n) {
double y;

if (n==1) return x;
y = RPower(x, .n/2]);
if nis even

return y*y;
else

return x*y*y;
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AvaAuon Avadpopikwyv AAyopiOuwv: RPower()

‘EoTw omoloadhmoTe aképaiog n Kai

Algorithm RPower(x, n) { £0Tw 6TI gupPoAiCoupe pe T(n) Tn

double Y XPOVIKA TTOAUTTAOKOTNTA TOU
RPower() 6Tav autog kaAeitar ge Tn
if (n==1)return x; ---->2 5eUTEPN TAPAHETPO ion HE TO h.
y = RPower(x, [ n/2)); ----> 1 + T(Ln/2]) Tore:
if nis even 2 T(1) = 2 kat T(n) = TAn/2)+7 (1)
return y*y; ce> 2
else O 6pog avaEpoulm oxéon SnAwvel
pia e€iowaon R aviowon n omoia
return x*y*y. -3 opiCel pia ouvapTnon péow TNG TILAG
) TNC vid KATTo10 HIKPOTEPO OpIold.

TTw¢ pmopoUpe va AUooupe TV
avadpopiknh oxéan (1) (dnAadn va
PpoUpEe ACUUTTITWTIKA PpayHaTa
TUTOU © K O yia 1o T(n);
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" A
AvdAuon Avadpopikwy AAyopiOuwyv

M£Bodo1 erriAuonc avadpopikwy eiocwoswv
m MéBodoc¢ cikaaiacg

AiaTumtwvoupe pia sikaoia yia Tn AUon.

Me paBnuatikh emaywyn poadiopioupe TIC
oTaBepéc kKal amodeikvUoupe 0TI N AUon 10XVEL.

m MéBodo¢ emavaAnTTIKAC AvTIKATAOTACNC

Epapuoloupe emavaAnmTikd ToV 0p10Hd ThG
avadpoliKAC oxéanc HéExp! To T(n) va ekppaoTei We
éva dOpoiopa 6pwv ToU €apTWVTAI HOVO ATIO TO h KAl
TIC dpXIKEC OUVONKEC.

m [evikn péEBodoC
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EmiAuon Avadpopikwy Zxéocwyv - MéBodoc Eikaoiac

TTapadeiypa 1: TTpoodiopiouoc avw @pdypaTocg yid Thv avadpopikn oxéon:

T(n) 2 avn=1
n)=
T (Ln / ZJ) +7  O0POPETIKA

EikdCoupe 611 n Abon eivar O(logn). ATTodeikvUoupE ETTAywYIKA OTI
T(n) < clogn, yia katdAAnAn TiuA TG oTaBepdg ¢ > 0. (1)

Baon Emwaywyng

»

EAéyxw av n (1) 1oxVel yia Thv Tiph n = 1. ATté avadpopikf axéaon,
T(1)=2>clog1=0= H (1) dev ioxlel yia TRV TigAR n = 1,

O acuumTWTIKOG oupPpoAiouég antaiTei va amodeioupe T(n) < clogn, via
h > ngy, 6TTIOU h, oTro1adATIoTE 0TABEPA.

EAéyxw av n (1) 1oxVel yia Tn\V TIHR h = 2. ATTO ava66>oumr'| oxéon,

Tng =T(1)+7=2+7=9. E¢etalw av umtdpxei ¢ > O, T.w.

T(2)=9<clog2 < ¢ >9. (2)
EAéyxw av n (1) 1axVel yia Tnv TIgA h = 3. A6 avadpopiki oxéon,
T(3)=T({)+7=2+7=9<clog3. Ioxvelav c>9. (3)
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EmiAuon Avadpopikwy Zxéocwyv - MéBodoc Eikaaiag

Eraywyikny YnoBOeon

Otwpoupe omoiadhmoTe aképaia Tiph n > 2. YmoBéToupe 611 N (1) 10XVEl
yla kaBe aképadia TIUA m, TETold WoTe: 2 < m < n, dnAadh uToBEToUE
0TI IoXUel h akdAouBn aviowon: T(m) < clogm, v . m, 2 <m<n, émou ¢ >
O eival pia TpaypaTikn oTadepd.

Eraywyiké Bipa

ATT00€1IKVUOULE OTI 0 1I0XUPIOHOC 1oXUEl yid ThV TIUA h, OnAadn
amodeikvUouye 011 T(n) < clogn.

Av n = 3, 0 1I0XUpIoHOC TTpokUTTTEl aTtd (3).

YmoOéToupe 011 n > 3. ATé avadpopikh axéaon:

T(n) = T(Ln/2)) + 7. (4)
Ecpooov n > 3 = |_n/ 2]> 2. Amé emaywyiki uméBeon (yia 6TTou
OKUTITE!I OTI

T(|_n/2J) <c og(|_n/2J) < c(logn - log2) = c(logn - 1) (5)

AT (4),(B) > T(n)<clogn-c+7<clogn,avc>9.
» Av eIAéEW eTTopéVWCE Th 0TaBepd € = 9, 0 1I0XUPIOHOC 1aXUEL.
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EmiAuon Avadpopikwy Zxéoswyv - MéBodoc Eikaoiac

TTapadeiypa 2: TTpoodiopiopoc dvw epAayHaToc yid Thv avadpolikin axéan:

T 1 avn=1
n)=
() 2T((n/2])+n Swgopetikd

EikaCoupe 611 n Auon givai O(nlogn). ATodeikvUoude emaywyikd o611 T(n) <
cnlogn, yia katdAAnAn TiIuAR TG otaBepdg ¢ > O.

m AVTIKaB10TWVTAC oThv Tapamdvw efiowon kai epappolovTac 10XUph
ETTAYWYRH:

T(n) < 2(c Ln/2]log(Ln/2))) + n < cnlog(n/2)+n = cnlogn - cnlog2 + n
= cnlogn -cn + n < cnlogn, av ¢ > 1.
m EAéyxoupe TIC apXIKEC OUVONKEG:
n=1: T(n) < cnlogh = T(1) < cnlogl = O, To omoio avTITiBeTal aTN CUVONKN
T(1) =1.

m O douuTTWTIKOG oupPoAioudg amtaitei va amodeifoupe T(n) < cnlogn, yia n >
No, OTTOU Ny oroiadhmoTe oTaBepd. O&éTovTag Ny = 2, amodeIkvUeTal 0TI h pdon
TNG EMAYWYAG 10XVEI YId KABe n > hyav ¢ > 2:

Ao avadpopiki axéon: T(2) = 4
Toxupiopog: T(2) < c2log2 < 2*2 = 4, Ioxuel
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EmiAuon Avadpouikwy Zxéoswyv - MéBodoc Eikaaiag
TTapadeiypa 3: TTpoadiopiopdc avw gpdyHaToc yia Thv avadpopiki

oxéon:
1 avn=1
T(n)= ,
T(n/2)+T(n/2)+1 Swgpopetikd

Eikaloupe 611 n Abon givar O(n). TTpoomaBoupe va amodeioupe OTI
T(n) < cn, yia kamoia ataBepad ¢ > 0. (1)

Qotdoo, avTikaBioTWVTAC 0TV TldpaTdvw e€iowon Kai
epappolovTac 1I0XUpn eTaywyn:

T(n) <cln/2]+cdn/2]1+1<cn+l>cn, Vc> 0. H (1) dev 1oxvel!

Aokipaloupe va 10XUPOTIOINCOUHE TV ETAYWYIKA UTtOOeon.
AmodeikvUoupe 0TI T(n) < cn - b, émou b > 0 kdmola oTaBepa.

Aoknon vid To oTiTI!
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EmiAuon Avadpopikwy Zxéoswv - MéBodoc¢
EmtavaAnmTIKAC AVTIKATAOTAONC
TTapadeiypa 1: TTpoodiopiopoc dvw @pdypdarocg yid Thv avadpopiki
oxean: 2 avn=1
Tm= {T (n/2))+7 dwgpopetid

T(n) = T(n/2))+7
= (T(n/4))+7)+ 7 = T(n/4))+ 2* 7
= (T(n/8l)+7)+2*7=T(n/8))+3*7
= T(Ln/21]) + i*7
TToTé oTapaTd n emavaAnmTIKA avTikaTdoTaon;
Otav[n/2] =1=i>logn.
Tote: T(n) < T(1) + 7logn = 2 + 7 logn = O(logn).
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EmiAuon Avadpopikwy Zxéoswyv - MéBodoc¢
EmavaAnmTIKAC AVTIKATAOTAONG
TTapadeiypa 2: TTpoadiopiopdc dvw @pdyparoc yid Thv avadpopikh oxéon:

T 1 avn=1
n)=
() 3T (Ln / 4J) +N  JlLPOPETIKYL

T(n)=3*T(n/4)) +n
= 3* (3*T(Ln/42]) +n/4)) + n = 32*T(n/42])) + 3* [ n/4] + n
= 32%(3*T(Ln/43])+ | n/42] )+ 3* [n/4]+ n =
33*T( n/43)) + 32% n/42] +3* [n/4]+ n
< 33*T(Ln/43]) + n((3/4)2+ (3/4) + (3)°)

3*T(n/4' )+ n*((3/4)1+ ..+ (3/4)+1)
3*T(Ln/4]) + n* (1-(3/4)/1-3/4)
= 3*T(Ln/4')) + 4n* (1 - (3/4))
< 3*T(n/4)) + 4n
TToTé oTrapaTd n emavaAnmTiKA AVTIKATAOTAON;
Otav[n/4i] =1=i>logn.
Tote: T(n) < 3*T(1) + 4n = 309" + 4n = nlogs3 + 4n < 4n + n = O(n)
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Tlapadeiypa 1: TTpoadiopiopoc avw
PpAyHdAToC Yid Thv avadpopiki oxéon: emimedo 1

T(n) { 1 avn=1 2* n/2 <«---n/2 n/2
2T(In/2])+n Swpopetikd / \ / \31'“11550 ,
4% n/4 <—n/4 n/4  n/4 n/4

AUon: O(nlogn)

2% n/2i <«----n/21 n/2i n/20 n/2' n/2" n/20 n/2' n/2

eTiTTedO |

O1 avadpopikég kKAnOeIg oTapaTouv 6Tav n/2'=1=i=logn
» To dévdpo éxel (log n +1) emimeda.

» To k-00T0 emimtedo avncnouxsu oe 2K avadpoUiKEG KAROEIG Trou KABe Lia
anaitei TRV ekTéAson n/ 2K oToixeiwdwv eVToAWY

®» 2UVOAIKO KOOTOC avadpopikwy KARoswy emimédou = O(n).
» 2 UVOAIKO KOOTOG OAwV Twyv avadpopikwy kKAhoewv = O(n log n)
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Aévdpo Avadpopuhc

Tlapadeiypa 2: TTpoadiopiopoc avw
PpAyHdAToC Yid Thv avadpopiki oxéon: emimedo 1

{ 2 aovn=1 2* 7 «----n/2 n/2
T(n)= ,
2T (Ln / ZJ) +7 S10(pOpPETIKA, / \ / \
emimedo 2
Avon: O(n) 4%7 <«---n/4 n/4 n/4 n/4

2i* 7« n/2i n/2 n/2 n/2i n/21 n/2i n/2" n/2

eTiTTedO |

O1 avadpopikég kKAnOeIG oTapaTouv 6Tav n/2'=1=i=logn
» To dévdpo éxel (log n +1) emimeda.

» To k-0076 emimtedo avrioToixei oc 2k avadpoliKEC KAROEIC TToU KABE pid
amaiTei TNV eKTEAEON 7 OTOIXEIWOWYV EVTOAWV

» 2 UVOAIKO KOOTOC OAWV TWV avadpolikwy kKAhoewy =7 * (1 +2 +4 + . + 21)
=7 * (2#1-1)/(2-1) = 7 * (2*2lo9n - 1) < 14n = O(n).
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elpadpdTikh AvdAuon

H xphon Twv O, 2, O pmopei va odnynoel ae AdOoc¢
oupttepdoparta otav Ta O, €2, © uToKpUTITOUV 0TABEPEC
IOV €ival HeYAAec.
MMapadeiypa: H ouvdpTtnon 103%n = O(n), aAAd évag aAyopiBpog
ue xpovikn moAuttAokdTnTa 10nlogn ©a ATav TpoTIH6TEPOG apoU
o€ OAec TIC AoyikéC 10600ouc 0 20¢ aAyopiBpocg Ba
OUUTTEPIPEPOTAV TTOAU KAAUTEPA ATIO TOV TIPWTO.

O1 aAyopiOpuol Tou £Xouv TTOAUWVUHIKA XPOVIKA
TTOAUTTAOKOTNTA OcwpoUvTal ATTOTEAEOHATIKOI, EVW AUTOI
TTOU ATtaITOUV eKOETIKO XpOVvo eKTEAEONC €ival Un-
ATTOTEAEOUATIKOI.

(loT600, €vac aAyopiBuoc TTou amaiTei XpOvo EKTEAEONC
O(n>%) dev BewpeiTal amoTeAcopaTIKOC!
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TTeipapaTtikh AvaAuon

H aoupmTwTIKA avdAuon:

dev mapéxel TAnpoopiec yid Toug oTaBepoU¢ TApdyovTEC TTIOU
KpUPpovTal KaTw amoé Tou¢ cuppoAiopoug O, €2 kai ©

ocv Ka90p|Zje| O1aXWPIOTIKEG YPAHHEG HeTagu AOUUTITWTIKA
apywv aAyopiBuwy e pikpoug oTaBepoug TapdyovTeS Kal
AOUUTITWTIKA TTI0 YpAYopwV aAyopiOuwyv pe peydAoug
oTaBepoUc TTapdyovTEC

eaTIaCel KUp1a g€ £10600UG XEIPOTEPNG TIEPITITWONG, TTOU
HTTOPEI va NV givai o1 o avTITPOOWTEUTIKEG Yid
OUYKEKpPIUEVA TTpoPAAUaTa

yia oAU TToAUTTAOKOUC aAyopiOpouc ptopei va pnv pmopei va
ETITEUXOEI.

M1a 6Aoug GUTOUg Tou¢ Adyoug, eival XpAaoigo va ptmropouUpe va
HeEAETAUE aAyopiOuoug Kal He TTEIPAUATIKO TPOTIO.

HY240 - TTavayiwTta ®atoUpou 63



" A
TTeipapaTiki AvdAuon - EmiAéyovTtac
LHETPIKA TToU Ba peAeTnBouv

m EKTignoNn Tou doUPTTITWTIKOU XpOVou eKTEAEDONC
evOC aAyopiOuou otn péon TepiTTwaon.

m 2UyKkpioh 0Uo H TteploadTepwY aAyopiOpwy
TIPOKEINEVOU VA ATTOPACIOTEI TTOI0C €ival TTIO
YPAYOPOG YId KATTO10 €UPOC TIHWY €10000U [Nhy,h].

m [1d aAyopiOpouc TTou ammookoToUv OoThY
eAaxioToTroinon K oTh HEYIOTOTT0INON KATTOIAC
ouvdpThong, HEAETN ThC amooTaong The €€odou
TOoU aAyopiBpou amo Tn PEATIOTN £€odo.
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TTeipaparikn AvaAuon - Ti gidoug petpnoeic Oa
npayparoroinBouv

m [Tpaypartikog xpovocg ekTeAéonc aAyopiBuou (xphon
ge'r’rlmeofda )ég)n adAAWV CUVAPTAOEWYV TTOVU HAC TTAPEXEI
To oUoTnhHa)

YTtdpxouv ToAAoi TTapdyovTEeG TTOU UTTOpOUV vd
£TTNPEAOOUV TIC HETPAOEIC, OTTWC:

Ymdpxouv dAAa TpoypdupdTa TTou EKTEAOUVTAI TAUTOXPOVA;

Xpnoigomolei o ahyopiOpog Thv KpUPA UVARN TOU GUCTANATOC
ATIOTEAEOUATIKG;

Eivai apkeTA n UvVAPN TOU CUOTAKATOC Yid TNV ATTOTEAEGUATIKA
eKTEAEON TOU aAyopiBpou;

= MéTpnon TpwTdpXIKWV AEITOUPYIWY TToU £TITEAOUVTAI
amo Tov aAyopiBpo

Avapop£Eg aTh HVARN, 2UYKpioeIg, ApIBUNTIKEC AeiToupyieg

HY240 - TTavayiwTta ®atoUpou 65



" A
TMapaywyn Acdopévwy Eioc6dou mou Oa
XpnoigoroinOouv yia Ta welpayara

m [Tapaywyn apkeTwy deIyHATWY WOTE 0 UTTOAOYIOHOC HEOWV
TIHWY vd TTdpEXEl OTATIOTIKWG onpavTika 0edopéva.

m [Tapaywyh dciypudTwy O1dPopETIKWY HeEYEOWY waTe vd
gival eQIKTA N eCaywyn CUPTTEPATUATWY Yid d1dPOPETIKA
HeyEOn Tne 10600V

m [Tapaywyh dedopévwy aAVTITIPOOWTEUTIKWY EKEIVWY TTOU O
aAyopiBuoc ©a cuvavTnoel oThv TPAcn.
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TTeipapyarikn Avaluon - Ocuara YAomwoinong

m O xpovoc_; SKTEASOI’]Q EVOC aAvopuGuou eCaprdral amoé To
UAIKO, TN vAwooa npovpauua'rlouou Kdl To usTacppaom, aAAd
KdI AT To 600 0cIVOC €ivdl o TTpoypdpHaTIoTHC.

m Kard tn oUykpion péow TreipapdTIKRG HEAETRC OUO
aAyopiBuwy, o idlo¢ Pabuédg peATioTomoinong Tou KWwdika
TPETIEl VA £QAPUOOTEI OTIC UAOTI0INOEIG Kal Twv dUo
aAyopiOpwv (KGI ol aAyopiBpol KaAo eivar va £xouv
vAoTtoInBei amd TPoYPAUHATIOTEC avdAoyng eUTTEIpiac).

m Ta xapakThpioTikd (TARBo¢ KME kai TaxutnTa autwy,
HEYEDOG KUPIAG Kal KPUPWY UVhUWY, TaxuTnTa Tou KGVGAIOU
ETMIKOIVWVIAC WE Th HVAUN) TOU OUCTAWATOG OTO OTI0i0
TpayparoToleiTal To meipapa Oa mpEmel va kataypdgovTal
AETITOUEPWC.
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AVAPOPEC

To UAIKG TNG evOTNTAC AUTAC TTepIEXETAl aTa akoAouBOa PipAia:

Harry Lewis and Larry Denenberg, Data Structures and Their Algorithms,
Harper Collins Publishers, Inc., New York, 1991

Chapter 1: Introduction

Cormen, Leiserson and Rivest, Introduction to Algorithms, MIT Press, 1990. (To
PiPAio KukAowopei peTappaopévo amo Tic TTavemoTnuiakég Ekdoaeic KpATng og dvo
pépn Kal Heyaho pépocg Tng AN paciletar oto lo pépoc Tou.)

KepdAaio 1: OepeAiwdeig évvoieg: O poAoc¢ Twy aAyopiOuwy oTi¢ uTtoAoyioTIKEG O1adiKaaieg,

KepdAaio 2: TTpokdTApKTIKEG €VVOIEC KAl TTAPATNPNOEIC

KegpdAaio 3: PuBuéc auénong ouvaptThoswy

Evotntec 4.1-4.2: AvadpolIKEG OXETEIC

Michael T. Goodrich and Roberto Tamassia, Algorithm Design - Foundations,
Analysis and Internet Examples, John Wiley & Sons, Inc., 4th edition.

Mépo¢ Tou UAIKOU TTou agopd Thv TTEIpAUATIKA avdAuon dAyopiOuwy TpoépxXETal amod To
PipAio auTa.

Garey, M. R., Johnson, D. S., Victor Klee. Computers and Intractability: A Guide
to the Theory of NP-Completeness, W. H. Freeman and Co., 1979.
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XpnuarodoTnon

*To TTapOV eKTTAIOEUTIKO UAIKO €XEI avaTITUuXOEi OTA TTAQICIO TOU EKTTAIOEUTIKOU
£¢pyou Tou dI0AoKOoVTA.

*To £pyo «AvoikTa Akadnuaika Madnuarta oto MNMavemiotAuio KpATNG» £XEl
XPNMATodoTACEl HOVO TN AvVAdIANOPPWON TOU EKTTAIOEUTIKOU UAIKOU.

*To £pyo uAoTrolgital aTo TTAQicIo Tou ETTixeipnoiakou NpoypauuaTog
«EkTTaideuon kai Aia Biou M&dBnon» kal cuyxpnuatodoTeital atro TNV
Eupwtraikh ‘Evwon (EupwTraikd Koivwvikd Tapegio) kal atrd €Bvikoug TTopoud.

EMIXEIPHZIAKO MPOrPAMMA |
% EKMAIAEYZH KAI AIA BIOY MAGHZH e’ EZ"A

* *
* *
* *

’ ’ ’ J
£1LEVOYON_ BTNV UOVWVLA TNE VLGN
" v 1= [ T
YNOYPTEIO MAIAEIAYL KAl OPHEKEYMATAQON YPQIMAIKO KOINANIKC E

Evpwnaiké Kowvwviké Tapeio = 5 . v v
Me tn cuyxpnuarodotnon tng EAAadag kat tng Evpwmnaiknig ‘Evwong
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2NUEIWPa adelodoTnong

*To TTapov UAIKO diaTiBeTal pe Toug 0poug TNG adelag Xpnong Creative Commons
Avapopd Anuioupyou - Mn Eutropikr) Xprion - NMapouoia Aiavour} 4.0 [1] R
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