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KE®DAAAIO 5

Yvotipoto petapfintic palog

Méypt Tdpo pLEAETAGAE TNV KIvomn LAIKOL onpeiov pe cuykekpiévn palo m , n
omoio mapopével otabepr). Oa egTdoope TOpa TV mEpinT®on wov N pdla dev givorn
otabepn|, 0AAG peTafdAdeton pe Tov xpovo.

Ag Bewpnoope ko onueio palag M (¢), mov T ¥POVIKN oTIyUn| ¢ €xeL TayHTNTA
ii(¢) kot ovvendg opun P(1) = M (1)ii(t). O Agdtepog Nopog tov Nedtmva yio autd
70 VAKO onpeio pe ™ petafant) palo ypaeetor g

dP(t) _
dt

F, (5.1

omov F eivon 1) eEotepici dOvapn mov aokeitol 6o viwéd onpeio. o va
Katavonooue TV (5.1) KaADTEPA YPAPOLE TPOGEYYIGTIKA
AP(1)
At

~F. (5.2)

"o, va vrohoyicope T HetaBoAn] TG opunc AP ypAQOLE TNV OPHT] TOV GLGTHLOTOC
TN XPOVIKY GTIyUN ¢ + Af Kol a@opoVLLE OO QLTI TNV OPUT| TOV GUGTNLATOG TN
YPOVIKN GTIYUN £.

‘Eoto 6t1n pdlo tov vAtkov onueiov ) ypoviky otiyun ¢ + At givan M (¢)+ AM . To

AM pmopel va etvon Betikd 1 apyntikd. Av givor Betico onpaivel 6t n pala Tov
VAKOV onpeiov avEAveTal e Tov xpovo, eve av gival apvnTikd onuaivetl 6Tt
EMOTTOVETOL PLE TOV XPOVO. AV BEAOUE VO £XOLLE L0 GUYKEKPIUEVT] EIKOVA GTO HLOAD
LOG, TOTE OKEMTOLOGTE TO VAIKO onueio oav mupavio Kot emopévog AM < 0, dnladn
TOL KOWGOEPLO EAATTOVOVV TN Hdla TOL TVPAVAOVL.

Emedn pélo dev yavetat, 10 cHGTNUA HOG TOPO ATOTEAEITOL APEVOS OO TO VAIKO
onueio pe palo M(¢) + AM xon toyvtnto U(t) + Au Kot apeTEPOL amd TN pala
— AM 7ov kwveitat, ag movpe, pe toyvmra #'(¢) . ‘Etoin (5.2) ypaopeton

[(M + AM)(ii + Aid) + (~AM )ii' |- Mai
At

~F (5.3)

Kot L mpaels £xope

Uu—+M—+ —u ~F. 5.4)

[Taipvopue topa 1o 0pro At — 0 ko Exope
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M+ == g === F, (5.5)

1011 0 Tpitog 6pog 6To aploTEPO HEAOG TNG (5.4) TEivel 6TO UNdEV 0OV O ap1OuUNTg
etva S1opopkd deVTEPOG TAEEMS EVE O TAPOVOLOGTAG EIVOL S1APOPIKO TPMOTNG

. . , , f Au AM
tdEewc. Tov dpo avtdv pmopeite va tov deite gite g AM N glte ¢ A—Au . Kot
t ¢

GTIG OVO HOPPES TETVEL GTO UNdéV Yo Af — 0.

H e&iowon (5.5) ypdoetar g

d /7 -
—(Mii)-u'—=F 5.6
7 (Mu) % (5.6)
Ko avtn etvon n e€lowon kivinong vAkov onueiov pe petafint) palo. BAémoue
apéomg 6t oev Ba maipvape ) cwot) e&icmon kivnong av oty (5.1)

avtikadiotovoape 1o P pe to Mu !!!

H e&icmon kivnong (5.5) ypaeetot Kot g

di - ., _.dM
M—=F+W'—-i)— 5.7
” ( )dz (5.7)
|
dui = aM
o F+i . 58
dt Hoer dt 58
onov

u_=u'—i eivonn oyeten tayxdTnta e palag — AM og mpog ™ pwala M, my.

oyer

TOV KOGUEPIOV G GYECT) LLE TOV TUPOVAO.

2tV mepintmon mupadAov, o 6pog U

oyer

dM
>y Aéyeton ovvaun mpowbnongs. 'Etol atov
, , o = , , . daM
TOpawAo ackeitor n e€otepikn dovoun F kot n dvvapn tpodinong u,,,. = Oco
7o ypnyopa (o€ oxEom e TOV TOPOVAO) EKTOEEVOVTAL TO, KAVGOEPLOL KOl OGO
M
LEeYOADTEPOG €lval 0 pLOUOG KATAVAA®GCNG KOVGiov at 1660 peyolvTepn glvar n
TpoONTIKN dVvoun.
Hapdderypa 5.1: "Evac mopaviroc, mov ektoedeton T ypovikt| otiyun ¢ =0
KOTAKOPLOO TPOG TOL TAV® amd aKvneia, Kaiel kovoipo pe otabepd pubud
am
dt
apykn palo tov. H oyetikn toydta Tov Kowoaepiov og Tpog Tov THPALAO givat

=—-A,6mov A>0, M eivorn otrypado palo tov mopodriov kot M, etvoin

u_, = otobepn = —u(')lg, uy > 0. TpiPég dev vmapyovv. Na Ppebei n taydTnTa TOUL

oyer
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TVUPAHAOV GTA TPAOTO GTASLN TNG EKTOEEVOTG, ONAAOT OTAV O TOPOLAOG Eival KOVTA
ot I'm, 6mov 10 medio Papvtntog eivon otabepd.

Avon: H e&iomon xivnong (5.8), ya xivnon otov Katakdpveo aZovo z Tov Tov
TaipVOLLE VoL £XEL POPA TPOGS TA TAV®, Eivar

M d;’; f = —Mgh + (—u )(=2)
1
du
MY - Merul . *
it g TU, (*)

Me dAha Adyia, dev yperdleton va Balope o povadiaio didvucua tov dEova dtav
OAot o1 6pot £xovv To 1610 povadiaio ddvuoua.

AN, emedn Ta Kool Katyovion pe otabfepd pubud A, n pala tov TupadAov v
TVYOVGA YPOVIKN otiyun ¢ > 0 glvan M (¢) =M, — At, dmov Bewpnoape 6tL 1 pato
TOV TVPAVAOV OTOTEAEITOL OLGLAGTIKG OO KOOGIHA. XVVERMG N e&lowon kivinong (*)
YPAPETAL G

du, ugA
dt M, -t
U
A
du. =—gdt+—2" g,
M, - Jt

OLoKkANp@OVOVTOS AUEOTEPA TAL LEAT EXOLLE
ugA
u(t)=—-gt+|—X—dt+C,
()=—gt+] T

omov C eivar awBaipetn mpaypatikny otabepd. At ypleeTon o

d(My=1) .

u (t)=—-gt—u,
z() g OI MO—/lt

b

u,(t)=-gt—uyIn|M, - A|+C.

And Tig apykég cuvinkeg £xope 6t u_(0) =0, mov cuverdyeton 6t C =u, In M| ko
N {ntovpevn Ao givan

0

u (t)=-gt+u, In——=—.
z() g 0 MO—/lt
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To amotéAeoa £XEL SIUCTAGELG TAYVTNTOG KOl 1| TOGOTNTO TOV AoyaplOuiletan sivat
adibototn, 6nmg mpénet. T uy kot A apketd peydla, o devTEPOG OPOG eivat
LEYOADTEPOC OO TOV TPMTO KOl O TVPOVAOG EKTOEEVETOAL.

[Mapatnpnon: Oa pnopovGOE Vo unv EYoue avtikotootnoelt to M (¢) ne M, — At
Ko va, ypagape v eéicwon (*) og

M du; _ —Mg+u(')(—d—Mj

dt dt
1
du, u, ( dM
dt M dt
U

z

, dM
du. = gdt—uov

KO LE OPIGUEVO OAOKAT POLOTOL

u,

¢ ’ M
jduz :—gz[dt—uoj\.jov

0
LM
u (t)=—-gt+u, ln—]wO ,

7oV giva 1o 1010 pe avTd MoV PpNKape TPLv.

Mapadsrypa 5.2: TThaotikn prdio apeintéog Lalog Tepléyel TEMESUEVO 0EPOL
ualag M,. Tn yxpovikn otrypn ¢ =0 n pndio BdAretar 6to eninedo xz vmod ywvio &
¢ TPog ToV oplLovTio afova x, pe opykn toyvnta u, > 0. o >0 po puepn
TPOTOL OTN UTAAC aVEL aépa va dtappéet e otabepd puBud A4 > 0 kot otabepn
ToOTNTO OG TPOG TN URAA U . = oTodepn = —u, i, u, >0. To medio Papdtnrog

OYET
etvan 6taBepd Kat TPPEG dev VAP OLV.

A) Na ypagel n e€iomon kivnong ¢ HadAog Lo LoPPY] GLVIGTOCHOV

B) Na Bpebein x ocvvictdoa g Toy0TNTaG TG UTAANS MG GUVAPTNOT TOL YPOVOV.
I') Na Bpebein z ocvvietdon TG ToLTNTAG TG UTAAOS G GLVAPTNGT TOL XPOVOV.
A) Ot Mdoeig mov Bprikate cog tkovomrolovv; Nat, oyt Kot yoTi;

AvYon: Amo v eElcmon (5.8) €yope

2y A +uk)

~ —Mgk + (—u,i)(~1) .

A) E&omvovtag yoplotd Toug 0povg Tov I Kot Tovg Opovs Tov k maipvope
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~=u i,
dt
du
M—=-Mg.
a ¢
B) T ™) AVon g mpdng ypapope
du, _uA 4 du, _ u A A du, = u A dr.
d M dt  M,—t M, -t
2VVETMDG
I du, =I A dt M u/(t)=u,cosf+u,ln ¢ .
g cos @ OMO_ﬂ’t 0—/1l

I') T Aon g devTEPNG YPAPOLE

du,
dt

=-g,

OV TN AVoN TG
u_(t)=u,sinfd—gt

v eidope oto [opdderypo 2.1.

A) Ot Mdoelg etvar tkavomomtikég d10TL oty dEova z €xope EAeDBepN TTMOGN 6TO
otafepd medio Papvntog, evd otov dova x vrdpyel Svvoun TpomdOnoNg Tov
avEAver Ty tayvTNT.

HMopdderypa 5.3: [TAaoTikn cQUPIKN UTAAN peEANTENS LALOC TEPLEYEL TEMECUEVO
aépa patog M, ot Kveitar xopic Tpipég kot enidpacn eEmTEPIKAOV duvapemy pe
ToOTNTOL U = U, i, u, >0, £161 ®oTE TO KEVTPO TNG Pmarag va etvat Téve ctov
dEova x. Tnypovikn otypn| ¢ = 0 avoiyel pol GNUEIKN TPOTO GTNV ETLPAVELL TNG
UTAAOG TETOL0 MOTE 1) €VOEiN TOV EVAOVEL TNV TPV LLE TO KEVTIPO TNG GPAIpOG VoL Eivar
6710 0p1LOVTIO emimedo xy Kot kGBetn oTov dova x . Oewpeiote OTL M| TPV OPTVEL
agpa vo, dtappéet pe otabepd puiud A >0 ko otabepn tayvta i’ = otabepn
=u)j, u,>0.

A) Na ypagei 1 e€icmon kivnong g UTdANG Vo LOPPT) GLVIGTOCHV

B) Na Bpebein x cvvietdo g ToLTNTOS TG UTAANG OG GLVAPTNGT TOL YPOVOV.
I') No Bpebein y ocvvietdca TG TodTNTOG TNG UTAANG (OG GLVAPTNGT TOL XPOVOV.

Avon: Amo v eEiowon (5.5) éxoue

dui+u,j) s oA dM ~ dM
M———— " v wi+u j)——(u.j))—=0.
7 (ud+u,j) 7 (uo.)) 7

A) E&iodvovtag yoplotd Toug Opovg ToL I KOl TOVG OPOVG TOV | TOUPVOLE
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Mdux +uvd£=0, (**)
dt S odt

du
Y tu dM—u(') dM:O.

M
dt Yo dt dt

B) T'a ™ AMon g mpdtng ypdoope pHetd amd moAATAACIOOUO e dt

Mdu_ +u dM =0

J
du,  dM
u, M
OLoxkAnpdvovTag Katd LEAN ExOe
Y
Uy i, M
U
M
In|"x :—lnﬂ = In[—%
u, M, M
1
M M
I —n 20— 0
u, M M, - At
U
u (t)=u O ¢>0
x( ) 0 . —//i,t
U

M
u ()=u,—~, t20
M)

Avti 1 Aoon NTav avopuevopevn apov n oxéon (¥*) ypdopeton mg

d(Mu,) _

7 0 = Mu_ = otabepd =M u,.

I') Tt debtepn ypdpope
du, ,
(M, —/?,t)Tt'—/Iuy +Auy =0.

H A0on g dev givar 60oKoAT, 0AAd ovTe Kot TeTpLupévn. Tnv agrivope Aotmdv yia
apyotepa, 0tav Oo EYETE ATOKTNOEL APKETEC YVMOELS OLOLPOPIKMV EEICOCEMV.
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Aoxknon 5.1: 'Evag mopavrog Eekivd ™ ypovikn otiypn ¢ = 0 amd npepio otn 0€om
x =0 ko Kveiton katd pnKog Tov opilovtiov d&ova x . O pvOuog pe Tov omoio Kaiet

, . dM . . L ,
Koo etvat % =-A,6mov A >0 ko1 M eivou n otrypaio palo Tov mupoadiov.
t

H oyeticn toyd o TV Kovcaepinv o¢ Tpog ToV TOPpavro ival U = otobepn|

oyET
A

=—uyi, u, >0. H pala tov mopadrov (dnAad To petadhikd pépog) ivar M kow
apykn palo tov kavoipov eivar M, . Oswpeiote 6t tpPéc kan Papdtnra dev
vrdpyovv. Na Bpebei  TaydTa TOL TVPAVAOL Y100 £ > 0.

Aoknon 5.2: Ocwpeiote opoyevn aivoida pnkovg L ko pdlag M, otov optloviio
d&ova x petadd tov onueiov x =0 ko x = L. "Evag kivoduevog yepavog mavel
ypovikn otiyun ¢ =0 1o dkpo TG aAvcidag mov givor oto x = L ko apyilel va
avoyavel v aAvcida pe otadepn tayxdtnta u, > 0, £T61 OCTE TO AVLYOLUEVO
KOUUATL TNG aAvoidag va etvon mhvtote katakopveo. Na Bpedei n dvvaun mov ackel
0 YEPOUVOG MG GLVAPTNOT TOV ¥POVOL, LEXPL VO v Y ®BOel TANP®G 1 ahvcida.

M L
Amévtnon: FzTouo(gtJruo), 0<t<—
Uy

Aoknon 5.3: M otaydva vepod oynuatileton T xpovikn otiyun ¢ = 0 og éva
axivnto cOvvepo kot apyilel va méptel Aoy Papvtroc. Kaboc néptet, n pala g
av&avetar pe puOuod avaroyo g otrypaiog pdlag g, pe otabepd avoroyiog 4 > 0.
Na Bpebel ) taydtnta g otaydvag yo £ > 0.

Atveton 6T 1 yevikn Avom g dapopikng e€icwong % + Au = g elvan
t

u(t) = % +Ce ™, 6mov C givan avBoipetn mpaypoTiky oTadepd.

Aoknon 5.4: M otaydva vepod oynuatileton T xpovikn otiyun ¢ =0 og éva
axivnto chvvepo ot Béom z = 0 ko apyilel va méptel Aoym Popdrag. Oswpeiote
TOV KaTaKOpueo d&ova z mpog ta kate. Kabng méetet, n pdla g avéaveton pe
pLOUSG aVALOYO TOL YIVOUEVOL TNG oTIYLaiaG HAlog TNG Kot TG ToOTNTAG TNG, LE
otafepd avaroyiog x > 0. Na Bpebel n taydtnTa g otaydveg yo £ > 0 og
ovvaptnon g Béong z .

du dudz du 1d
Ymodeiln: Xpnoonoteiote T oxgon — = —— = —u = ——(u’ ).
ot NN = @ dz 2dz( )

Aoxknon 5.5: [Thaotikn ceaipikn umdio apeAnTéos Lalog mepLEel TEMECUEVO AEPA
nalog M, war Kveitar xopic Tp1Bég kat enidpacn eEmTEPIKOV duVANEDV UE TAYXDTNTO

A~

u=uyi, u,>0,£t01 ®OTE TO KEVIPO TNG PURAAOG va Etvot Téve otov dova x. Tn
ypovikn otiyun ¢ =0 ovolyel o onuelok: TpOTO TNV ETPAVELN TNG UTAAOS TETOW
®GTE 1 SLpPoT} TOL AEPa VO YIVETOL PE GYETIKN ToXVTNTO OG TPOG TN UIdA U, =

otofepn =u, 7, u, >0. Oewpeiote 6T N TPOTA APTVEL AEPQ VO SLOPPEEL e

otafepd puOpd A4 >0 xat 611 PapdTnTa dev vVIdPYEL.
A) Na ypagei n e€lomon kivinong g UadAoag Lo LOPPY| GLVIGTOCHOV
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B) Na Bpebein x ocvviotdoo g To0TNTag TG UTAANS MG GUVAPTNOT TOL YPOVOV.
I') Na Bpebein y ocvviotdoo TG To0TNTAG TG UTAANS MG GUVAPTIOT TOL YPOVOV.
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