EAAHNIKH AHMOKPATIA
NANENIZTHMIO KPHTH2

evik PuoikA |
N. KuAdong

Tunpa PuaoikAg




KEDAAAIO 7

Porn ko Ztpogoppn — Mépog mpoTo

Méypt €00 e€etdioape TNV Kivnom evog vAKOL onueiov vtd TV ETOPOCT UIOG
dvvapng. Ta mpdypoto oAAECovv dpapatikd av avti VAKoH onueiov £youe éva
oteped copo. H pedétn g xivnon evog otepeol ompatog dev givarl e0koAn voBeon
Kot giyovpa vepPfaivel katd ToAD 1o eninedo Tov mapdvtog pabnuatog. o va
gl0ayayolEe Le PUOIKO TPOTO TIG EVVOLEG TNG POTHS ODVAUNS KOL OTPpOoPopuns o
TEPLOPIGTOVUE GTNV TEPICTPOPT] GTEPEOD CAOUATOG TTEPT oTalEPO AEOVAL.

7.1 Pom} ovvaung

Ag Bewpnoope Eva 6TEPEO GMOUO TOV UITOPEL VO TEPLOTPEPETOL TTEPT TOV 0TOHEPD
d&ova z, 0 omoiog, ag deyTovE YWPig va ival amapaitnTo, SIEPYETOL ATO TO GAOLLO.
EmAéyope to enimedo xy va téuvel 10 o1Eped SO Kot Oempodpe éva onueio P tov
omuaTog ov vo. Bpiocketon 6to eninedo xy. ‘Eotw 011 01 cuvietaypéveg Tov onueiov

P givan (x,,0). Emopévmg n dtavuopotikn aktiva Tov onueiov P egival

F=rf, (7.1)

J 2 2 A a . i ) r r r
OmoV 7 =+/X" + )y~ xou 7 =cosfi +sinfj eivar 10 povadiaio akTviKd S1EvVucLLa.

Edd Bewpnoape 611 n yovio mov oynuatifet n dStovospotiky axtiva pe tov aéova x
gtvan @, MNhadn x =rcosf ko y =rsinf .

Ag Bewpnoope TP OTL TO GO0 TEPIGTPEPETOL KATA AMEPOSTN Yovia d6 . Ag
dovpe oo etvon  peTaforn dr g dtevuouaTikNG aktivag 7 . Katd v
TEPLGTPOPT] TO UETPO TOV SLVOCUOTOG 7, ONAOOT| TO 7, Topapével otabepd. Apa, pe
mapay®ylon g (6.1) éxoue

dar dr ar d A A A A db
— =—7+r—=0+r—(cos@i +sinf j)=r(-sinfi +cosb j)—. 7.2
g " ar g Tt (cost P=rsmbi D 02

AMG, OTtog eldape oto [Tapdoetypa 2.5, to ddvocua oty Tapévheon lval 1o
povadtlaio (EQomTOUEVO GTOV KOKAO) O10VOGHLAL 0,

0=—sin@i +cosdj. (7.3)
"Eto1, moAamiacidlovtag e 1o df apeotepa to uEAN g (7.2) maipvope
dr =rdfo. (7.4)
To amotéAieopa (7.4) Ba umopovcape va to ypdyoue kat’ gubeiav, yopic va kdvope

TPAEELS, O1OTL TO PETPO TNG HETAPOANG dF elvan rd 6 , dnhadn etvan To UNKOG TOEO0L
oL O1Eypaye To onueio P petd omd mepiotpoen katd yovio d6 . Emiong, n
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KkatevBuvon g kivnong Tov onueiov P eivat ot TOV Lovadlaiov SVOCUOTOG 0.
Apan (7.4) etvor Tpo@avig.

Ag Bewpnooue topa 6TL 610 onueio P aockeiton dOvvaun F = Fxf + F yj' Kol 6Tl AOY®

aLTAG NG dVVAUNG TO 6TEPED OO TEPIOTPEPETAL TEPT TOV AEova z KOTA Yovia db .
To €pyo Aoutdv mov ékave 1 dOvaun givort

dW =F -di =(Fi+F,})-rd00 =(F.i+F,])-rd0(-sin0i +cosd j)
=—F, rsin0d@+F rcos@df=-F, yd0+F,xdf
=(xF, - yF,)do, (7.5)

OV €YEL KATMOC TEPIEPYN LOPON. XTI LOVOILACTATY KIVN oY, G TOVUE 6TOV dEova X,
10 épyo G duvaung £, o petatomion katd dx etvor dW = F_ dx, and v onoia
0o pmopovoe ko yphyet koveilg F=dW /dx. Av kévope K4t TapOpHolo otnv
eElowon (7.5) éxope

xF, —yF,=dWw/do. (7.6)

BAémope Aowmdv 011, yua 10 1010 €pyo dW , oty mepiotpon| peavileton n TocdTTA
xF, —yF, mov Oo t Aépe porn ¢ dbvoung F w¢ mpoc v apyij twv aldva.
Onwg o Sovpe apécng TopakdTm, 1 poh ™G dovaune F opiletar m¢ Stavvopatikd
néyebog Ko n mocdHtNTa TOL EPPaviletan oty eElowon (7.6) etvau ) z -GLVIGTOGCH
g pomnc. 'Y avtd eppaviCetor og Babumto péyebog.

Opwopds: Av 7 etvon 1 dtovoopatikn axtiva evog onpeiov oto omoio dpa 1 dHvoun
F , 16te  pomij e Stvaune F a¢ mpoc v apyii twv aédvav opiletar g

T=FxF, (7.7)

Omov T0 X GLUPOMCEEL TO AeyOUEVO eCTEPIKO YIVOUEVO OO dLavvoudTwy (PA.
Kepdrawo 6).

21V €101k TEPINTOOT oL eEETAGALLE TOPATAV®, SNAOIN TNV TEPIGTPOPY| GTEPEOD
obpatoc mepi Tov otafepd GEova z , Omov Ta Slavdopato 7 Kot Feiyov povo x
KOl y GUVIGTAOGECS, YPAPOLE
i
T=rxF=xi+yj)x(Fi+F,j)=|x
F

X

= (xF, - yF,)k . (7.8)

< .
e ’
o O

To eEmtepikd yvopevo dvo davouopdtov eivar po opilovca Pe TPAOTN YPOUUN TO
novodioda Stavoopora i, J, k , L€ OEVTEPT YPOUUN TIG CUVICTMOGCEG TOV TPMTOL
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SLOVOGLLOTOG KO LE TPITN YPOUUN TIG CLUVIGTAOGCEG TOL OEVLTEPOL dtovvucpatog. To
avdamtoypa e opilovoag oTNG YIVETAL TAVTOTE KOTA KOG TNG TPMTNG YPOUUNG.
Av16 onuaivetl 611 to eE@TEPIKO YIVOUEVO dVO SIQVDGM(iTLOV etvan dtdvoopa. Eivor

TPOPAVES OO TOL napomowco 6111 VITo-0pilovsa Tov i eival PMSEV Ko Opoing Yio TV
vmo-opiovoa tov ;. Mdvo 1 vo-opilovsa Tov k sivou SLapopn Tov PUNdEVHS Kot
ion pe v mocotnta (7.6), Snhadn 7, =xF, -y F,.

7.2 Ztpo@opur} VAKOV GUELOV

Oa dobue TOPA TOG EPPAVICETAL LE PVGIKT TPOTO M oTPoPopur. Ag EEXAGOLE TPOG

70 TAPOV TO GTEPED CALLO TOL EEETAGAE TAPATAVE® Kol ag Bemproope OTL 6TO
onueio P vmdpyet £vo vAIKO onueio paloc m , Thvw 6To 0moio aoKeital dSuvaun

F=Fi+F,j.

Onwg ldape Topandvem, 1 z -GLVIGTOCH TNG POTNG TNG dVVAUNG F givar
r,=xF, -yF,. (7.9)

Am6 tov Aghtepo Nopo tov Nevtwva yio to vAkd onpeio pdlog m €xope 01t

Fem®® o FoomdY (7.10)
o g dr’ '
Avtikofotovrag oty (7.9) éyope
d*y d’x
T.=Xm —ym . 7.11
’ a2 ar (7.1
AMAG,
2
d(m@—y dxj dx ﬂermdi/ dy dx ymdf
dt dt dt dt dt dt dt dt dt
d’y d*x
=xm —ym . 7.12
a (7-12)
Etou, 1 (7.11) yphoetan
d dy dx d d
T.=—|xm——ym— |=—\xmu, — ymu_|)=—I\xp, — , 7.13
: dt( 7 dtj dt( = ymu,) dt(py w.) (7.13)

Omov u, Ko u, VoL 0L GLVICTOGEG TNG TOYXVTNTAG TOL VAIKOD oNpeiov kot p., p,
gtvan o1 avtictolyes cuvict®oeg ™G opuns. H mocdmra (xp , — D, ), OV

enpaviCeton oty (7.13) pag Bopilel ™ z -ocuviot®oo eEOTEPTKOV YIVOUEVOL
SLVUGUATOV.
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Opopdg: Av 7 glval 1 010vVOGUATIKY aKTiva evO¢ MKV onueiov paloc m oto
omoio dpa 1 dvvaun F ,161¢ N GTPOPOPLUN TOV DAIKOD GHUEIOD (WG TPOS THV OPYH TWV
oalovav opileTon ¢

l=Fxp, (7.14)

O0mov 10 X cLUPOAILeL TO Aeyduevo elmTepind yivouevo ovo davvauatmv (PA.
Kepdiaio 6).

XV €101K1 TEPITTMOT OV £EETAGAUE €M, ONAAON TNV Kivion LAIKOD onpeiov 6To
EMIMEd0 Xy, YPAQOLE

Py ok
L=Fxp=(xi+tyPx(pi+p,N=|x y O|=@p, -k (115
p. P, 0

KO 1 GTPOPOPUN Vi &xel povo z -ovviotawoa. 'Etot, 1 e&icwon (7.13) ypdoetor wg

dl
=—=, 7.16
Er (7.16)

omov £, =xp, —yp, &ivorn z -GLVIGTOGA TG GTPOPOPUNG TOV LAKOD onpeiov. H
eElowon (7.16) dev givon timote dAAo mopd 0 Agvtepog Nopog tov Nevtwva
YPOLHEVOG pE TN XPNOT TNG POTAG SHVOING KO TG GTPOYOPUNG.

[Mopatnpnon: Ztnv €01KN TEPIMTOGCT TOV TO VAIKO GNUEI0 KAVEL KOKAO aKTivVOC 7, M
SLOVUGLOLTIKT OKTIVOL TOV 7 Kol 1 Opur] ToL p givor KAOETO StovOGOTOL KO )

GTPOPOPUT TOL DAKOVD GNUEIOL UTOPEL VL YPOUPEL ™

I=Fxp=rixpd=rpk, (7.17)

ST Fx 0=k , kKot’ avoloyio Tpog Tig oyéoelg (6.5).

7.3 tpo@op] 6TEPEOL CONATOS

Topa mov EEpope Tt elvar 1 oTpoPopuUn VAKOD onpeiov, LTOPOVUE VE EEETACOUE TN
GTPOPOPUT OTEPEOD CAOUOTOS, OPOV TO GTEPEN CAOUOTO, ATOTEAOVVTOL OO GTOU, TTOV
UTOPOVUE Va. To BE®PooUE GOV VMKE GNUEiD.

Ag Beopnoope Eovd €vo 6TEPED GMO, TOV UTOPEL VO TEPICTPEPETAL TTEPT TOV
otabepd dEova z . 'Eotw 011 10 6TEPEd SO amotereiton and N dtopa. To tuydv
dropo i €xel palo m, Ko amodcoTacn 7, and Tov aEova z . Av o 61Eped oo givar
Kpapo ToA®OV ototyeimv, ot paleg m, dev eivor Oreg ideg. OAeg ot péleg exterodv
KOUKAOVG KOTA TNV TEPIOTPOPT TOV GTEPEOV CAOUNTOG,
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["a to TuydV dTopo i YPAPOUE Yo TN GTPOPOPUN TOV, COUP®VA pe TV (7.17),
0. =1, p, =rmu, =rmor, =omr’, (7.18)

OmoV @ €lval N YOVIOKN TaXOTNTO TEPIGTPOPTG TOV GTEPEOV GANATOG TTEPT TOV
otafepd dEova z . 'Etot, 1 oMK 6TpoQopuUT TOL 6TEPEOD CMOUATOC Efvat

1 z

L, =ﬁ:£2i = aoﬁlmir2 =wl,, (7.19)
i=1

i=l1

N

omov opicope to /. = Z m,r’ ©G M PO ASPAVELNS TOV GTEPEOD GMUNTOS MG TPOG
i=1

Tov a&ova z .

A7 TOV 0pIoUO TNG POTNG AOPAVELNG GTEPEOD CAOUOTOS MG TPOG TOV AEOVA Z , TOV
elvar To a0potopa TV YIvouEveV TV LoldV TOV €L TO TETPAY®OVO TV ATOCTAGEDY
TOVG OO TOV AEOVA z , WTOPOVLE VOl YEVIKEDGOLE TOV OPIGUO Y10 GUVEXELG KOTOVOLES
néloc. "Etot, 0nwg oto Kepdrowo 4, Ocmpovpe oteped ocopa paloag M pe mokvotnta
£ Ko Bempovpe emiong Evav anelpootd OYKo TOL OUOTOC dV Tov anéyel and Tov
d&ova z amoctoon 7. X’ avtdV TOV OYKO VILAPYEL M| anelpocty pala dm = pdV .
Kot avaioyio Aomdv mpog ) pomn adpavelog Yo StakplTd VAIKA onpeio ypaeope

.= [dmr* = [r*pav, (7.20)
) )

omov 10 cOpPoro (V) oto olokApLa oMpaivel OTL TPETEL VO OAOKANPDOGOLE MG
Ppog OAOV ToV OYKOo V' ToVL 6TEPEDD GMOUATOS. AV TO GTEPED GO EXEL OUEANTED
YOG, TOTE TO OAOKANPOLO YIVETOL MG TTPOG TNV EMPAVELN TOV COUATOG. AV TO
oTEPEO GOU Elvar AETTO GVPUO, TOTE TO OAOKANPOUO YIVETOL MG TPOG TNV YPOLUN
IOV STPEYEL TO GO

7.4 KivnTiki) evEpyera oTEPEOD CONUTOS
Ag Beopnoope Eovd £vo oTEPED GMLLO, TOV UTOPEL VO TEPIOTPEPETAL TTEPT TOV

otafepd dEova z . ‘Eotm Ot 10 oteped cmpa anotereitor ond N dropa. To tuydv
dropo i €xel palo m, Ko amwodcotTacn 7, and Tov aEova z . Av 1o 61EpEd cOMA givar

Kpapo ToA®OV ototyeimv, ot paleg m, oev eivor OAeg idieg. OAeg ot péleg extelovv
KOKAOUG KATA TNV TEPLGTPOPT] TOV GTEPEOV CAUOTOG,.

I"a to oGV GTopo I YPAPOLLE Yo TNV KIVNTIKT) EVEPYELL TOL
lm.u.2 :lm.a)2 r=—mr’ o, (7.21)

OmoV @ &lval N YOVIHKN TaXOTNTO TEPIGTPOPT|G TOV GTEPEOD CAUATOG TTEPT TOV
otabepd dEova z . 'Etot, 1 0AMK1 KTk EVEPYELX TOL GTEPEOD GMUATOG Eivarl
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T:la)ZZm‘r‘z Ellzaf, (7.22)

N

omov opicope to /. = Z mr’ ©G TN PO ASPAVELOS TOV GTEPEOD GMUOTOS MG TPOG
i=1

Tov dEova z .

Mapaderypa 7.1: Alvetor cvpudtvo miaiclo, oynpotog poupov, oto eminedo xz,
ypopukng mokvotnrog A (ot povadeg eivor kg/m), pe xopuvepéc ota onueio
(1,0),(0,1),(-1,0),(0,—1). To mhaicio petd meprotpépetor mepi Tov otabepd dEova z
ue yoviokr toyomta @. No Bpebel n cuvictdco L, g 6Tpo@opung tov TAaiciov.

Avon: Ilpota mpénel va Bpovpe ) pomn adpdvelag Tov mAoiciov. Ag Bempnoope
v TAevpd petaéy twv kopveav (0,1) kot (1,0). Av Bpodue ) pomn adpavelog
aVTNG NG TAEVPAS, TNV ToAAamAactdlope pe T0 4 yio vo Bpodue v OAKNn pomn
adpdvelng. H eficmwon g evbelag mov evover tig kopveég (0,1) ko (1,0) eivon
z=1-x.

Ytov Oetikd nuidEova x kot oto onueion x kol x+dx (6mov 0<x<1) @époue
evBeieg mapdAinieg mpog tov dEova z . Avrég «kOBovvy amd To chpua TOv EYEL
eglowon z=1-x Koppdrt UKOVG

ds =~\dx* +dz* = dx1+ (dz/ dx)* dx\/ 1 +( 1)? =dx\2. To KOoppdtt avtd Tov

cvppotog Exel palo dm = Ads = AdxA2 wou anéyel and to dova z Katd x, O10TL
eueig 1o emAéEape €tol. Apa, 1 pom AdPAEVELNG TOV KOUUOTION MG TTPOG TOV AE0Va. Z
etvon dI, = dmx” xoum ponr| adpdvetag Tov cHpuatog mov &gt x>0, z>0 eivon

1. =[adl. dﬁszdx ~ ig.
0

H ocvvolkn pomn adpdvelag givat %ﬁﬂ KOl 1] GLVIOTAOGO L, TNG GTPOPOPUNG TOV

TAaolov ivot
L = ?ﬁla) .

[Mapatypnon 1: Xto anotéhecpa dev_eivon epgaves 6t n pomn adpdvelag 1. £xet

Saotdoelg palac- uikoc®.  Avtd ogeileton 6to 6Tl M eficwon z=1-x sivat
nobnuotikn kot oxt euowkt). [ va givor uoikn Tpénetl va Ypopel og z = a —x, Ue
a =1m. Emiong, to 6p1o x =1 givar pabnuatikn kot 61 oy oxéon. [Na va givor
QLo TPETEL va Ypopel g x = £, pe f=1m. Omotlog kdvel TI¢ TPAEELS Pe TO0
Kot 0 S péoa oto teMKO amotédecpa, Oa et 0Tl dvimg N pony| adpdvelag I, Eyel
Sractdoeic palog- pikoc®. Na 1o kdvete. Eyd to éxoval!!
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[opatipnon 2: Adym tov 6t1 0 AEovag TePIoTpoPng z givarl dEovag cupupeTpiog Tov

GUPUOTOG, 1] GTPOPOPLT] TOL GUPUOTOS Efvor L= L k.

Mopdderypo 7.2: Xto mponyobuevo mapdderypo, Bewpeiote v emedveln Tov
EMMESOV Xz, MOV TEPKAeieTOn amd 10 cvpudtivo miaicto. H emedvein avt) xet
pélo M kor m em@oveloxy mokvottd me o (Sractdoec kg/m?) eivon opoyevig.
Av 1 emoedveln meplotpéPeTon mept Tov otalfepd dEova z pE YOVIOKY ToYLTNTO @,
va Bpebei n cuvictdoa L. TG GTPOQOPUNG TG ETPAVELNG.

AYon: Ag Bswpnoope 10 1/4 g empdvelag mov PpiokeTot 610 TETAPTNHOPLO X > 0,
z>0. ZXZtov Betikd nuacova x kol oto onueio x kot x+dx (6mov 0<x<1)
oépoue evbeleg mopdAinieg mpog tov dfova z.  Avtég «KOPovvy amd TO
TETOPTNUOPLO OV Eivor KAT® amd TV evbeion z =1—x po Awpida TAdtovg dx kot
oyoug 1—x, OmAaon eppadod  dS =(1—x)dx. H Aopida €&t pala
dm=0odS =o(l—-x)dx xor anéyel and Tov AEova TEPIGTPOPNG z ATOCTOOT ion Ue
X, 010T1 gueic Vv emAéEope €tol. Apa, 1 pom adpdvelag TS Awpidog g TPog ToV
GEova z etvon dl, = dmx’,m pomf adpavelag Tov TeTapTUOPioL sivar

1
I. =jd12 =0'J.x2(1—x)dx=a(l—lJ=ia
0

Kot M oMkn pomn adpdvewng etvar 1, =§J=§7=8M , 0wt 10 KGO

TeTOpTNUOPLO Exel epPadov 1/2 ko o popPog Exet epfadov 2 .

Onwc Kol 6TO TPONYOVUEVO TOPAOEIYLO, TO OTOTEAEGLO «QOIVETOW Vo unv £yst
owoTtég daotdoels. Befaiwbeite 6Tt dvtog £xel 6MGTEG SIOCTACELS.

H ocvvictoco L, tng 6Tpo@opuns tov mioiciov eivot
L =1 o= éM .

Onmg Kot 6T0 TPONYOVHEVO Tapadetypo, L = Lzl€ 10Tl 0 G&ovag TEPIGTPOPTG tvar
d&ovog ocvppetpioc.

Hoapdoerypa 7.3: Ocwpeiote Evav opoyevr] kKOMvopo pdloc M, aktivag R Kou
Vyovg /1 0 omoiog meploTpépetan mePt Ttov otalepd dova z, mov eivor o dovag
ovppetplog TOv, HE YOVIOKN TOXOTNTO @ . No Bpebel n ovvictwoa L. g
GTPOPOPUNGS TOV KLAIVOPOUL.

AvYon:  Ogwpodpe opoaovikd KLAVIPIKO AOL0 VYouG A pHetald TV aKTivov
Kkt r+dr, omov 0<r<R. Av p=M /(xR*h) sivou n ToKvOTNTO TOV KLAIVSpOL,
tote M pala Tov KVAVOpPIKov eAolov givor dm = pdV (dV eivor o 6ykog Tov) Kot 1
pomf] adpdveldg tov eivon dI. =dmr®. T va vmoloyicope ™ péle dm Tov
KLUAMVOPIKOD PAO10D KAvouE TO EENG:
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O 6ykog dV' tov KLAMVOPIKOD PAOL0D peTAE) TV aKTiveOV 7 Kol 7 + dr givot
dV = h[ﬂ(rJr dr)* — 7rr2]= h2rmrdr

81011 0 6poc (dr)® eivor S10Popikd SeVTEPAC TAEEMC, TTOV £lval OPEANTED GE GYEOT UE
10 Jwpopwkd mpotg TaEewg dr.  H palo tov KLAwopKov Aoy  elvan
dm = p2xrdrh xoun ponn adpdvelog Tov KLAIVOPoL givar

N £, zohR* 1
1 :Jdl :J-r dm:27zph'[r dr=———=—MR".
z o 2

z
0
‘Etot, ) ouvictdoa L, e 6Tpo@opung Tov miaiciov eivar

L =lo= %MRZCO.

z

Onmg Kot 6T0 TPONYOVUEVO Tapadetypo, L = Lzl€ 10Tl 0 G&ovag TEPIGTPOPTG tvar
ad&ovag cvppetpiag.

Hopdoerypo 7.4:  Aivetow ovpua, oynuatoc U oto emimedo xz, YPOUMKNG
mokvoémTOg A, TOL TEPYpAPETaL 0md THY eEicwon z = x” Kot eKTeiveToL amd x = —3
uéxpt x =3. To ovpua petd meprotpépeton mepl Tov otabepd dova z He YoOVIOKN
tayvtnta @. No Bpebei n cuvictoca L g 6TpoQopung Tov GOPHOTOG.

AvYon: Xtov Oetikd nuidEovo x kol oto onpeion x kot x+dx (6mov 0<x<3)
oépope evbeieg mapaiinieg Tpog Tov aEova z. AVTEG «KOBoLVY amd TO GUPUO Eva

KOPPATL pAKove ds =Ndx® +dz” = dx\1+(dz/dx)’ = dxy1+(2x)* =dxv1+4x” .

To KoppdTt avTd ToV GVPRATOC ExEl pala dm = Ads = Adx\1+4x”> ko oméysl amd To
dEovo z katd x, OOTL gueic to emAé€ape €tol.  Apa, M pomy adpAvVELNS TOL
KOPUATIOD O¢ TPog Tov GEova z eivon  dI =dmx® wou M pomf] adpdévelag Tov
GUPLOTOG Elval

3 3 3
1= [dl. =A[x*N1+4x> dx = 2A[ x* 1+ 4x” dx:4/1.|.x21/%+x2 dx .
-3 0 0

Xpnowonowwvtoag [ivakeg OhokAnpopdtov BAETopE 0T

2 2N\3/2 2 2 2 4
x(x" +a a xNx“+a a
IxZVa2+x2dx= ( ) ——In(x++vx*+a%),

8 8

omov a=1/2. 'Etol 10 amoTtéAeGO TOV OAOKANPOUATOS TPETEL VO TO VITOAOYICOUE
610 x =3 koroto x =0.
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210 teMkd amotélecpo dev etvar gpeovég Ot 1 pomn adpavelns 1. £xel dooTACELS

nagac- ko’ . Avtd ogeileton 6to 6TL M e€icoon z = x” eivon pofnuaTiky Kot oyt
ovoukn. To va givon puotkr| Tpénet va ypogel og z= x>, pe f=1 m™'. Emiong,
t0 x =3 eivon padnuotikn ko Oyt euoikn oxéon. [ va eivor puoikn mpémel va
ypooet ¢ x =3y pe ¥y =1m. Onowog kavel Tic TPAEEIS e T0 f KoL T0 ¥ UEGH GTO
tehMkd amotéheopa, Qo Ol Ot Oviwg M pomn odpdveng I, €xel doTACELS

nagog- pixoc” . Na 1o kévete. Eyd 1o éxova!

‘Eto1, 1 ovvictdco L, TS 6TPOQOpUNS TOL TAGTIoL Evot

L =1o.
AOY® tov 6TL 0 GEOVOG TEPIOTPOPNS z eivan AEOVOG CLUUUETPIOG TOL CUPUATOG, M
GTPOPOPLT] TOV GUPUATOS Elval L= Lzl€ .

Hopaderypa 7.5: Xto mpomyobuevo mopddetypa, Bewmpelote TV EMEAVELL TOL
EMIESOL Xz, OV TEPUKAEIETON OMO TIC YPOPUES z = X7, |x| =3 xu z=0. H
empavela avtr £xel pdla Kol 1 ETPOAVELOKT] TUKVOTNTA TG €ival o . AV 1 empdveln
neplotpéPeton mepl tov otabepd dova z pe yoviokn toyvmnto @, vo Bpebetl n
GLUVIOTOGO L_ NG GTPOPOPUNG TNG EXLPAVELOGS,

Avon:  Xtov Oeticd nuaEova x Kot oto onueion x kol x+dx (0nov 0<x<3)
pépope gvbeieg mapdAAnieg mpog tov a&ova z . AvTég «KOBovvy amd TNV eMPAVELL
OV £ivol KGT® omd TV KOUmOAN z =x° po Aopida mAdtovg dx kot vyovg X,
Mrady epPodod dS = xdx. H Awpida éxet palo dm=odS = o x* dx kar anéyst
amd Tov AZova TEPIGTPOPNG z amOoTAoT iom Ue X, O10TL gueig TV emAeEape £TOL.
Apa, N porh adpdvetag TG Apidag wg mpog tov GEova z eivon dI. =dmx® xon

POTN ASPAVELNS TNG EMPAVEINS KOTO omtd TNV KAUmOAN z = x° sivar

3 3 X[ 486
1. :jdlz :aszxzdx=2ajx4dx=2a— =—0
-3 0 S 0 5

Onoc kol 6T0 TPONYOVUEVO TAPAOELYO, TO OTOTEAEGUON «QOAVETOLY VO UnNV EYEl
owoTtég daotdoels. BePaiwbeite 6Tt dvtog £xel 6MOTEG SIOCTAGELS.

H ocvvictoca L, TS 6Tpo@opuns tov TAoiciov etvot

L =1 a)=$aa).

z z

Onwc kot 610 TPONYOOLUEVO TOPASELY L, L= Lzlé 1011 0 GEovag TEPLOTPOPNG lvarl
ad&ovag coppetpiag.
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Mopdoerypo 7.6: Ocwpeiote oto emimedo xy o opoyevny mAdko paloag M,
oYNUATOG 0pBOYWOVIOL TOPUAANAETITESOV, OAMEPOGTOD TAYOVS, UE TAEVPES 2a Kot
2b , mapdAAnieg mpog Tovg dEoves x kot ¥ . To kévrpo g mAdkag givol otV apyn
tov afovov. H mAdko mepiotpépetor mepi tov otobepd GEova z e YOVIOKN
TaxOTNTO @ .

A) Na Bpebei n cvvict®co L, TG 6TPOPOPUNG TNG TAAKOC.

B) Na Bpebei n ovvictoca L tng otpo@opuns e mAdkag, ov 1 mAdka £xet moyxog
2¢ ka1 otov dEova z extetvetar omd —c péxpt c¢. H pdla g mapapéver M .

Avon: A) Ilpota 6o Ppodpe T pom adpdvelag g TAdkag o¢ Tpog tov dEova z .
To epPaddv g mhakag sivor 4ab wor M emoeovelokn moKvOTNTd TG elvon
o =M /(4ab). Oewpodue po omePooty Awpida TapdAinin mpog tov G&ova y,
HETOEL X KOu x+dx, €opovg dx. X’ aut 1t Awpida Bempodpe TO0 OMEWPOOTO
Koppdtt petald y kot y+dy, epfadod dxdy. To amelpootd avTd KOUUATL AmEYEL

omd TOV GEOVOL Z KATE 7 = 1/ X” + y* KoL EXEL OMEPOGTH POTT USPAVELOG

dl = o r’dxdy. "Eto1n cuvolkn pomy adpavetlog The mAdkac sivat

b

I = j.dxj-dyarzzaj.dxidy(xz +%) zaidx(x2y+y?3j

-a -b —-a -b

-b

a 3 3 3
= ZUIdx[xzb +b?j = 26(%b + xb?J

= icfab(a2 +b%) = lM(a2 +b?%)
3 3
KO 1] GLVIOTOGA L TNG GTPOPOPUNS TG TAdKaG etvor
L, = %M(az +b)w.

B) Av n mAdka £xel memepocpévo mdyog kot palo M 1o L dev aildletl! Avtd to
KoToAOPoivope TOOTIKA O10TL 1| TEMEPACUEVOL TThYoVG TAGKe umopel va BewpnOel
cav vEPOeon TAOKAOV PE amePocTd Thyoc 1 kaBe o Kot cuvolkny pala M . AAAG
KOl TOGOTIKG EYOUE

c a b c
I =pjdzjdxjdy(x2 +y2)=pjd2§ab(a2 +b2)=§M(a2 +b%),
-b —c

—C —a

0Tl M TokvOTTAL o 1oovtan pe M /(8abc) kol m amdoTACN TOV ATEPOSTOD OYKOL

r r ) 2 2
dxdydz ond tov aova z glvar r =+/x" +y° .
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7.5 Os@pnpo Topoiiiov aSovev

Av yvopilope 1t pomn adpdvelng cOUOTOS ¢ mPog dEova mov diépyeton amd To
KEVIPO HAlog Tov, TOTE UMOPOVUE EVKOAN VO VTOAOYIGOUE TN PO OOPAVELNG TOV
COUOTOS MG TPOG A0V TOPAAANAO TPOG TOV TPAOTO.

Ag Bempnoope éva oteped copa (N copdta) pdloag M ko tpelg dEoveg x*, y*, z *,
oL M apy” Tovg eivar oto k€vipo pdlag Tov copatog. Ag vrobiécoue 0Tl Exoue
VOAOYIGEL TN PO AOPAVELDS . TOL COUATOS G TTPOG ToV GEova z * Ko BENopLe va
vroloyicope ™ pomn adpdvewg /. TOL COUOTOC MG TPOS Afova z, mov eivan
TapaAANAog tpog tov z *. 'Eyope

N N

2 2 2

L= mr? =) m(x'+y), (7.23)
i=1 i=1

omov 7, glvan  omdoToom ™G paloag m, ond tov dEova z . Emiéyovtag toug a&ovec

X, ¥ va givar mapdAiniotl mpog tovg x*, ¥y * avtiotoiymg, ypapope o6t x;, = X +X;

kot y, =Y +y,,0mov X, Y eivarot x- ko y -cuvietaypéves tov kévipov ndlag 6to

cvotua x,y,z. Oleg ol mocotnTeg eivan alyePpikéc. Me avrtikatdotoon oty
(7.23) éyope

N
I. Zmi(X2+2X>cf+x:2+Y2 +2Yy, +y:2)
i=1

N N . N 2 N N . N 2
=X22mi+2XZmixi +Zmixl. +Y2Zmi+2YZmiyi +Zmiyl. . (7.24)
i=1 i=1 i=1 i=1 i=1

i=1

N
H nocdémta ﬁZmix[* elvar fom pe undév, 010t etvon €€ 0ploHoL N X -CLVTETAYUEV
i=l

TOV KEVTPOL UALOS w¢ mpog 10 KéEVIpo uclas. Me dAha Adylo, apov To KEVTPo palag
elvar omv apyn tov aovov x*, y*, z*, o1 cuvtetaypéveg tov sivan unodév. ‘Etot, o
de0TEPOG KOl O TEUTTOC Opog ot oyéon (7.24) eivan undév. 'Etor, n (7.24) ypboeton
o

I =MX>+Y?)+1.=MD>+1.,, (7.25)

omov D=+ X>+Y’ eivor n amdotoon tov Gfove z omd Tov dfova z* Kat

N N
%2 %2 %2 , ’ J v,
l.= E m, (xi +y, ): E m;r, . 'Etcl anodeilope o axdOA0v00 Oemdpnpa.
i=1 i=1

Ozopnuo mapariqrov aéoveov: H pomm adpdvelng cOUATOG ®G TPOg Evav AEova
1600TOL e TN POTN AOPAVELNS TOL CMOUATOG MG TPOG AEOVA TAPAAANAO TPOG QLTOV
KoL OlEPYOUEVO OO TO KEVIPO HALAG TOV GOUOTOS, 6LV TN UAlo TOV COUNTOG Tl TO
TETPAY®OVO TNG OTOGTAONG LETAED TV dvo aEOVOV.

Hapaderypa 7.7: Na Bpebei n ponn adpdaveia tng mAdkog tov [Tapadetypoatog 7.6 wg
TPOG OKUN TNG TOV lva TapdAANAN oToV dEova Z .
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Avon: H andotaon g tétotac okpig omd tov aEova z sivar D =+a’ +b> .
Yuvenmg, n {nrodpevn pomn adpavelag eivat

%M(a2 +b*)+ M(a’ +b2):§M(a2 +b%).

Aoxknon 7.1:  Aivetor ocvpudtivo mAOIGIO0 CGYNUOTOS TETPAYDOVOL TAEVLPAS a,
GLVOMKNG palag m, pe  dy®vid tov otov dova z. To mAaiclo meploTpépeTon
nepl Tov otabepd déova z pe yoviokn toayvtta @ . Na Bpebei n cvvictdca L. g
GTPOPOPUNG TOV TANLGIOV.

Amavinon: L. =1.0= %maza}.

Aoknon 7.2: Aivetan TETpAy®VT ETQAVELN TAEVPAS @, CUVOMKNG HAlag m , He
dydvio g otov déova z. H emopdvela nepiotpépetor mepi Tov otabepd a&ova z
ue yovwkn toxdmra @. Na Bpebel n ocvvictoco L. G oTtpo@opung g
EMPAVELNG.

1
Amavinon: L. =1 0= Emaza}.

Aoknon 7.3: Aivetolr ocvpudtivo TANIGIO GYNUOTOC TETPAYDOVOL TAEVLPAS a,
GVVOMKNG nalag m , pe ) pio TAevpd tov otov dova z . To mAaiclo mepioTpépeTan
nept tov afova z pe yoviokn toyvmmta @. Na Bpebel n ocvvictdco L. g
GTPOPOPUNG TOV TAAUGIOV.

Amévinon: L. :%maza)

Aoknon 7.4: Ailvetor TeTpdyvn EMQAVEL TAEVPAS @, CLVOMKNG Halag m, pe
pia mhevpd g otov aéova z. H emoedvewn meprotpépetor mepl tov dEova z pe
yoviokn taxdmmta @ . Na Bpebel n cuvictdco L, TS GTPOPOPUNG TNG EMLPAVELOGS.

1
Amévinon: L. ZEmaza)

Aoknon 7.5: Aivetar ocvppdrtivo mAIGl0 GYUOTOS 1G0GKEAOVS opBoywviov
TPLYOVOL KaBETOL TAELPAS @, cVVOMKNG nalag m, pe  pio KaBeTo TAELPA TOL
otov a&ova z. To mAaiclo mepioTpépeTon mept Tov AEova z pE YOVIOKN Tay\LTNTO @ .
No Bpebei n cuvictdca L. ¢ 6TpoQopuns Tov TANLGIoV.
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Amévinon: L. = imaza).
32 +4/2)

Aoknon 7.6:  Aivetor opBoydvia IGOGKEAG TPLYOVIKN EMPAVELD KAOETOV TAELPAGC
a, GLVOAMKNG palag m, pe m pio kabeto mhevpd g otov dEova z. H emoedvein
TEPLOTPEPETOL TTEPL TOV AEova z e Yoviakn Tayvtta @ . No Bpebel n cvvictdoo

L_ G 6TpoQOpUNG TNG EMPAVELOGC.
. 1,
AnGvinon: L, :gma .

Aoknon 7.7: Alvetol cupudtivo TAIGI0 KUKATKOD GYNUATOG aKTIVOG R, GUVOAIKNG
néalog m , pe 1o KEvrpo tov otov aova z . To mhaiclo meprotpépetal mepi Tov aova
z pe yoviokn toxdmto @. Na Bpehel n ocvvictdco L, g OTPOPOPUNG TOV
TAa1ciov.

YmodeiEn: Xpnowonomote 1o oynuo tov [oapadeiypatog 4.3.

1
Amévinon: L. :EmRza)
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