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KE®AAAIO 10

Tolavtooerg

>¥to [Mopdderypa 1.9 eidape ™ pedétn g kivnong vAkov onueiov pdlog m , mov
Bpioketor oto £va dipo edatnpiov pe To dALO dKkpo Tov gAatnpiov otabepd. Oa
emavegetdoope to 1010 TPOPANLA EOD XPNCLOTOIDOVTOS OVO SUPOPETIKE GLGTILOTO
ocvvietaypévav. Tn o popd Ba mdpope to unodév tov a&ovd pag ot 0éon
ooppomiog g ndlog m Kot v GAAN eopd Ba To Tépope 6to oTadepd AKpo TOV
ehatnpiov. o va unv prepdevopacte, Bo xpNGIULOTONGOUE SOUPOPETIKA GUUBOA
Yo Tovg OV0o AEoveg

Ag Beopnoope eElatnplo otabepdsg £ Kot GUOIKOD UNKOVG ¢ LE TO OPLETEPO AKPO TOL
otafepd kat 6to de&l dipo Tov onuetaxn pala m . To ghatnpilo etvar oplovtio kot n
novn dvvaun tov aokeitan otn pala m givar n dvvaun Hooke. Oewpovpe Evav

ad&ova &, KoTd UNKog Tov eAaTNPiov, LE TO UNdEV Tov dEova oTn BEoN 160PPOTIaG TNE

ualag m ko v Kotevbuvor| tov mpog ta de&ld. H e&iowon kivnong g pnalog m
gtvan

2

=k (10.1)

Av 1 e&lowon etvar 1dwa pe v Tpd™ €&icmon tov apadeiypartog 1.9, povo mov
aALGEape ToV GUPPOAMGHO Kot avti Yo x yphwyaue & .

Ag Beopnoope Todpa Kot Tov dEova x mov To Undév tov eivar 610 oTafepd diKpo TO

gehatnpiov. Tnv tuyodoa ypovikn otyun ¢ n pdla m €xel cvvietayuévn £(¢) otov
évav a&ova kot x(¢) otov dAAov. H oyéon peta&d avtdv tov Svo ToGOTHTOV givat

s)y=x()-1L. (10.2)

AvtikaBiotoope to &(f) oty e&iowon (10.1) kot £xope

dx _ k(x— 1), (10.3)

m =
12

OTOL, Y10 GUVTOMA, deV Yphwyape pnTa TV €£ApTNon and Tov Ypovo.
Ag dovpue topa T pog Aéern e€lowon (10.3) kot g Oa propovcape va T ypayoue

Kot evbelav. Avtn Aéet 6t dOvaun F ,u mov aokel to eratnplo otn ndla, £xet
pétpo ico pe

Ytabepa X Typiaio dovoixo
|F| =| rov x || unxog —| unxog . (10.4)
glarnpiov elarnpiov elarnpiov
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"o va Bpovpe to Tpdonpo e F pémet va kePOOVUE 0V TO EAATIPLO «CTPOYVEL N
«tpafé» ™ palo m. Tnv «tpaPd» tpog Ta aptotepd (OnAadr| SOvaun apvnTiky) av
T0 EAaTNPLO Elvar TEVTOUEVO, SNANON OV TO GTIYULNIO UAKOG TOL gAatnpiov x [TOv
elvar n ovvtetaypévn Tov TEA0LE ToL (ONANON X ) HeEloV TN GuVTETAYUEVT TNG OPYNS
Tov (dnAadn 0)] eivon peyaAdtepo amd To GLGIKO UNKOG TOL EANTNPIOV, TOL givar £ .
‘Etot Aowmdv yia va elvar coot) 1) d0vaun F wpénet vo ypayopue

Ytabepa 2 TIyULoLo dovoixo
F =—|rov x || unxog —| unxog =—k(x—1), (10.5)
elarnpiov edarnpiov glarnpiov

oniadn va farope pe 1o ¥épt 1o apvntikd mpodonuo. Av dev 1o Balape, Oo fTav cov
Vo AEULE OTL Y10 TEVIOUEVO EAOTIPLO 1) OVVOUT Eivart BETIKY, ONANOT «OTPOYVEL TN
nala mpog ta 8e&id, mov givar TPEAO.

[Mopd T0 Yeyovog 6Tt suINTAGALLE TNV TEPIMTMOOT TOV TO EAATNPLO EIVOL TEVIOUEVO, 1|
eElowon givol oot av 10 EAATNPLo eivan suumecsuévo. Av 1o eAaTplo eivan
GLUTEGUEVO, dNANOT OV TO GTIYHIi0 UKOG ToL elatnpiov x [mov givou
GUVTETAYUEVT] TOV TEAOVS TOV (ONAOY] X ) HElOV TN GLVTIETAYUEVT] TNG OPYNG TOV
(Onradn 0)] etvon pikpdTEPO OO TO PLGIKO UNKOG TOL EATNPiov, OV gival £, TO
ehatpro Ba «ompdEery ™ pala mpog Ta de&id, onAadt| Ovvaun Betikr). Ovrwg, yio
x <l nodvaun F (e€lowon 10.5) eivon Betik).

Kdamowog pmopei va potiioet: Mua yopd oev itav n e&icoon (10.1), Tt ta 0&hape dAa
ta vrorowma; H amdvinon etvar: Ovimg, pia yopd eivar n e€icwon (10.1) ko
UTTOPOVLE VO TN XPNGLLOTOIOVUE 0V 6TO TPOPANWE pag viapyel 06om wooppomiog.
Ynrdpyovv dpmg mepntdcelg Omov dev vdpyel 06on 1ooppomiag. Xe TETOLES
TEPMTOCELC TPEMEL VO ElpaioTe 6€ BEom var Ypapoue Tig eE1I0DOELS Kivong 6€ TuyOV
GUGTNO GUVIETAYUEVOV. AC O0VUE EVOL TAPAOELYLLOL.

Mopddcrypa 10.1: Oswpnote 10 €ENG omAd povtéro yia to popto tov CO. Xtov
dEova x Bewpeiote Eva ehatnplo otabepds £k kol puoKov unKovg ¢ e dvo
onpetokés nalec, m, oto apiotepd dxpo Tov kot m, 610 6ekl dkpo tov. To gratrplo
Ko o1 paleg pmopotv va fpioKovtal 0OTovonmoTe GTOV AE0VO X Kol VO KIVOOVTOL
omws BEhovv, uoKd TAvToTE pe T PAlo m, 6To APLGTEPO AKPO TOV KoL TNV M1, GTO
de&l. Tnv toyxodoa ypovikh otyun ¢, n nala m, Ppioketar otn Béon x,(¢) woun
ualo m, ot x,(t). Bapotnrta éev vdpyet. No ypagodv ot eElodcelg kivnong twv
palov.

AvYon: H eiocwon kivnong g pélag m, eivon

2
d x,

m i :k[(xz _xl)_g]'

To pétpo g aokovuevng dvvaung ivor avtd mov Aéel ) e€lowon (10.4), d16t1 T0
X, —x, elvon 10 oTrypaio pkog tov ehatnpiov (dnAadn, n cvvretaypuévn Tov TEAOVG
ToV peiov TN cvvteTaypévn g apyns Tov). Av To ghatiplo givor Teviopévo, Ha
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«tpafnéew ) péla m; mpog ta delid, dMradn Ba acknoet Betkn) dSHvaun. H ddvapun
k[(x2 -x,)—/ ] etvan dvtmg Beticn Yo teviopévo elatnplo, dniadn yuor x, —x; > /.
Apa dev ypertbletar vo aAldEOUE TO TPOGTLO TG dVVAUNG UE TO XEPL.

H e&iocwon kivnong g pélog m, sivar

2
d”x,

0 = —k[(x, —x) - 1].

m,

To pérpo g ackovpevNg dVVaUNG eivat avtd mov Aéel 1 e€icwon (10.4), 31611 TO

X, —x, elvon 10 oTrypaio pkog tov ehanpiov (dnAadn, n cvvretaypuévn Tov TEAOVG
TOV pelov TN cuvTeTaypHéVn TG apyNS Tov). AV To ghatiplo givol Teviopévo, Ha
«tpafnéew ) péla m, mpog ta aplotepd, Sniadn Bo acknoel apynTiky dvvoun.
Opwmg, n dvvaun k[()c2 -x,)—/ ] etvar Betucn Yo tevtopévo elatipilo, dSnAadn yio

X, —x, > (. Apa npénet vo g 0AAGEOLLE TO TPOCTLO UE TO ¥EPL. AVTO KAVOLLE Kot
Barape To — otn SHvaun, OCTE Yo TEVIOUEVO EAATNPLO Va eivarl apvnTiky 1 SOvaun).

Hopatpnon: Eivor mpogavég 61t oto cuykekpuévo Iapaderypa dev vapyovv
Béoeic 1ooppomiag tov palav. Tlap’ dOAa avtd, o vopog tov Hooke 1oybdel kKo Enpene
VO TOV YPAYOUE GCOGTA.

Aoknon 10.1: Befowwbnte 011 01 e&tomaoelg kivnong tov [apadeiyparog 10.1 eivon
GMOTEC AV TO EANTNPLO Elval cvpmespévo. Me dAha Adyia, BePormbeite 6Tt o1
e€lomoelg kivnong etvatl cmoTég aveEapTnNTMS TS KATAGTUGNG TOV EANTNPiOv.

Aoknon 10.2: Avo ghatipia pe otabepés k,, k, Kot puoucd pnkn £, ¢, aviiotolymg,
KoBdg Ko Tpelg onpetoxég paleg m,,m,,m; givar cuvdepéva otov opiovTio aéova x
g e&ng: To ghatnpro 1 €xel o6T0 aplotepd AKpo Tov ) pala m,, evd oto de&i bipo
tov Bploketon n pdla m, kabag Kot to aplotepd akpo Tov eratnpiov 2. Xto deki
Gxpo tov ghatnpiov 2 Ppioketon  palo m;. Tnv Tuyovoa yPOVIKN GTIYUT| ¢ O
0¢oeig v tprov poalov etvar x, (¢),x, (1), x;(¢), ue x,(¢) <x,(t) < x,(¢) . Bapvmra
dev vrdpyel. No ypapovv ot e£lomaelg kiviong Tov paldv Le GUVIETAYUEVES

X, (), %, (1), x5 (1) -

Hapdaderypa 10.3: Avo hatnpro pe otabepés k,, k, ko puowd pnkn £,,7,
aVTIOTOLY ™G, KAOMG Kot dvo onuelokes paleg m,,m, etvar Guvdepéva 6Tov opliovTio
aEova x ¢ efng: To ehatnpro 1 €xet 1o aprotepd dkpo Tov otabepd ot Béon x =0.
270 dei dxpo Tov Ppiokeron n pdlo m, KebOG Kot TO APLGTEPO AKPO TOL EAaTNPioOVL
2. Z10 0¢e&i dxpo tov ehatnpiov 2 Bpioketon n palo m,. Tnv TvyoVGA XPOVIKN
oTypn ¢ ot Béoelg Twv dvo palov stvar x, (¢),x,(t), pe x,(t) <x,(¢). Bapdtmra dev
VIAPYEL.

A) Na ypagpovv ot eElooels kivnong Tv palov pe cuvtetaypéves x, (¢),x, (1)
B) Na Bpebovv o1 Bce1g 1coppomiog Tov palmv.
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I') Na ypagovv ot e&lomoels kivnong tv palov pe cuvietaypéves & (1), <, (¢) , mov
petpmvtol and Tig B€cel 1Iooppomiog.

Avon: A) X pdlo m, dpovv 1060 10 gratnplo 1 660 kat To ehatiplo 2. Xtn pala
m, opa povo to ghatnpro 2. 'Etot, o1 eionoelg kivnong tov palov sivar

d*x

m, dtzl ==k, (x, =)+ I, [(x, —x) =1, ],
d*x

m, dt22 =—k,[(x, —x)—1,].

B) T ta Bpodpe Tig Béoeig 1ooppomiog Tov paldv apkel va undevicope Tig SUVAUELS
OV OPOLV G’ AVTES, ONANON

0=—k (x, =)+ k,[(x,—x,)—1,],
0=—k,[(x; —x,) =L, ].
To oo TV eE1I0DGEMV EYEL Ao

o _
X7 =4,

{ea
x5y =L, +1,.

Dduoikd, dev NTOV OmaPAiTNTO Vo ADGOUE TO GVGTNUA Yo Vo, Bpovue Tig BEoelg
ooppomiag. Amo droicOnom kot povo Bo LITropoVCaLE VO TIC YPAWOLLE.

I') ®¢tovtag otig eE10MOELS Kivnomg Tov epmTANATOC A

x, () = xlla +&,(0),
X, () =xy +&,(1),

Bpiokopue
d2
m fl =—k & +k, (5, —¢),
dt
dz.f
m, dt22 :_kz(":z _51)-

Kt avtéc tic e€lomoeig Ba pmopovoape va tig ypayoue kat® gvbeiov. O mpdtog 6pog
e TpdTNg e&lomwong tvon katavontog. O de0TEPOS Opog NG TPMOTNG e&lomwong Aéet
OTL AV 01 OLO ATOPAKPVVGELS Ao TIS BEaEIC 1oppomiag eivat ioeg, 1 Svvaun oV
aokel To ehatplo 2 etvon undév. Avtd eivan cwoto, dwwttav &, =&, 1o ghatnpro 2
gxel amhmg PeTatomoTtel, dev elvar 00te TEVTIOUEVO 0VTE cLUTEGHEVO. Av &, > &, T0
ghonpro 2 eivon teviopévo Kot 1 dOvapn mov aokel otn pale m, sivon Oetir), Omwg
TPETEL.
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Aoxknon 10.3: Tpio champla pe otabepéc k,,k,,k, ko ouowd pnkn  ¢,,0,,0,
avVTIoTOlY ™G, KaOMG Kot Tpelg onuelokeés paleg m,,m,,m; €ivol GLVIEUEVA GTOV
opovtio dEova x g e&ng: To ghatnpro 1 €xel 10 aplotepd GKPO TOV GTEPEWUEVO
ot 0éon x=0. Zto 6e&i dkpo tov PBpioketon n palo m, KOOGS Kot TO APLETEPO
Gxpo tov ghatnpiov 2. Xto de&i dxpo tov ghatnpiov 2 PBpiokeror n pnala m, kabwg
Kol T0 aplotePd dxpo tov gratnpiov 3. Xto 0e&i dkpo Tov ghatnpiov 3 Ppioketon N
nalo m;. Tnv tuyovco ypovikny otiyun ¢ ot Bécelgc tov Tpudv palov sivar
X, (8),x,(8),x;(t) , pe 0 <x,(t) <x,(t) < x5(t). Bapdnta dev vapyet.

A) Noa ypagovv ot eElooelg Kivnong tmv paldv Pe GUVTETOYUEVES X, (1), X, (1), X, (?) .
B) Noa BpeBodv o1 Béoeig wwoppomiag x,7, x5, x;7 TV palov.

I') Na ypagovv ot e€icdoels kivnong tov palov pe cvvietaypéves & (¢),S, (1), &, (1),
Tov petpdvron amd TS 0éoelg 1ooppomiag, niadn x, (¢) = x,° +&,(¢) Kot opoing Yo
T X, (1), x5(2).

Hapadevypa 10.4: 'Evo ghatipilo pe otabepd k, Kot QUGIKO UNKOG /| KPEUPETOL OO
10 Tofavt (z =0). Zt0 ehevbepo dxpo Tov Ppioketon pala m,. Oewpeiote tov dEova
z ue @opa mpog ta Kdtw. Tnv tuyovoa ypovikh otiyun ¢ 1 0éon g nalog elvan
z,(t) . Oewpeiote 6tabepd medio Papdnrag.

A) Na ypagei n e&iomon kivnong g pélog pe covietaypévn z,(7) .

B) Na Bpebein 6¢on 1coppomiog g pndaloc.

I') No ypagei n e&icwon kivinong g palog pe cvvtetaypévn & (), mov petpdron
amo T 0éon 1oppomiog.

Avon: A) X palo m, dpovv 1060 10 eAatiiplo 1 oo ko n Papdtra. ‘Etot, n
eElowon kivnong g padag eivat

d’z,

dt?

m =—k(z,—-0)+mg.

B) T ta Bpodpe ) 0éom 1ooppomiog ng pdlog apkel vo UNdEVICOLE TN CLUVIGTAREN
dvvoun Tov Opa 67 AT, ONAOT|

0=—k(z,-(,)+mg,

7oV £xeL Avon

m
z0 =1, + s

kl

Agv NTav amopoitnto vo Avcoue v e&icwon yo va. Bpodpe T 0éomn woppomiag.
Am6 dnicOnon kot povo Bo UTOPOVGALLE VAL T YPAWOLLE.

I') ®érovtag oty e€lowon Kivnong Tov epOTHOTOC A
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7z () =z" +& (),
Bpiokope
d’s,
m, —— = -k &,.
1 dt ) l§ 1
Kt ovm v e&icmon Ba umopovcape va ) ypdwyope kat’ evbeiav. To tévimupa tov
ehatnplov katd m, g/ k, e&locoppomel tn Papdrta kot dpa 1 Papdrta ot BEon

r [Zo mlg r 4
wopporiag z,” =/, +—— glvor Gov va. unv vapyeL.
1

Aoknon 104: Avo ghotpie pe otobepés k,k, war @uowd pnkn 4,7,
avtiotoiymg, kobmg kot dvo onuelokeés paleg m,,m, €ivor GUVOEUEVOL GTOV
KaTakOpLEo agova z (ue popd Tpog Ta Katw) oc e€ng: To ehatplo 1 €xetl 10 mhvo
Gxpo tov otepempévo 610 z =0 evd 610 KAT® GKpo TOL VEAPYEL N pala m, (pe
GUVTETAYUEVT Z,) KOL TO TAV® AKPO Tov ghatnpiov 2. 210 Kdte GKPO TOL gATNPiov
2 Bpioketon n pala m, (e cvvietaypévn z,). Tnv Tvyovca Ypovikrn oTypn ¢ ot
0¢oeig tv dvo poalov etvor z,(2),z,(¢), pe 0<z,(¢) <z,(t). Oewpeicte cT00EPO
nedio Papuntoc.

A) Na ypagpovv ot elonoels kivnong Tov palov pe cvvtetaypéves z,(¢),z, (¢) .

B) Na BpeBovv o1 Boe1g 1coppomiog Tov palov.

I') No ypagovv ot eElodoelg kivnong tov polov pe cvvtetaypéves & (1), &, () , mov
uetpaovor and T1g 0€cEL 1IGoppomiog.

Aoknon 10.5: Avo chatpia pe otobepés k,k, xar @uowd pnkn 4,7,
avtotolymg, kabog kot dvo onuewokés paleg m,,m, eivolr cvvogpévo GTOV
KOTaKOpueo d&ova z (pe eopd mpog ta Tdvw) wg e€ng: To ehatnplo 1 €xetl 10 Katw
Gxpo tov otepempévo oto z =0 eved 610 TAVE GKpo TOL VIAPYEL N palo m, (ue
GULVTETAYHEVT Z,) KO TO KAT® GKPO TOV ghatnpiov 2. Xt0 mve Gkpo Tov ghotnpiov
2 Bpioketon n palo m, (pe ovvtetayuévn z,). Tnv tuyovco ypovikn GTiypr| ¢ ot
0¢oeig tv dvo poalov etvor z,(2),z,(¢), pe 0<z,(¢) <z,(f). Oswpeiote cT0bePOd
nedio PapunToc.

A) Na ypagpovv ot eEl60oels kivnong Tov palov pe cuvtetaypéves z,(¢),z, (¢) .

B) Na Bpebovv o1 Bécelg icoppomiog Tov paldv.

I') No ypagovv ot e&lowcelg kivnong tov palodv pe cvvtetaypéveg & (1), <, () , mov
petpavtal anod Tic 0€cel 1Icoppomiog.

Aoknon 10.6: Tpia shompo pe otolepés k,k,,k; xar uowd pnkn £¢,,0,,0,
aVTIOTOlY ™G, KoOMG Kot TPEG onupewkes Maleg m,,m,,m, eival GUVOEUEVO GTOV
KatokOpLueo acova z (pe eopd mpog Ta katw) g e€Ng: To ghatplo 1 €xetl 10 moveo
dxpo tov otepempévo 610 z =0 evd 610 KAT® GKpo TOL VEAPYEL N pala m, (pe
GULVTETAYHEVT Z,) KO TO TAV® Gkpo Tov ghatnpiov 2. Z10 Kéte Gikpo Tov ghatnpiov
2 Bploxketon n péla m, (pe ovvietoypévn z,) kabdg Kol TO TWAVO GKPO TOV
ghatnpiov 3. Zto kéto dkpo Tov ehatnpiov 3 Bpiokeron n palo m; (Le cuviETOYHEVY
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z;). Tnv tuyovco  ypovikn otiypn ¢t ot 0Béceg twv TPV poalodv  eivon
z,(),z,(t),z;(t), pe 0 < z,(¥) <z,(t) < z,(¢) . Oewpeiote o1adepd medio Papvnroc.
A) No ypagovv ot eElocelg kKivnong tomv pal®dv Pe GUVTETAYHEVES z, (1), Z, (1), 2, () .
B) Na Bpebovv o1 Bécelg icoppomiog Tov paldv.

I') No ypagovv ot e&lomcelg kivnong tov polov pe ovvietaypevesg & (1), &, (1), &5(1),
oL LETPO®VTOL OTd TG BEGEL 1GOpPOTING.

Anavtnon: B)

(m,+m, +m;)g

z0 =1+ ,
1 1 k]
27 =1 + (m, +m, +my)g - (m, +my)g
kl k2
+m, + +
27 =1+ (m, +m, +m;)g 1+ (m, m3)g+l3 n msg.
kl k2 k3
Inueiowon: Mdriov Bo cog elvar wpoeavég OTL Ta TOPATAVEO OTOTEAECUOTO

YPAOTNKAY pe Kamolo Aoyikn Kot Oyt puetd and npasels. Ovtwg étot givatl. Ag dodue
Aoudv ™ Aoyik).

Ag okepBolpe T 01001KaGI0 KPEUAGLOTOS TOV GLGTHUOTOC TOV EAATNPI®V amd TO
tapdavt. Ilpota kpepdpe to ehatfplo 1. Avtd, oc afapés, ekteiveror kotd £,. Metd
Kpepape ) palo 1. Avto €xel ¢ cLVERELD TNV ETUNKVVGT TOV gAatnpiov 1 kotd
m,g/k,. (H empikovon Az elvoanw t00m dcte n dvvaun tov gratnpiov k, Az va
eglooppomnel 1o Phpog m,g ™G Kpepoaouévng palos.) Metd kpepdpe to ehatiplo 2,
T0 omoio, g afapéc, dev petatomiler v pala 1. Otav dpmg kpepdoope v péla 2,
aVTN EMUNKVVEL TO HeV ehatnplo 2 xotd m,g/k, to 0¢ ghatnpro 1 xatd m,g/k,.
Metd kpepape 1o ehatnpio 3, to omoio, og afapés, dev petatomilel ovte ™ palo 1
ovte ) péla 2. Otav opmg kpepdoope v pdla 3, avt emunkdvel to eatipilo 3
Kkatd m,g/k,, 10 ehotiplo 2 kot m,g/ k, kou 1o ehotiplo 1 kotd m,g/k, .

Me Bdon ta mopoamdvo,

n 0éon woppomiag g pnalog 1 anéyet oand 1o Tafdvi £, GLV TIC TPELS EMUNKVVOELS
m,glk,, myg/k xou myg/k, movvréotn to ehatnpo 1.

H 6éom g pélog 2 PBpioketon akoun mo kat® kot ¢, GLV TG dVO EMUNKVVGELS
m,g/k, xar myg/k, mov vréot T0 EAaTIPLO 2.

H 0éon ¢ pélag 3 Ppioketon axdun mo kdto Kotd £, cvv v empunkoveon m, g/ k;
Tov glatnpiov 3.

HMopdocerypo 10.5: Avo ghoatiplo Kot ovo paleg elval ovvdepévo ¢ €ENG otV
mePLPEPELO. KOKAOV aKTivag R, mov Ppioketal 610 €minedo xy, pe KEVIPO TNV apyn

tov afovov. Tnv tuyodoa xpovikh otiypn, N OVUGHOTIKY aktiva TG palag m,
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oynuatiCer yovia 6, pe tov Betikd nudcova x, evd 1N SOVUGHOTIKY OKTIVOL TNG
ualag m, oynpotiCer yovia 6, > 6, pe tov etikd nuaova x . Xto 10£0 TOLV KOKAOVL
HeTAEL TV Yoviov 6, kou 6, vrdpyet to ehathplo 1 pe otabepég k, £,. Xt0 dxpo
Tov ov Ppicketon ot yovio G, eivar cuvoepévn n palo m, v 6T0 GKPO TOL TOV
Bploketar ot yovia €, elvor cvvdepévn n palo m,. Xt10 VAOAOMO HEPOG TNG
neplpépelag vrdpyet to eratnpo 2 pe otabepés k,, /,. Xta Gkpo avTod TOV
ehatnplov eivar cuvoepéveg ol paleg m, ko m,. Me dAho Aoyw, M cepd etvar:
Méla m,, ehotipro 1, pdla m,, eEratnpro 2.

Bopumnta dev vrdpyet.

A) Na oyedwotel to cvomua eratnpiov — palodv kabhg kot ot doveg x, y kot ot

yovies 6,, 6,.
B) Na ypagovv ot e€lodoelg kivnong tov palmv.

Avon: Edd ot cuvtetaypéveg Tov palomv etvan T0Ea KOKAOL, TOL LETPOVTOL OTd TOV
GEova x. 'Etol, m ovvtetaypévn g palog m, etvor RO, ko n cvvietoypévn g
nalog m, eivan RO,. Iapatnpeiote 611 n_Oetkn) @opd 1wV _cuvvietoypévov siva
avtifeTn oG TV SEIKTOV TOV WPoAoyiov. Ot e€lodoelg Kivnong tov palov givat

d*R6
m, dr? : =k[R(O,-60)—1]-k[RQr-60,+6,)—1,],

d’R0,

t2

m,

=—k[R(O,-6)— 1]+ k,[RCr-0,+6,)—-1(,].

Aoknon 10.7: Tpia elamplo ko tpelg paleg elvar cvvdepéva og €€Ng otnv
TepLpEpeln KOKAOL aktivag R, mov Ppioketarl oto eminedo xy, pe KEVIpO TV apyn
tov a&dvav. Tnv toxodoa ypovikn otiypn, n SvucpatTiky aktiva g pnalog m,
oynuatier yovia 6, pe tov Oetucd nuacova x, n Sovoopotiky axtive tg Halog
m, oynpoatilet yovia 8, > 6, pe tov Betikd nuidéova x kot 1 SVUGHATIKY oKTiva
™m¢ nalag m, oynuatiCet yovia 6, > 6, pe tov Betikd nuidova x. 210 T0E0 TOL
KOKAOL peTald tov yoviov 6, ko 8, vrapyet to ehatnpro 1 pe otobepés k,, £, . Z10
1050 oL KOKAOL peTad TV Yyoviav 6, kot &, vrapyel To eAatiplo 2 pe otadepEc
k,, 0,. Z10 vmOlOwO MEPOG TNG TMEPLPEPELRG LVILAPYEL TO ghatnplo 3 pe otadepég
ks, 0. Me dhha Aoy, n oepd etvor: Malo m,, ehatnpro 1, palo m,, ehatnpio 2,
ualo m;, ehatfpio 3, pdla m,. Boapdtnto dev vmapyet.

A) Noa oyedlootel 10 oot eratnpiov — palov Kabdg Kot ot AEoveg x, ¥ Kot ot
yovieg 6,, 6,, 0,.

B) Na ypagotv o1 e€lodoelg kivinong tov palov.

MHopddcrypa 10.6: Tpio eratpla kol Tpelg onuelakes pdlec eivar cuvoeuEva ¢
e&nc: To ehatnpro 1, pe otabepd k, kot pvowd pnkog ¢, Bpicketon otov aEova x .
210 aplotepd GKPO TOL VTAPYEL M| oNpEloKn pala m,, pe cvvretaypéveg (x,,0), evo
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610 0g&10 GKpo TOL VAPYEL N onuelokn nala m,, pe cvvietaypéveg (x,,0). Ztov
aZova y xou pe ovvretaypéves (0,y,), Pploketon onuetoxn péla m;, n onoilo eivar
oLVOEUEVT aPeVOS HEGm Tov gratnpiov 2, otabepds k, kot puotkoy punkovs /,, pe
™V palo m, Kol apeTEPOL PHEG® TOV gAatnpiov 3, oTabepdc k; Kol PLGIKOD PNKOVGS
l,, pe mv pélo m,. Ta x,,x,,y, elvar otrypoieg 0€oeic tov palav ko dpa etvar
GLVOAPTNOELS TOV Xpovov. Bapunta dev vdpyet.

A) Na ypagpovv o1 e€lomoelg kKivnong Tov pal®v xpnoLLomotdvTosg udvov to 600éva
otoleia, Onhadn m,, m,, m;, X,, X,, V5, k;, k,, ky, 0,, {,, (5. Octwpeicte 011
x,(1)<0, x,(t) >0 xon y,(¢)>0.

B) AAAGlovv ot e&lomceg av 0 < x,(7) < x,(¢) Ko, av vai, ToOg yivovtol;

I') AAAéCovv ot e&lomoeg av x, () < x, (1) <0 kat, av voi, ToOg yivovto,

A) AAMGCovv ot e€lomoels av y,(f) < 0 Ko, av vai, Tog yivovtal,

Avon: A) X pala m, dOvaun ackovv ta ehotnpa 1 kon 3. Xt palo m, ddvaun
ackovv ta ghatnpta 1 ko 2. Zn pale m, dSOvaun aokovv ta eAatipo 2 kot 3.

Yuvendg, ol eElomaoelg kivnong stvat:

d2
mldT)ZC'=k](x2—x] — )+ k(X2 + 2 —1,) cosf,
=—k,(x, —x, —El)—kz(,/x22+y32 —1,) cosg,

2
4"y = k(X +y2 —0,)sin0—k,(x2 + y2 —£,) sing,

omov 6 eivon n o&ela yovia mov oynpatilel To ehatnplo 3 pe 1o ghatnplo 1 kot ¢
etvanr 1 o&elo yovio mov oynuotiler to ehatnplo 2 pe to ghatiplo 1. Emv mpot™
eElomON VIEIGEPYETOL 1] X GLVICTOGH TNG OLVAUNG TOL gAatnpiov 3, otn devTEPN
e€lomon VIEWGEPYETOL 1] X CLVIGTAOGO NG SVVOUNG TOL ghatnpiov 2 kol otV TpiT
e€lomon VIECEPYETAL 1] ¥ CLVIGTAOGCO TNG dVvauNG TOG0 Tov gdatnpiov 3 660 Kot
tov gramnpiov 2 .  Avtikabiotdvtag T TEG Yo To cosd, cosd, sinf, sing, ot
eElomoelg kivnong yivovrot:

d X
— =k (x, —x, = 1)+ k, (WX +yi -
—k (x, —x, =) -k (\/xz +y3

\/xl +y3 N
\/x2+y3 s
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=k (\]x1+y3 —L)——— k(\]x2+y3 -1) ——

‘\]xl +J’3 \/x2+y3

Ipocoyn: H yovia 6 sivon o&ela, emopévmg kol To NUITOVO TG KOl TO GLVTHUTOVO

g eivon Beticég mocodtnTee. Tt owtd ypayape cosd = (—x,)//x; +y: , aQov pog
dtvetan 0TL x,(¢) <O.

B) T x,(¢) <0, 0 6pog ky(\x; +y: — \/7
X+

etvan Betikdc. Avto elvarl cwoTd, d10TL av 10 gAaTiplo 3 givar teviopévo Ba teivel va
acknoet duvaun ot pala m, mpog ta de&id, dSniadn Betukr).

OV YPAWYOLE GTO EPAOTNUA A,

Av topa x,(¢) > 0, ot paleg m, kot m, givar Kot ot dvo 6tov OeTikd nubdcova x. Av
10 ehatiplo 3 elvon teviopévo Ba tetvel vo ackroet dOvaun otn palo m, mpog o

aptotepd, dhady apyntiky. O opog ky(y/x; +yi —1,) &, OV YPAYALE GTO
VX + s

epomua A, givor topa apvntikdc.!!! AnAaon €xel to mpdonuo mov Béhope. Apa, N

elomon yw ™ pélo m, elvoan cwot eite x,(£) <0 eite x,(r) >0. Ot eomoelg

etval cOOTEG Ko Yo Tig dvo GAAEG LALES.

I') Me o6poto tpomo PBpiokope 6tL N e€lowon yw ™ palo m, eivar cwot eite
x,(t) >0 eite x,(¢) <0. Orelionoelg etvor 6mOTEG Kat Y TIg dVO AAAES PACES.

A) H g&icwon o ™ palo m, eivon coot ite y, () > 0 (dnhadn apvntiky dHvaun)
gtte y,(¢) <0 (Betwcr) dVvoun). O ediomoelg efval cOOTEG Kot Yo TIG 6v0 GAAEG
nélec.

Aoxknon 10.8: Téooepa elatnpla Kot T€66EPLG onuelokés Halec elval GUVOEUEVO MG
efng: H pala m, éxer ovvietaypéveg (x,,0), n péla m, £€xel cvvieTOyHEVEG
(x, > x,,0), n palo m; £xer ovvretaypéveg (0, y;) Ko n pala m, £YEL GLVTETUYUEVESG
(0,y, <»;). Ovpaleg m, xar m, eivonr ota dkpa tov ghonpiov 1 pe otabepéc k, ,
£,. Ovpaleg m, kau m, elvon ot dkpo Tov ghatnpiov 2 pe otabepég k, , £,. Ot
naleg m, ko m, eivon ota dkpa tov eratnpiov 3 pe otabepéc ky , £5. O pdleg
m, ka1 m; givon ota dxpo tov ghatnpiov 4 pe otobepéc k, , £,. Ta x,,x,,y;,¥,
elvan otrypaieg Béoeig tov paldv Kot apa etvar cuvaptinoelg Tov ypovov. Bapdtta
dgv vdpyel. Na ypagovv ot e€lcdoelg kiviiong tov paldv ¥pNCLLOTOLOVTIOS LOVOV
T 000€vTa oToLyEln.

Aoknon 10.9: Tpila ehamplo pe otabepés k. k,,k; xar euowd pqkn  £,,0,,7,
avTiotolyms, kabng kot dvo onuelaxés naleg m,,m, €ivor cuVOgPEVO GTOV 0POVTIO
dEova x o¢ e&ng: To ehatpro 1 €xel 10 ap1oTEPd AKPO TOV OTEPEMUEVO GTN BEom
x=0. Zto de&i axpo tov PBpiokeronr n palo m, KOO KAl TO APLGTEPO GKPO TOL
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ghatnpiov 2. Xto Oe&l dkpo tov ehatnpiov 2 Bpioketon n palo m, kabdg kot To
aprotepd akpo tov elatnpiov 3. To de&i dipo tov ghatnpiov 3 eivan oTEPEOUEVO GTN
0éon x =L, 6mov 10 L dev 1oovton yevikeg pe £, + £, +¢,. Tnv tuyodoa ypovikn

otyun ¢ ot Béoeig tv dvo palov etvan x, (¢),x, (1), pe 0 < x,(¢) <x,(t). Bapdmmra
dgv vmapyet. Na ypapovv ot €&lomoelg kivnong tov poldv HE GUVTETOYUEVES

X%, (2),%, (1)

Page 11 of 11



ZnMEIWHAT
ZnUEiwpa avapopdg

Copyright MavemoTtAuio KpAtng, N. KuAdeng,2014. «levikn Puoiki |.». Exkdoon: 1.0.
HpdkAeio 2014. AiaBéoipo amd tn dikTuakn dieuBuvaon: https://opencourses.uoc.gr.

Znueiwpa Ad£10d6TnONG

To mmapdv uAikd diaTiBeTal pe Toug 6poug TG adelag xpriong Creative Commons Avagopd,
Mn Eptropikp Xprion, Oxi Mapdywyo Epyo 4.0 [1] 4 petayevéoTtepn, AiebvAg 'Exkdoon.
E€aipouvtal Ta autoTeAn £pya TpITwv TT.X. QWTOYPOQieg, dlaypduhaTa K.A.TT., Ta OTToid
EUTTEPIEXOVTAI OE€ AUTO KOl TA OTroia ava@épovTal padi Je Toug Opoug XPriong Toug OTo
«Znueiwpa Xpriong Epywv Tpitwv».

©0le)

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

Q¢ Mn EpTtropikn opiletal n xpron:

e TTOU O¢eVv TTEPINAUPAVEI AUECO R EYUETO OIKOVOUIKO OPEAOG OTTO TNV XPron Tou £pyou,
yia 10 dlavopéa Tou £pyou Kal adeloddxo

e TTOU Oev TTEPIAAPPBAVEI OIKOVOUIKT) ouvaAAayry wg TpoUToBeon yia T XpAon n
TTPOGRaacn aTo £pyo

e TTOU Oev TTPOOTIOPICEl OTO OIAVOPED TOU EPYou Kal adelodOX0 EUPETO OIKOVOMIKO
OQeAOG (TT.X. dla@nuiceIg) attd TNV TTPOROAN Tou £pyou o€ JIAdIKTUOKO TOTTO

O dikaiouxog PtTopei va TTapéxel oTtov adeloddxo EexwplioTh Adeia va xpnaoldoTrolei To €pyo
yIO EUTTOPIKN XPHion, Epocov auTd Tou ¢nTnoEi.

AilatApnon ZnMEIWPATWY

OtroiadATToTE avatrapaywyn f dlackeur) Tou UAIKOU Ba TTpETTEl va oUUTTEPIAGUBAVEL:
e TO Znueiwpa Avagopdg
e TO Znueiwpa AdeI0dOTNONG
e Tn ONAwaon AloTApPNONG ZNUEIWPATWY

e TO0 Znueiwpa Xprnong Epywyv Tpitwv (e@doov UTTApXE!)



Madi ue Toug oUVOBEUOUEVOUG UTTEPOUVOETIOUG.

XpnuatodoéTnon

*  To mapdv ekTTaIdeUTIKO UAIKO €xel avaTTTuxBei oTa TTAQioIa Tou eKTTAIBEUTIKOU £pyou
Tou d1I6AGOKOVTA.

« To €épyo «Avolktd Akadnuaikd Mabriuata oto [llavemotiuio KpATng»  €Xel
Xpnuatodotioel HOvo Tn avadiaudp@wan Tou EKTTAIDEUTIKOU UAIKOU.

* To £pyo uhoTroigital 01O TTAQiOI0 Tou ETTixeipnolakou lMpoypduparog «EkTraideuon
kai Aila Biou MdaBnon» kair ouyxpnuarodorteital amd Tnv Eupwtraiky ‘Evwon
(EupwTraiké Koivwviko Tapeio) kar atmd €Bvikoug TTépoug.

" ENIXEIPHEIIAKO TTPOTPAMMA
el EKMAIAEYZH KAl AIA BIOY MAGHEH ez EX[A
* * ; ' ' 2007-2013
x x snévdyon Ty Uotvwvia Tne yvion .

TS E=1 7 i e i

YNOYPTEIO NMAIAEIAY KAl OPHIKEYMATQON  EYPQnAiKO KOINONIKO TAMEIO

Eupwmnaiké Kowvwvikoé Tapeio . . e
Me tn cuyxpnpatrodotnon tng EAAadag kat tng Evpwnaiki¢ ‘Evwong




