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KE®AAAIO 11

Hoykooma £AEN

11.1 AYvoun petad VMK®OV onpueimyv

Y évo adpaVELNKO GUGTNILO GLUVTETAYUEV®V Be@povpe dvo onuelakes paleg m Kot
m'. Hudala m' givar oxivnm oty apyn tov a&dvev ko palo m Ppicketon ot

dwvoopatikn axtiva 7 . O vouog ¢ moykoouiog EAEns Aégt 6t dvvaun mov aokel
nuala m' ot palo m eivon

F=-G

7. (11.1)

Agv glvan arapaitnro va givor 1 o pdlo okivnm. Ztnv TpoyuoTikotnTa, 68 KavEVa
QoK cvotnpa (T.y., I'n — Zeaqvn, Hiog — I'n, mpotdvio — nAektpdvio) dev
vrdpyet axivnn pdla. To 0tt maipvope T o palo cav axivinn eivor povo yio
Adyovug evkoAing. 'Etot Ba dtatumdoope ToV VOO TG TayKOGHLOG EAENG GTN YEVIKT
TEPIMTOON.

2 évo adpaveELOKO GUGTNIO GLUVIETAYUEV®V Be@povpe dvo onuetokec paleg m, Ko
m,. Hpdla m, égel Srovoopotikn axtiva 7 ko n pélo m, £yet S10VOGHOTIKY
axtiva 7, . O viuog ¢ maykoouiog EAEnS Aégt 0tL n dOvaun mov ackel n nala m, ot

paco m, eivon

- mm m.m
_ 17772 = =\ 1"%2 A
F o ,=G6———0H-r)=G————n,

|rl—r2| |”1_”2|

(11.2)

n—n

—= givan éval
|’”1_”2|

o6mov |771 — F2| etvau 1 amootaon petald tov paldv Kol 7 =
povadtlato ddvocpo and ™ nala m, mpog t nalo m, .

[Na 7, =0 (nradn n pala m, eivar otnv apyn tov a&ovov) kot 7, =7 1 e&icwon
(11.2) yiveron ovotlactikd idwa pe v e&iowon (11.1). To 41t To povadiaio divucua
i gtvan amd ™ palo m, tpog ™ pale m, umopodie va to Sovpe ¢ eENc. A Todue
otL o dtvuopa 7, — 7, glvan éva dyvmoto dtdvoopa A, niadn 7, —7, = A. Avto
onuaivel 0tL 7, =7, + A, nAadn av 610 ddvocua 7, mpochicole 10 dyvwoTto
dtbvuopo A moipvope to Stdvoopa 7. Avtd onpaivet 6t to dStdvoopa 4 =7 -7,
gxeL apyn To TEAOG TOV 7, KoL TEAOG TO TEAOG TOL 7;. Apa KotevBvvetat omd t nélo

m, wpog t nala m,. To povadiaio didvocpo 71 gtvor ico e ;1/‘2[‘
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11.2 Avvopn petald cQUIpIKOV CONATOV

[Tapdtt 0 VOHOG TNG TaryKOGHLOG EAENG 1GYVEL Y10 VMK ONUELD, TOV YPTOLOTOIOVLE
Koty cvoTipata 0tmg HAtog — I' 1 I'm — ZeAnvn. Avto Paciletor 610 TopakdTm
Beopnua, Tov dev Ba amodeiope £00.

Ozopnpa 1: 'Evag opoyeving opoiptkdc A010G EAKEL VAIKA onueio mov PBpickovrot
610 €€mMTEPIKO TOV Gav Vo NTay OAn 1 Ldlo ToL GLYKEVIPOUEVT] GTO KEVTPO TOV.

Hopwopa 1: Extetapévo coaupkd aviikeipeva, gite pe otabepn) nokvotnta p = p,
(OnAadn opoyevn) gite pe mokvotnTa TOL £EapTdTol PLOVo amd TV andotact ¥ and
T0 KEVTPO TOVG, P = p(r) (NAadN OmOTEAOVVTOL OO OULOYEVEIC GOUPIKOVS PAO10VC),
EAKovV eEMTEPIKEA VAIKA onueio ooV vo Tay OAN 1 LAl TOVS GLYKEVIPOUEVT] GTO
KEVTIPO TOVG,.

An6oe1En: Aov 1o Bedpnua 1 1oydet yia kdbe ceapikd eA0L0 TOL CONOTOC, Ba
1GYVEL KO Y10, OAOKANPO TO COLLOL.

IMépropa 2: Avo ekteTOPEVO GOAIPIKA AVTIKEILEVA, TO KaOEva e oTabepn
TLUKVOTNTO 1) e TUKVOTNTA TOV €E0PTATAL LOVO OO TNV AOCTAGT 7 OO TO KEVIPO
ToVG, £AKovTon HeETASD TOVG Gav NTaV OAN 1 LALH TOVG CLYKEVIPMUEVT] GTO KEVIPO
TOVG,.

Anooetn: Amno 1o [lopopa 1 ko tov Tpito vopo tov Nevtwva Ernetor o [1opiopa
2. Oswpovtog tov ' HAo kot ) I'n og opaptkd opoyevi) GOUOTO, LTOPOVLE VO
yphwope v peta&d Toug EAEN cav va TV LAIKA onpeia.

"Eva dAho onuovtikd Bempnua givat To akdoiovdo:

Ozopnua 2: 'Evag opoyeving opouptkdg pAOLOC 0V aloKEL QUVAUT GE OTOLOONTOTE
LAalo OTOVONTOTE GTO EGMTEPIKO TOV.

MMépwopa 3: : Xe extetapévo cQopikd avtikeipeva gite pe otabepn mokvotnta
p = p, Elte pe mokvoTO TOL E€OPTATAL LOVO OO TNV AmOoTACT 7 ATd TO KEVTIPO
ToVG, MNAadn p = p(r), éva VAKS onueio oty TVYOVoW OKTiva 7 (0TO E0MTEPIKO

TOV EKTETAUEVOD OVTIKEWUEVOD) EAKETOL LOVO amd T LAl oL Eivol E0OTEPIKA TNG
GQUPIKNG EMPAVELONS OKTIVAG 7 Kol KAOOAOL amd Ta eEMTEPIKA GTPMOUATA.

Yy6i0: Eivor onpovtikd va toviotel €00 OTL Ta Topamave Bewpnuoto Kot
ToPIoHATO OEV 1GYVOVV Y10 GOUOT TOV OV EIVOL CQOIPUKEL.

Mapaderypa 11.1: Oswpnote (o oNpoyye KTl UNKOG piag dtopétpov g I'me.
Ao v emodvela g I'ng agpnvoue va méoet pa onuetokn palo m otn onpoyyd.
Oewpovrtag 6Tt 1 I'm givor opoyevng kot ceaipikn, oei&te 6tin pdlo m Oo kdvel
OPLOVIKT) TOAGVTMOT).

Avon: Ag Beswpnoope ) onpayyo g Tov dEova z pe T 0TIk popd TPog ToL TAV®.
Tnv ypovikn otrypn ¢ = 0 n pndlo apnveton va néoetl amod ) Béon z(0) = R, 6mov R
etvar n aktiva g Img. Av M givou n pala g I'nmg, 16t 1 TukvoTnTd TS £ivan
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Lo 2opeava pe to Iopiopa 3, 6tav n onuetaxkn palo m Ppioketon oty

T 4R /3
Tuyovoa Béom z péca otn onpayya, e ackeitar Svvoun povo and ™ pala g I'ng

OV iVl ECOTEPIKE TNG GPOIPIKNG EMPAVELNG LE OKTIVAL |z , OnAadn amd péla

3
4 z
M(z) = p, §7r|z|3 =M |R_|3 To pétpo g ackovueVNg duVaUNG gival
M M,
G |(|zz)m =G RT |z| Kot emopévag N e&icmon kivnong g palog m eivan
Z
2
m d ZZ = —G—MT z,
dt R

omov AdPape vroym pog oty z > 0 1 dvvaun elvar apvnTiky kot yo z <0 n
dvvoun etvan Oetikn. Avt eivan eElomoT apUOVIKOD TOAOVTMTH Kot 1 Abon g, Yio
T1G dobeloeg apyikéc cuvonkec, eival

z(t) = Rcoswt ,
oMoV
GM

w = R3 .

Aoknon 11.1: Ocwpnote pa ToxovGo eOVYpaAUN GNPAYYO, TOL EEKLVE Omd Eval
onueio g emeaveog g I'mg kon kataAnyel e Eva ALo onueio TG EMPAVELNS TNG.
210 éva AKPO TNG CNPAYYOS CPTVOLE VO TEGEL L0 oNUELOKN Ldlo m ot ofjpoyya.
Ocopovrog 0tL M I'm eivon opoyevng kot ceaipikn, oci&te 6tin pala m Ba Kavet
OPUOVIKT) TOAGVT®OT).

11.3 Avvopun petald EKTETOREVOL CONATOS KOL VAIKOU GI|IELOV

Oéloue Topa va dovEe pe ooV TpOTo Ba vroroyilope T dSOvaun EAENG peta&d dvo
TUYOVTI®V EKTETOUEVOV OVTIKEWEVOV. Oa EEKIVIGOUE TPMTO LE TOV VITOAOYIGHO TNG
dOvoung EAENG LETAED eVOG EKTETANEVOD CAOMOTOG Ko €VOG VAIkoV onueiov. To
EMOUEVO TOPAdELYLOL Etvat o TETO0 TEPITTOON.

MHMoapdderypa 11.2: Oswpnote po opoyevi papoo palog M otov dEova x amd
Béon x =0 péypr Béon x =L > 0. Na Bpebel n dvvaun mov ackel n papdog oe
onuewoxn palo m mov Ppioketar oty TvYOLGO Béom x > L.

AYon: H ypappuxn mokvotmra g papoov eivar A =M /L. Osopodpe 10 anelpoctod
KOppatt g papoov peta&d x’ kot x'+dx’, 6mov 0 < x' < L. To anepootd avtd
Kkoupdrl g pafdov éxet pala dm' = Adx" ko givarl cov vk onpeio. Apa
LITOPOVLLE VAL EPUPUOGOUE TOV VOO TNG TarykOopag EAENG (11.2) peta&d avtod Kot
™G onuelakng ualac m . H dvvaun mov ackein dm' omv m gival
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dF =G
(x—x)

YVVENMS, N GLVOAIKT SVVAUT TOL OCKEL | pAPdog ot onuelok” nalo m eivol

L
- £y M1 17,
F:J.dF:—GmﬂiJ.d—xzz—Gm—{ ——}i.
x—x' L|ix-L «x

Ymv tpokepévn mepintwon dev NTav amapaitnto vo Bdiope dwavdcpata. EE icov
cwotd Oa propoVcaE Vo YpAYouE

F= de_—Gm/lj———GmM[ ! —l]
(x—x")? L|ix-L x

To amotéleopa £l OGTEC Sractdoelc, dnrady G x pala’ /ufkoc” .

Hapaderypa 11.3: Oswpnrote (o opoyevn papoo paloag M otov aéova x omd
0éon x =0 péypr Béon x =L > 0. Na Bpebel n 6Ovaun mov aockei n papdog o
onuewky palo m mov Ppicketor oty Tvyovoa BEon y > 0 tov dova .

Avon: H ypappikn mokvotta g papoov eivar A =M /L. Oewpolpe 10 anelpoctod
KoppdTt TG pafoov petacy x ko x +dx, 6mov 0 < x < L. To amepocstod avtd
Koppdtt g pafdov Exet palo dm = Adx won glvon oav VAIKO onpeio. Apa propolpe
Vo €papROcouE TOV VOUO NG Ttaykoopag EAENG (11.2) peta&d avtov Kot g
onuewakng palag m . H 6Ovaun mov aockein dm omv m givon

JF =G mdm

T,

x+y

OmoV 71 €lval To Hovadloio SIVLGHO Ao TNV m TPoc TV dm . Ag mobue A to
duvoopo omd v m puéypr v dm . Tote A=—y j+xi . Zovenwg,

ﬁ=£= Xi—yj
‘;1‘ N

YVVENMS, N GLVOAIKT dVVAUT TTOL aoKel 1 paPoog otn nalo m eival

dx(xi—yJ) M| 1 1 ~ 1 L A
F=[dF =em=[=2 21 _Gn=|| - - —— | i -————]|.
J j(x +y?)*? Lily Jr2+y* | v+

[apatnpodpe Gt GLoL 01 OpOL £X0VV COOTEC SUGTAGELS, Snhady G x pale” /ufrog”.
H y ovvietdoa tg dvvaung eivor apvntiky, a@ov n dvvaun EAENG ot palo m eivoe
po¢ o kdtw. H x cvvietdoa g duvaung gival Oetikn, agov n pdfdog eivor otov
Betico nudova x, apa EAKeL T palo m «mpog T Oe&1an.
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Aoknon 11.2: Oswpnote pia opoyevny papoo palog M otov dEova x amd T 0€om
x=—L péprt 0éon x =L > 0. Na Bpebei n dOvoun mov ackel n pdPfdoc oe
onuewky palo m mov Ppickeror oty Tvyovoa BEon y > 0 tov dova .

Aoknon 11.3: Oecwpnote 0T1 0 dEovag x £xel pala pe ypoppkn tokvotnta 4. Na
Bpebei n dVVaun mov ackel OA0g 0 AEovag x oe onuelaky palo m mov PpioketTon
otV tvyovca Béon y > 0 tov déova .

Moapdderypa 11.4: Ocwpnote 611 N TepLpEpeta kKOKAOL aktivag R €xel palo pe
ypapkn mokvotnta A. Na Bpebei n dOvaun mov ackel og onuetaxn palo m oto
KEVIPO TOL KOKAOL £VaL UKVKALO TOV.

AYon: Ag Bewproope KOKAO aKTivag R GTO €MIMESO XY LE TO KEVIPO TOL GTNV OPYN
TV 0Eovev. Ag Bewpnoope eniong To nuikdkAo ov €xel y > 0. H dravvopotikn

axtiva gvog TuXOVTOC onpeiov avTov ToL NKLKAIOL oynuatilel yovia 6 pe tov
Beticd nuidEova x. Ag Bewpnoope TOPO TO ATEPOGTO KOUUATL TOV NUIKVKAIOL TTOV
Bpioketor peta&d Tov yoviov 6 kaw @ +d6 . Avto éxel unkog RdO kot pala

dm = ARd6 . H g\xtikn dOvaun mov ackeln dm oty m givol

dF = Gchim ;= Gdezm (cos@7 +sin 6 j).

Yuvendg, n OOvoun Tov ackel To NUIKdKAMo ot pdlo m givol

F=[dF = G”%jde(cosehsine}) - 2G’%j.
0

H dvvaun £xer ™ ocwot katehBuvon Kot cwoTtég S106TACEL.

Aoknon 11.4: Oswpnote 6TL 1 TEPLPEPELN KOKAOV aKTiVag R €xel Lala e YPOLUIKY|
mokvotnta A. Na Bpebel n dvvaun mov ackel e onpelokn palo m 610 KEVIPO TOV
KOUKAOV €va TETOPTNUOPLO TOV.

Aoknon 11.5: Oswpnote 611 10 eninedo xy €xel pALo e EMPOVELNKT TUKVOTNTA O .
Noa Bpebel n 0Ovaun mov aokel OA0 10 enimedo xy o€ onuelokn pdlo m mwov
Bpiloketar otnv TVYOVGO Béom z > 0 TOL GOV Z .

Ynrodeitn: Me kévrpo v apyn tov a&dvav Bewpnote 6to eninedo xy SAKTOAO [E
E0MTEPIKN akTiva 7 Kot eEmTeptkn 7 + dr. T'pdyte T SO VOUN TOL 0CKEL O SOKTOALOG
o pala m. Adyw coppetpiog Oa £xel po6vo z cuvioT®co. ATd S06TAGELS Ko
névo, to tehkd amotédecpa Oa givar avaroyo tov Go m, Aol TO YIVOUEVO QLTAOV
TOV TPIOV TOGOTHTOV el SIOTAGELS Svvaunc, MAadn G x pala’ /proc”. Asv
VILAPYEL AIAAOG GUVIVAGUAC TOV TPLAOV AVTAOV TOCOTHTMV OV VoL £XEL O100TAGELS
dvvoune.
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11.3 Avvopun petald EKTETAPEVOV CONATOV

SHUQOVO LLE TO TOPATAVE®, Y10l VO, VITOAOYICOUE TNV EAKTIKT OVUVAUT LETAED OLO
EKTETOUEVOV COUATOV, TPENEL VO TAPOUE EVO ATELPOGTO KOUUATL TOV EVOG KOt £val
OTEPOGTO KOUUATL TOL AAAOV, VO YPAWOLE TN SVVOUT LETOED TMV OLO KOULOTIOV KOl
VoL OAOKANPADOGOUE TOGO MG TPOG TO £VAL COO OGO KOl 0OC TPOS TO GALO. Ag dovpe
éva TopaoEy L.

Hapdderypa 11.5: Oswpnote o opoyevn papdo palag M otov dova x amod )

Béon x =0 péypr Béon x =L > 0. Na Bpebel n ddvaun mov ackel n papdog oe

devTepM Opota papdo mov Ppicketor otov Aova x PeTa&d TV onueiov x = 2L Ko
x=3L.

AYon: H ypappuxn mokvotmra g Kabe papoov eivar A =M /L. Oewpodue 10
amEPOSTO KOUUATL TG TPMTNE PAPdov petald x' ko x'+ dx', émov 0 < x' < L ko
TO OMEPOGTO KOUUATL TNG 0e0TEPTG pAPOOL petald x Kot x + dx, 6mov 2L < x < 3L
To amelpootd Koupdtt g TpmdTNG paPdov £xet ndla dm' = Adx" ko givon ooy vAIKO
onueio. Opoimg, T0 amelPocTO KOUUATL TNG 0e0TEPNG pdfdov Exel pala dm = Adx Ko
etvar ooy A6 onpeio. Apo LTOPOVUE VO EPAPUOGOLE TOV VOO TNG TOYKOGLLOG
EMENG (11.2) peta&d tov dvo koppatiov. H dbvaun mov aokein dm’ oty dm givan
JF =G dmdm' »

— 1.
(x=x)°

YVVETMG, | GLVOAKT SVUVOUN TOV ACKEL 1] TPATY PAPOOC 6T devTEPN Elvarn

= o SF dy! SO 37,
F=IdF=—Gﬂ2iIde—2=—GﬂziIdx[ ——}:—Gﬂz[lnz—ln—}.
5 o (x=x") 5, Lx—=L x 2
1
Fz—Gﬂ,zln§°.

H d0voun €xet t oot kotevbovvon Kot cootég dtootdoels. To 6t 10 amotéleouo

Oa fTav aviroyo Tov GA> pumopodcape Vo To Ppovpe Hovo amd SlooTdcels. Agy
VILAPYEL GAAOG GLVOLOAGLOG TOV GLO AVLTMV TOCOTHTMV TOV VA EYEL OLUOTACELG
dvvaung.

Aoknon 11.6: Ocwpnote 6110 AEovog x Exet pala pe ypoappkn mokvommea 4,. No
Bpebei n dvvaun mov acket OAOG 0 AEovas x og PpAPSO YPOLLUIKNG TUKVOTNTOS A, TOV
Bpioketor otov a&ova y peta&d tov Bécewv y =L kot y =2L.
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