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Evomnra II:  poppucny Alyeppa

“YAN: Awvocpotikol y®pot Kot SlovOGHOTO, HETACYNUOTICHOT d10vuoUATOV, TELECTEG Kot TIVOKEG,
1010010vOCUOTA KOl IOIOTIHEG TIVAK®OV, ETIAVGT YPOUUIK®OV GUOGTNUATOV

Atavoouatikoi yapot kot S10voGuaTO.
1. Ewsayoyn — Ta yvooeta pog dwevoopata
T etvon BaBpmto péyeboc? ‘Eva péyeboc mov meprypdoetar poévo pe évov apbud (m.y. mieon)

Awgvoopa (otov Yvootd pog Tpdtdotato gukAeidto ympo): Eivar éva péyebog mov yo va meprypapel
TAMPp®G xperaletar Oyt HOVO To PETPO OAAG Kot 1) KETEVOBVVOT| TOL GTOV YMPO, dNA. TEPIGGOTEPOL OO
évav apdpot. (m.y. dSbvaun, TovINT).

AlovoepaTikoi y@pot: Xmpotl Tov YoV ®¢ 6ToLyEio Toug dtavocuata (cuvoia dtavuoudtomv). O mo
owkelog eivan o R, dnhadn o tpididototog eviheidiog xdpog, kadmg kot o R, dnhadh to eninedo.

Xapaktnpiotikég 116t Tég Tov R’ (R?)

= Kd0e ypoappcdc suvdvaopdc Stavuopdrov tov R (R?) eivat diévvopa tov R® (R?)

* [0 kédBe didvoopa vapyet ko o avtifetd tov

" Yrdpyet éva undevikd ctoryeio

" O moALOTAAGLOGHOG LE TN HOVADQ APTVEL TO SIAVLGUA OVOAAOI®TO

* H npdoheom Sovucpdtov eivorl avTieTadeTiKy Kot TopOCETUIPIGTIKN

* O moAOTAOGLOOUOG S10VOGHOTOG e 0plOUd €lvorl ETUEPIOTIKOC KOl G TPOG TO SIAVUGLLOL KO MG
TPOG TOV aplouo.

B0 YPNOCUOTOMGOVHE TIC WOIOTNTEC OVTEG YO VO, OPIGOVUE SLOVUGUOTIKOVS YMDPOVS TEPIOCOTEPDV
OO0 TACEMV KOl TTO YEVIKEVUEVO KO AP PNLEVO d1aVOGHOTA (TOV OEV €lval KOT™ avAyKN YEOUETPIKES
OVTOTNTEC).

Opilovpie EMTAEOV GTOVE YVOOTONG PG S1OVLGHATIKOVC ydpoue R ko R:

Ecotepikd ywvopevo: Xe xabe (evyog owvvoudtov a kot b oavtiotoyileton €vag apBuodc
ab=|a||b|cos(0), (6mov B N yovia peta&d a kot b) o onoiog Aéyetan ecwtepikd yvopevo. I[16Go givor to
€0MTEPIKO Yvopevo 0tav a, b kdbeta: Otav givor mopdAinia;

Métpo dravboparoc: [aj=a= (a-a)"? (to ypapovpe cuvibmc ||al| yia va pmv cvyxéetal pe TV omdAvTy
TN aptdpov — 0@ Yo amidtnto Ho 0 Ypapovue |al).

OpOokavovika swavvopata: Aéyovral ta opboyodvia (kdbeta) davdopata, pe HETpo povada. Ia ta
davoopato avtd wyvet e;-e=d;; (i etvar To suppolro Tov Kronecker, To onoio eivar povéodo yo i=j ko
UNO&V vy 1 dtapopeTikd omd To j).

’ 2 s r , . ’ ,
Av opicovpe otov R” éva opBokavovikd ciotnuo cuvietaypévav e povadtoio dtavicpoto e Kot ey,
r ’ I 2 ’ ’ r I3
tote k@B ddvuopa a tov R™ umopet va ypogel a=ae;+aze; (YPOUUIKOS GUVOLOGUOC TV €] Kol e —
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(Tt etvon ypoppikdg cuvovacpoc;)). Ot apBuoi oy, op AEYOVTOL GUVIGTOGCEG TOV a GTO GLYKEKPIUEVO
GUGTNLO, CUVTIETAYLUEV®OV.

[Mog exppdletonr 10 PHETPO KoL TO E0MTEPIKO YIVOUEVO GUVAPTIGEL TOV GLUVIGTOGAOV OOVOGUOTOS GE
opBokavoviko chotnua;

INUEDOTE OTL 01 GLVIOTAOGEG dOVOCUATOS OAAALOVY oV AALAEEL TO GOGTNIO. GUVTIETAYUEV®V (OV T.Y.
TEPIOTPOPEL). Apa M ypoen €vOG OvOCUATOS UECH TOV GLUVIGTOOMV TOV OMOTEAEL OTAMG
AVOTOLPAGTOOT) TOV SVOGUATOS GTO OEG0UEVO GUGTNO GUVTIETOYUEV®V.

INHEWDOTE emiong 6Tt av StoAéEovpE 0modhimoTe un TopdAAnia Stavdopato Tov R? (6yt avoykaoticd
opBokavovikd), m.y. Xi, Xz, TOTE KGO drévvopa a Tov R? pmopel va ypopei a=hix;+hexs (YPOLpeoc
GLUVOLOGHOC TOV X Kol X2) (0modelkvOETAL EDKOAN EKPPALOVTOC TA. X , X2 GUVOPTIOEL TOV €] KOl €7).

2. I'evikgvon o€ yOPOVG TEPLEGOTEPMV OLUGTAGEMV

, 2 ’ ’ , ’ ’, ’, ’
Avdroya pe tov R kot & Uopohv Vo OPIGTOVV Kol SLOVUGHOTIKOL YMHPOL TEPIGGOTEP®Y OO VO
OL0.0TACEMV

levikd, owvoopoTikég yopos, ot S, eivar éva ocbvoro otoxeimv (tor omoia. ovopdlovot
SlvOoOTO) 0TO 0Toio €Yl oplotel M TPoOchHeon Kol 0 TOAAATANCIAGUOC HE apBUd KOl TO 0moio
SémeTon amd Toug EENG KAVOVEG/IOIOTNTEG:

= Kdbe ypopukodg cuvovaouog SVOGHAT®V TOL ¥OPOL Eival dldvucue Tov Ydpov, dnA. av a, b
otoryeia Tov S kat A, i apduol (mpaypartikoi 1) pryadikot) tote 1o Aa+ub avikel 6tov S

* [0 kdBe dtdvocpa a Tov S vapyet kot To avtifetd tov, -a, vote a+(-a)=a-a=0

»  Opiletar éva undevikd otoryeio, 0, ®ote 0a=0 yio kB a tov S (UNdevikd ddvvca)

* O mToALOTAOCIOCHOG LE TN HovAada aprvel KaOe didvuopa avalioimTo.

* H npdcOeom dwavuopdtov givarl ovTipetadeTikn Kol TopoCETUIPIOTIKT, ONA. Yo kéOe a, b, ¢ tov S
woyvovv a+b=b+a, a+(b+c)=(a+b)+c

* O moAOmA0GLOOUOG S10VOCHOTOG e 0plOUd Eivorl ETUEPIOTIKOC KOl G TPOG TO SIAVUGLLOL KO G
mpog tov oaplud, onmA. av a, b otoyein Tov S Ko A, p apBuoi, toOTE (Atp)a=Aatpa,
Ma+b)=Aa+ub, (Ap)a=A(ua)

Av ot apBpol A Kot [ OTIC TAPOTAVED EKQPACELS EIVOL OTOKAEIGTIKA TPOYUOTIKOL O S1OVOGHOTIKOG
YOPOG S AEYETOL TPAYHOTIKOG. AV elvar pryadikol T0Te 0 S AéyeTon Hryodikog.

Ta oTorKEln TOL JAVLGLATIKOV YDPov Aéyovial oreviopata. Ta dtvocpata dev givol omapoitnto va
elvar yeopetpikég ovtotnteg. Mmopel va €govv tedelmg S10POPETIKN PLOIKT oNUAGIO OO TO YVOCTA
poG dtovoopato oAAG TapOotlo Lotk doUT Kot KAVOVES YEPIGLOV.

®a cvuPoirilovpe ta dwvocpata gite pe mayd (bold) Aatvikd ypaupoato (.. a) gite Bo axorlovBodpe
tov cupforcpd Dirac (w.y. |a> 1 [a> (av vdpyovv dimha Kot aptBpol) - deite MO KATM).

[Mopadeiypota S10VUCRATIKOV OPOV:

= O tpdidotaroc evkheidiog yopoc, R

* O n-0100TATOG EVKAEIDIOG YMPOC (YevikELON TOL TPOLICTATOV GE n-Olnotdoelg). Ily. av €yovue
évte ovlevypéveg HAleC TOV TAAOVTAOVOVTOL 1| KAOE CLVIGTMOGH TOV JOVOGUOTOC UTOPEl Vo divel
™V petatomon g kabe palag and m Béon 1ooppomiag (5-01d6TaTog YMOPOS)
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*  To 6hvoro TV Hyadik®V aplOpdV (Lryadikos SovuoUATIKOG XDPOG) — ATOJEEN

*  To chvoro T®V moAvwvou®V Babuod péxptn - anddelen

= 3HVoAo GUVOPTACEMY, T.Y. TO CUVOAO TOV GUVEY®OV CLVOPTNOE®V pe Tedio opiopov 1o [0,1] -
amddeEn

g KGOe SLOVOGLOTIKO YMPO UTOPEL VO OPIOTEL TO ECMOTEPIKO YIVOPEVO S1OVUGUAT®V, TO O0Toi0 gival
YEVIKEVGT] TOL EGMTEPLKOD YIVOLEVOL TOL R® yia xhpovg TeptocdTepmv Slactdoemy f/kat pryaducois
YDPOLG.

To gomTEPKO Yrvopevo TV davucpdtwv, a, b, sivar évag apBpdc, o onoioc cuviBwg cvuPorileton
pe <alb>, kot 0 omoiog €xet Tic €ENG 1010TNTES (€€ OPIGLOV):

(i) <alb>=<b|a>*

(i1) <a[Ab+upc>=A<alb>+u<alc>

(ii1) <ala> > 0 (Yo TOVG S1OVLGUOTIKOVG YDPOVG TOV Bo GLLNTNGOLLE EOD)

(to * ovpPoirilel Tov cvluyn pryadko)

To apiotepd S14VLGHO TOV €GMOTEPIKOL YvouEvov Aéyeton bra kot 1o 0e&l0 ket (amd to bracket =
nopévheon)

Xpnowomotdvtog Tig (1) Ko (ii) amodei&re ot
(iv) <Abtpc|a>=\*<bla>+p*<cla>

Inuewmote T un woodvvapio Tov bra kot Tov ket 610 6m0TEPIKO YIVOUEVO.

Ymoloyiote ypnolomoldvtag To moparave to <Aatublvetkd> ovvopticel TV £0OTEPIKMOV
ywouévov <ale>, <ald>, <blc>, <b|d>. Xeg T Opépel M OdKAGio OO TOAAUTAAGLOGHO
TopevOEGEWV;

r , r ’ r , , 2 ’
Méowm Tov £60TEPIKOD Yvopévoy opiletatl kot To HETPO davOcHaTOS, G €ENG: |al=<ala> (yevikevon
, . 3
TOL UNKOVG d1OVVGHOTOG TOV RY).

Awvoouato (Un undevikd) ToV oToimV T0 E6MTEPIKO YIVOUEVO lval undév Aéyovtal opOoydvia. Av
EMITAEOV £Y0VV Kol LETPO Hovada (povadtaio SvucHaTa), TOTE AEyovial 0pOoKavoviKd. Alavocuota
pe péTpo povada 0o svuforiloviar cuyvd edmd g € (dnA. e Komeddkl, gite bold eite o).

Ymoloyiote 10 ecmtepKO Yvopevo <fi| £,> tov fi= €, £,=2¢&,+¢,, 6mov €;, &, opBokavovikd.

i , —I 5a 1 . 1 . i _isa ,
Etvat ta Sovdopata £, =—=e”é +—=¢,, f, =—=¢é ——=e ¢, opfokavovikd;
NERRG

NERNG

XpNoeg avicOTNTES TOL GYETILOVTOL LE TO EGMTEPIKO YIVOUEVO:

(1) H avicétta tov Schwarz: |<a|lb>| <|a| |b| (givo mpopavnic ywa ta cuvin davocpata;)
(i1) H tpryoviknq avicdtrta: |a+b| < |al+|b| (amodeikvoeTal ¥pnGILOTOUBVTOS THV OVIGOTNTO TOV
Schwarz).

Xe OLOVUGHOTIKOVG YDPOVS GUVAPTICEMY TO €0MTEPIKO Yvopevo opiletar o¢ €ENG: Av f(x) g(x)
GLVOPTNOELS OPIOUEVES OTO [a,b], T0TE
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<glf>=[g*@fdx  H <g|f>=[g*@mx)/(x)dx,

omov N cvvdaptnomn w(x) (dedopévn cuvaptnon) Aéyetol cuvaptnon Papovg Kot ivar P cuvaptnon
Oeticd oplopévn oo [a,b].

Amoodeilte OTL T0 £0MOTEPIKO YIVOUEVO GUVAPTHGE®Y OwG opileTal Mo TAV® KOVOTOIEL TIG 1010TNTES
(1) (i1) ToV Ec®TEPIKOD YIVOUEVOL.

3. Xp1oyeg £VVOLES OLOVUGHATIKDV JOPOV

Cpappikn ave€aptnoio swovocspatov: To divdicuota X, Xz, X3, ..., Xn, EVOG SAVUGUATIKOD YOPOL S
AEYOVTOL YPOULIKG OVEEAPTNTO OV KAVEVOL OTO OVTA OEV UITOPEL VO YPOPEl MG YPAUUIKOS GUVOVOGUOG
TOV VTOAOIT®V.
H ocuvOnkn avt) etvar ioodvvaun pe v €ENG, pabnuatikd mo edypnotn, Ekepoon (amodeilte 10):
Ta x1, X2, X3, ..., X, €ivol ypoppikd aveEaptnta ov n cuvonkn
MxXiHAXotAsxst .. AAXp=0 avaykaotikd cuvendyston 0Tt Aj=A=A3= ...=A,=0.

(Topatnpnote OTL oV KATOW0 amd Ta Aj OgV €ival UNdEV TOTE TO AVTIOTOLXO SIAVLGLO UTOPEL VO TAEL GTO
GALO HELOG TNG 1GOTNTOG KO VO, YPAPEL GUVAPTNGEL TV VITOAOITWOV).

Eival ta opBoymvia dtavdouota ypoppikd aveEapmmra (epopuoote v cuvOnkn aveEaptnoiog Kot
TAPTE TO E0MTEPIKO YIVOUEVO UE KAMOW amd tao davOopota); Eivor to ypoappkd aveaptnto
dtavoouato opboymvia,

Epapuoyn: Eivor ta dtavoopata fi= €, £,=2¢€,+¢€,, f3= &; ypappxa aveEdpmra; Ta gi= €, g2=él+é%,

g3= & 1+&,1+¢3; (ta €, &, &; elvar opbokavovika dtavocpata). Etvar ta stavocpata fi= 1, £r=x, f3= x",
. . 2 2

4= X TNTa, 1— 2= 1-XTX , I3— X-X X, I47=17X ]

1= x° ypapucd aveEd o, Ta fi=1, fL=1-x+x", f +2x°, fi=1+x;

Bdon owevvopatikod yopov: Aéyston Ka0e cHVOLO Ypoukd oveEdpTTOV SLOVUCUAT®V TOV YMOPOL
61010 MOTE KAOE OAVLGUO TOL YOPOL VO UTOPEL VO YPOUPEL MG YPOUMKOS GLVIVACUOG TM®V
SlvuopHaT®V TG faong.

Av ta dtavoopata g Pdong extdg amd ypappukd oveEaptnto givor emmAéov kol opoydvia, 1 Baon
Aéyetar opBoydvia. Av eivor opOokavovikd (opboydvia avé 600, pe pétpo povada, onA. ei-e=d;) M
Baon Aéyetar opBokavoviki. Ot opBokavovikég BAcELS AmOTEAOVV YEVIKA TNV MO XPNCULN TEPITTMON
Baong S1aVLGLATIKOV YDOPOV.

(Hopaderypa opdokavovikic Paong otov R?)

Ald6TOON OVUGRATIKOD YMPOov: Ayetal 0 PEYIGTOG PG YPAUUIKA aveEApTNTOV SLOVUCUAT®OV
OV UTOPOVLLE VO fpovpe 6TO Y®PO avTOHV (M 0 EAAYLETOG OPLOUOG VUG UATMOV TTOV YPELOUACTE Yol

va eKQpdcovpe KAOE SLIAVUGLA TOV YDPOV).

AnA. av o xdpog €xet dtdotaon N 10te pmopovpe va Bpodue N ypoappukd aveEdptnta S1ovOcHoTe oAAL
omotadnmote N+1 Ba givon ypappkd eoptnpéva.

e yopo dtdotaonc N, N ypaukd aveaptnta dtavocuota 0o amotelobv Bdon;
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"Evag dtavuopatikdc xdpog pmopel va, eival Kot anelpodldotatoc, onwg cuppaivel cuvnbwg oe ydpovg
GLVOPTNGEMV.

, I ’ . , 2 4 . .
Egoppoyf: Tt didotacng sivat o ydpog tov moAvovipmy 1, x, x°, X°, x*; O ydpog 1oV uyodikedv
aplOpav;

UVIOTAOGES OLUVOGHOTOS:
‘Eoto o Bdon {xi, X2, X3, ..., Xn} OTOV SWVLUGUATIKO Y®dpo S, (dtdotaong n). Tote kdbe didvooua, y,
tov S, Oa pmopel va ypopet

y:7\/1X1+}\42X2+)\,3X3+ .. .+7uan
Ot apBpoi Ay, Az, A3, ..., Ay AEYOVTIOL GUVIGTOGES TOV Y 0TN PBdon {Xi, X2, ..., Xn}={X;} Kot aAAdlovv
av aALa&el 1 Baon. o dedopévn Pdon eivor povoonpovta opiopévol (amoddeln).

To dtbvoopa y=AXj+AXotA3X3+ ... HAX, YPAQETOL TOAD cuyva (xaptv cvvtopiag) Kot y=(A;, Ay, ...,
An), ONAGON ®G (o ordTacy TV Ai, Topaleitovtag to dvdcpata g Pdong, ta omoia Bempodvral

dedopéva.
Xmv dryePpa Tvdk®v 1 okoAovbia ot TOV A YpAPETOL OC £vOg TivaKag GTHANG, ONAadn

7\’1

A

y=ly>=| ",

;\‘n
Av 10 dtdvoopo gppoaviletor oTo (xptcszspé* HéPOG ?;G(DTSpLKOl') ywopévov o mivakag avtdg yivetot o
ovluyng mivakog ypouuns, omi <y|=(A , A2, ..., Ay ), KOL TO ECOTEPIKO YIVOUEVO KATOAYEL GE EVOV

TOALOTAAGLOG O TVAK®V (OEITE TO EMOUEVO KEPAANLO).

[payte T1¢ cvVIoTOGES TOV 0OPOIGUOTOC OLVLUGUATOV KOl TOV YWVOUEVOL aptBpod pe Stavuoua.
(XpNOWOTOmGTE TNV OVOTOPAGTACT] SIVOGLOTOG OC GTAAT aplOpdV.)

JUVIGTAOGES OLOVOOLOTOS KOl ECOTEPLKO YIVOUEVO:
‘Eoto o opBokavovikn Bdon {€i} oe évav N-3106TaTO SOVOCUATIKO YOPO Kot VO Tuyaio
dvoouato

N N
|X>=X:Z7\’iéi |y>:y=ZHjéj
i1 7=l

"  Y7moAoyioTE TO ECMTEPIKO YIVOUEVO <X|y> GUVOPTNGEL TOV A , Wi. ZVYKPIVETE UE TO ECMOTEPIKO
. 3
ywvopevo otov R™.

’ 2 , r . .
*  YmoAloyiote 10 [X|[=<X|X> GULVOPTNGEL TOV A . ZVYKPIVETE LE TO WETPO TOV YVOOTOV HOG
VOO UAT®V, EKPPAGIEVO LEGH TMV GLVIGTOG®Y TOVC.

" BaoNTav 01 TOPATAVE® VTOAOYIGHOT 0 cVUVOETOL AV 01 GLVIGTOGES (Ai , L) Elyov OploTEL MG TPOG
un opBoxavovikn| Béon;
*  Me 1010 S1VUGHO TPETEL VO TOAAOTANGIAGOVE TO [X> Y10 Vo BpoOLLE As;

N
" MnopoOue va YpAYOVUE TO | X >=X = Z< élx>e;
i=1
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" AVOmoplotdvTag To [X> pe mivoka 6TAANG (GTHAN aplBpdv) Kot To [y> pe TivoKo YPOpUnG,
eEowkelmbeite e TOV LTOAOYIGUO TOV <X|y> HEG® TOV A; , L.

OpOoyovioroinon Gram-Schmidt:

Eivatl pébodog pe v omoio piropovpe vo KOTOGKELAGOVUE amd Eva GOVOLO YPOUMKE oveEdpTnToV
SLVLOUAT®V €vaL GUVOAD 0pHOKAVOVIKMDV O1VUGUAT®V.

Oa gpappocovpe ) PEOH0SO GE SLOVOGLATO TOV YVOGTOV OGS TPIOIICTOTOL EVKAELSION YOpoL R3.

’ ’ ’ , , 3 y ’ ’ ’
Eoto ta tpio ypappkd aveEdptnta dtavocpoto tov R, vi, va, vi. Oa KATAGKELAGOVUE amd avTd Tpia
opBokavovikd davoouata, €;, €, €.

HEeKvape PE TO Vi, TO OO0 KOVOVIKOTOIOUUE SOPMOVIONG TO [E TO HETPO TOV, TOIPVOVTIOG £TCL TO
dtavovopa €= vyi/| vy.

XPNOOTOIDOVTAG TO Vo, KataoKevdlovpe Eva dtdvooua, Vo', KaBeTo 010 Vi (Kot 6To €)), apapOvIog
a0 TO V3 TN GLVIGTMGO TOV TNV TAPAAANAN 670 €1: V2 = v, - A €;. [Taipvovtag to ecwtepikd yvopevo
€1.v2 =0, mpokOmtel A=€1.v2. Apa, V2" = va— (€1.v2) € Kau €= Vv2'/| vo'.

Xvveyilovtag avaroya, Kotaokevalove amd 10 V3 To 01dvucpa v3' 1o omoio eivarl kdbeto ota &) Kot €,
APALPOVTOG TIG GLVICTMGES TOV Vi TIS WOPAAANAEG oto € kol € vi3'= v3-A&-puéy. Ta A wol p
vroroyifovtar amd to ecmTEPIKA yvopevo €1.v3=0 kot €vs=0 (A=€;.v3, n=€,v3), Kol T0 €3 UE
KOVOVIKOTTOINGT| TOL V3~ (ONA. pe dtaipeon e To HETPO TOV).

H dwdwcacio epappodletal avdroya Kol 6 YOPOLG TEPIGGOTEP®Y OUCTACEMV.
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* To £épyo viomoteitar oto mhaicto Tov Emyeipnoaxod [poypdupatog «Exnaidevon kot Aw

Biov Mdéfnon» xar cvyypnuatodoteitor ond v Evponaix) Eveoon (Evporaikd Kowvevikd
Tapeio) kot omd eBvikovg TOPOLG.

EMIXEIPHZIAKO MPOIPAMMA
EKI'IAlAEYZH KAI AIA BIOY MAGHZH -/ ZEOOZ7I;IOA

1= N O
YNOYPIFEIO MAIAEIAL KAl OPHIKEYMATQON  EYPanAiko KOINONIKO TAMEIO

E k6 K 6 Tapei
upumalico Rotviio Taueto Me tn ouyxpnupatodotnon tng EAAGSag kat tng Evpwnaikig Evwong




