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Introductory Examples: Calculate mt

Calculation of number it with the following method:

» MNepkheiovpe KUKAO HE €va TETpAYWVO. AnploupyoUpe m Tuyaia onueia péoa oto
TETPAYWVO.

» BploKou e TOL ONELO TTOU EUTIEPLEXOVTOL KOL LESA OTOV KUKAO, N.

» Av r = n/m, tote 0 aplOUOC 1T mpooeyyiletal we T = 4r. Ooo MEPLOCOTEPQ TA ONUELA M
TO0O0 peyaAUtepn akpifela Tou utoAoyLlopou.
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Introductory Examples: Calculate mt

Algorithm:

npoints = 1000000
circle_count=0
doj =1, npoints
generate 2 random numbers between 0 and 1
xcoordinate = randoml
ycoordinate = random?2
if (xcoordinate, ycoordinate) inside circle then
circle_count = circle_count + 1
end do

Pl = 4.0*circle_count/npoints

* O ypOVOG VITOAOYIGHOV €ivar KLPIMC 0 YPOVOC EKTEAEGTC TNG EMAVOANTTIKTC O100IKAGTOG
(loop).
* Auto odnyet o€ (oyedov) ‘téleto maporiniioud’ (embarrassingly parallelism):

» Evtatikoi vmoloyiouol.

» ELGyom emikowovia, eAdyioto 1/0.



Introductory Examples: Calculate mt

O Estimate & as a function of sample size:
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Monte Carlo Integration
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Monte Carlo Integration: Example

 Example: Calculate the integral of a function h(x)
h(z) = [cos(50z) + sin(20z)]?

e To calculate the integral, we generate Uy, Us, ..., U, iid U(0,1)
random variables, and approximate [ h(z)dz with Z h(U;)/n.

e [t is clear that the Monte Carlo average is converging, with value
of 0.963 atter 10, 000 iterations.



Monte Carlo Integration: Example

(1 Example: Estimators
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Monte Carlo Integration

U Generalization of Integration: Riemann sums vs MC method (see hand
notes).

fi00,1] = [0,1]

/0 f(a) da

1 ,f(x)
= / / 1 dt dx
0 Jo
= // 1dt dx

{(zt):t<f(x)}

[ 1 dt dx
{(x,t):t<f(x)}

[ 1dt dx

{0<z,t<1}




Monte Carlo Integration

Q Comparison — Speed of Convergence:

Qo

Speed of convergence of Monte Carlo integration is
O?(.I.?__—I/Q) :

Speed of convergence of numerical integration of a
one-dimensional function by Riemann sums is O(n=1).

Does not compare favourably for one-dimensional problems.
However:

o Order of convergence of Monte Carlo integration is
independent of the dimension.

o Order of convergence of numerical integration techniqges like
Riemann sums deteriorates with the dimension increasing.

~» Monte Carlo methods can be a good choice for
high-dimensional integrals.



Random Number Generators

@ Philosophical paradox:

o We need to reproduce randomness by a computer algorithm.
o A computer algorithm is deterministic in nature.

~ “pseudo-random numbers”

@ Pseudo-random number from U0, 1] will be our only “source
of randomness”.

@ Other distributions can be derived from U[0, 1]
pseudo-random numbers using deterministic algorithms.

=



Pseudo-Random Number Generators

o A pseudo-random number generator (RNG) should produce
output for which the U[0, 1] distribution is a suitable model.

@ [he pseudo-random numbers X, X5.... should thus have the
same relevant statistical properties as independent realisations
of a U0, 1] random variable.

e They should reproduce independence ( “lack of predictability” ):
X1,....2X,, should not contain any discernible information on
the next value X,, 1. This property is often referred to as the
lack of predictability.

o [he numbers generated should be spread out evenly across

0,1].



Pseudo-Random Number Generators

U A simple example: Congruential pseudo-RNG.

Algorithm 1.1: Congruential pseudo-random number generator
1. Choose a, M € N ¢ € Ny, and the initial value ( “seed")
Zoe{l,...M —1}.
2. Fori=1,2,...
Set Z; = (aZ;_1+¢) mod M, and X; = Z; /M.

Z; € {Ol,ﬂ[ — 1}, thus X, € [0 1)



Pseudo-Random Number Generators

Cosider the choice of a = &1, ¢ = 35, M = 256, and seed Zy = 4.

/1 = (81-4+35) mod 256 = 359 mod 256 = 103
/oy = (81-103 + 35) mod 256 = 8378 mod 256 = 186
/3 = (81-186+ 35) mod 256 = 15101 mod 256 = 253

The corresponding X; are X1 = 103/256 = 0.4023438,
Xo = 186/256 = 0.72656250, X7 = 253/256 = 0.98828120.



Pseudo-Random Number Generators

(J RANDU: A typical poor choice of RNG.

@ Very popular in the 1970s
(e.g. System /360,
PDP-11).

@ Linear congruential
generator with
a=29%1+3 ¢=0, and
:'l[ — 231

@ [he numbers generated

by RANDU lie on only 15

hyperplanes in the
3-dimensional unit cubel

According to a salesperson at the time: “We guarantee that each number is

random individually, but we don’t guarantee that more than one of them is

random.”



Pseudo-Random Number Generators

O Flaw of the linear congruential RNG.

@ "'Crystalline” nature is a problem for every linear congurentrial
generator.

@ Sequence of generated values X, Xs.... viewed as points in
an n-dimension cube lies on a finite, and often very small
number of parallel hyperplanes.

o Marsaglia (1968): “the points [generated by a congruential
generator| are about as randomly spaced in the unit n-cube as
the atoms in a perfect crystal at absolute zero."

@ The number of hyperplanes depends on the choice of a, c,

and M.

@ For these reasons do not use the linear congurential generator!
Use more powerful generators (like e.g. the Mersenne twister,

available in GNU R).



Pseudo-Random Number Generators

 Another problematic example:

Linear congruential generator with @ = 1229, ¢ = 1, and M = 21,
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Yairs of generated values (Xogp—1, Xok) Transformed by Box-Muller method
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Evpwnaiki Evwon KH
E iix6 Konvunixo Tapeic
A % Me n ouyxpnaTosémen Te ENMGSac kai e Eupwmaikic Eviwane




XpnuarodoTnon

To TTapOV eKTTAIDEUTIKO UAIKO €XEI avaTiTuxBei oTa TTAaiola Tou
EKTTAIOEUTIKOU £pyou ToU OIOACKOVTQ.

To épyo «AvolkTa Akadnuaika Madnuarta oto MaverioTAuio
Kpntng» £xel XpnuaTodoTAoel JOvo TN avadiauop@waon Tou
EKTTAIOEUTIKOU UAIKOU.

To €pyo uAoTtroigiTal oTo TTAQicIo Tou Emixeipnoiakou NpoypaupaTog
«EkTtTaideuon kal Aia Biou MaBnon» kai ouyxpnuartodoteital atrd
TNV Eupwtraikn ‘Evwon (EupwTtraikd Koivwviko Taueio) kal atro
€0VIKOUG TTOPOUG.

EMIXEIPHEIAKO MPOIMPAMMA
EKMAIAEYZH KAI AIA BIOY MABHIH == Ez rIA

= H )

YNOYPTEIO MAIAEIAL KAl @PHIKEYMATAQN
EvpwnaikiiEvwon E!AIKH YMHPEZIA AIAXEIPIZHE

E K6 K 6 Tapei
UpuTAHO TOIVIS TAHE® Me ™ ouyxpnparodotnon tng EAAGdag kat tng Evpwnaikig ‘Evwong

21



2NUEIWHOTA



2NUEIWPA adEI0dOTNONG

» To mmapdv uAIkO diaTiBeTal ue Toug 6pouc NG adciag xpnong Creative
Commons Avagopd, Mn Eptropikr) Xprion, Oxi MNapaywyo Epyo 4.0 [1]
MeTayeveéoTePN, AiOvi¢'Ekdoon. ECaipouvTal Ta auToTEAR £pya TRITWV TT.X.
QWTOYPAPIEG, DIAYPAMUATA K.A.TT., TQ OTTOIQ EUTTEPIEXOVTAI OE AUTO KAl T
oTroia avagEpovTal Jadi e TOUG OPOUG XPNOoNG TOUG OTO «2NUEiWNa XpAong

Epywv Tpitwv». ‘ @ @ @ @\

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

* Q¢ Mn Eptropikiy opileTal n xprion:
— TToU OgV TTEPIAAUPBAVEI APEDCO I EJPECO OIKOVOUIKO OPEAOG ATTO TNV XPrRoN Tou
EPYOU, YIa TO DIAVONEQ TOU £pYOU Kal adelodOXo
— TTou Ogv TTEPIAAUPBAvel oIkovouIKy ouvaAlayr wg TTpoUuttéBeon yia Tn XpRon i
TTpdoBaon oTo £pyo
— TT0U O¢gv TTPOOTIOPICEl OTO dIAVOUED TOU £pYou Kal adeIodOXO EUMETO OIKOVOUIKO
O@eNOG (T1.X. dla@NUicEIg) aTTd TNV TTPOROAN Tou £pyou o€ dIadIKTUOKO TOTTO

* O dIKAIOUXOG UTTOPEI VO TTAPEXEI OTOV AdEIODOOX0 CEXWPIOTH Adeia va 93
XPNOIUOTTIOIEI TO £PYO YIA EUTTOPIKA XPAON, EPOcoV auTd Tou (NTNOEi.



2NUEIWpa Ava@opag

Copyright MNavemoTtipio Kpntng, Bayyéang Xappavddapng 2015.
«Elcaywyn oe pebddoug Monte Carlo. Evotnta 2: OAokAfpwon Monte
Carlo, I'evwntpieg Tuxaiwv apilBuwvy». ‘Ekdoon: 1.0. HpdkAeio 2015.
AlaBéoiyo atrd tn dIkTUaKN d1eUBuvon:
https://opencourses.uoc.gr/courses/course/view.php?id=228.



Alatnpnon ZNUEIWHATWY

OTtroiadnTroTe avartrapaywyn n 0lIa0Keun Tou UAIKOU Ba
TTPETTEI VO OUMTTEPIAQUBAVEL:

" TO ZNuEiwpa Avagopag

" TO Znueiwpa AdeioddTNONG

" TN ONAwon Alatripnong ZNUEIWPATWY

» 70 2nueiwpa Xprions Epywv Tpitwv (@OCoV UTTAPXEI)

uadi Ue TOUC OUVOOEUOUEVOUG UTTEPOUVOEDOUC.



