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Markov Chains

O Basic Definitions:




Markov Chains

O Essentials of Markov Chains Monte Carlo (MCMC) algorithms:




Markov Chains

O Essentials of Markov Chains Monte Carlo (MCMC) algorithms:




Metropolis — Hastings Algorithm

1 The MCMC princip|e; e [t is not necessary to directly simulate from f to calculate
/ AT

e Now we obtain
o Xi,..., Xy ~ approx f without simulating from f

o Use an ercodic Markov Chain

Working Principle of MCNMC Algorithms

e For an arbitrary starting value ("), a chain (X¥) is generated using
a transition kernel with stationary distribution f

e This ensures the convergence in distribution of (X)) to a random
variable from f

e Given that the chain is ergodic, the starting value ") is, in princi-
ple, unimportant.

Definition A Markov chain Monte Carlo (MCMC) method for
the simulation of a distribution f is any method producing an ergodic
Markov chain (X)) whose stationary distribution is f.



Metropolis — Hastings Algorithm

U Requirements:




Metropolis — Hastings Algorithm
1 The Algorithm:

e The Metropolis-Hastings algorithm associated with the objective
(target) density f and the conditional density g produces a Markov
chain (X ()) through the following transition:

1. Generate Y; ~ q(y|z').
2. Take

Y1) _ Y, with probability p(z'"),Y}),
z() with probability 1— p(z.Y}),

where

plr,y) = 111'11'1{f(fu) a(zly) ,1} :



Metropolis — Hastings Algorithm

O Properties:

e This algorithm always accepts values y; such that the ratio f(y;)/q(y|z™)
is increased

e It may accept values g; such that the ratio is decreased, similar to
stochastic optimization

e Like the Accept—Reject method, the Metropolis-Hastings algorithm
only depends on the ratios

fan)/f(@")  and  q(@@|y)/a(wlz")

and 1s, therefore, independent of normalizing constants

e Under mild conditions, MH is a reversible, ergodic Markov Chain,
hence it converges

e o The empirical sums ;Y h(X;) converge
o The CLT is satisfied



Random Walk Metropolis

e Take into account the value previously simulated to generate the
following value

e This idea is already used in algorithms such as the simulated an-
nealing

o Since the candidate g in the MH algorithm is allowed to depend
on the current state X®_ a first choice to consider is to simulate

Y; according to

Y, =X 1 ¢
where g; is a random perturbation with distribution g, indepen-
dent of X,
o q(y|z) is now of the form g(y — z)

o The Markov chain associated with g is a random walk



Random Walk Metropolis




Random Walk Metropolis




 Histograms - Estimators:
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Gibbs Sampler

(] Basic Idea:

Consider a probability distribution with density f(z1,...,x;,), for
some p > 1.

Algorithm 4.1: (Systematic scan) Gibbs sampler

Starting with (X%D), - ,Xé.ﬂ]) iterate for t = 1,2, ...
1. Draw XY ~ fy,x_, CIXSY, . X0Y).
j. Draw X}t} ~ ijlx_j(.|X£ﬂ.,... x®  xt-b ,X;{f_l}).
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p. Draw X3 ~ fyx, (X7, x 1),




Gibbs Sampler

O Random Gibbs Sampler:

Algorithm 4.2: Random scan Gibbs sampler

,X;Eﬂ]) iterate for t =1, 2, ...
1. Draw an index j from a distribution on {1,...,p} (e.g. uniform)

2. Draw XY ~ e C1XETD, L XD XD XY,

and set Xft] = Xft_” for all « # j.

Starting with (Xiﬂ], ...




Gibbs Sampler

O Important Aspects:

@ Only the so-called full-conditional distributions X;| X_; are
used in the Gibbs sampler.

o Do the full conditionals fully specify the joint distribution?
o The sequence (X9, X1 ...} is a Markov chain.

e Is the target distribution f(z1,...,z,) the invariant
distribution of this Markov chain?
o Will the Markov chain converge to this distribution?

e If so, what can we use for inference: the whole chain
(XO, XD XT)) or only the last value X(7)7?



Gibbs Sampler

0 General Comments:

¢ One special case of Metropolis-Hastings is very popular and does not
require any choice of step size.

** Gibbs sampling is the composition of a sequence of M-H transition
operators, each of which acts upon a single component of the state

space.

¢ By themselves, these operators are not ergodic, but in aggregate they
typically are.

** Most commonly, the proposal distribution is taken to be the
conditional distribution, given the rest of the state. This causes the
acceptance ratio to always be one and is often easy because it is low-
dimensional.



Bibliography

1 Monte Carlo Strategies in Scientific Computing, J. Liu, Springer, New York, 2001.

1 Monte Carlo Statistical Methods, C. Robert, G. Casella, Springer, New York,
2004.

L Stochastic Methods: A Handbook for the Natural and Social Sciences, C.

Gardiner, Springer, New York, 2009.



TéAog EvoTnrag

HSE)

TON. NOAITIZMOY & A

EE&AIAEYZH KAI AIA BIOY MA.6‘}1.2H :‘ EZ nA

Evpwnaiki Evwon KH
E iix6 Konvunixo Tapeic
A % Me n ouyxpnaTosémen Te ENMGSac kai e Eupwmaikic Eviwane




XpnuarodoTnon

To TTapOV eKTTAIDEUTIKO UAIKO €XEI avaTiTuxBei oTa TTAaiola Tou
EKTTAIOEUTIKOU £pyou ToU OIOACKOVTQ.

To épyo «AvolkTa Akadnuaika Madnuarta oto MaverioTAuio
Kpntng» £xel XpnuaTodoTAoel JOvo TN avadiauop@waon Tou
EKTTAIOEUTIKOU UAIKOU.

To €pyo uAoTtroigiTal oTo TTAQicIo Tou Emixeipnoiakou NpoypaupaTog
«EkTtTaideuon kal Aia Biou MaBnon» kai ouyxpnuartodoteital atrd
TNV Eupwtraikn ‘Evwon (EupwTtraikd Koivwviko Taueio) kal atro
€0VIKOUG TTOPOUG.

EMIXEIPHEIAKO MPOIMPAMMA
EKMAIAEYZH KAI AIA BIOY MABHIH == Ez rIA

= H )

YNOYPTEIO MAIAEIAL KAl @PHIKEYMATAQN
EvpwnaikiiEvwon E!AIKH YMHPEZIA AIAXEIPIZHE

E K6 K 6 Tapei
UpuTAHO TOIVIS TAHE® Me ™ ouyxpnparodotnon tng EAAGdag kat tng Evpwnaikig ‘Evwong
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2NUEIWPA adEI0dOTNONG

» To mrapdv UAIKO diaTiBeTal ue Toug 0pouc TnG adciag xpnong Creative Commons
Avagopd, Mn Eutropikr) Xprion, Oxi MNapaywyo ‘Epyo 4.0 [1] 4 yeTayeveéaTepn,
AieBvnic'Ekdoan. EcaipouvTal T QUTOTEAN £pya TRITWV TT.X. PUWTOYPAPIEG,
dlaypAuuaTa K.A.TT., TA OTTOIQ EUTTEPIEXOVTAI OE AUTO KAl TA OTTOI AVAPEPOVTAI
Madi JE TOUG OPOUG XPNONG TOUG OTO «ZNMEiwpa Xpnong Epywyv Tpitwv».

(@0l

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

* Q¢ Mn EpTtropikiy opileTal n xprion:
— TTOoU OV TTEPIAAUPBAVEI APEDCO I EJPECO OIKOVOUIKO OPENOG ATTO TNV XProN ToU £pyou,
yIa TO dIAVOPEQ TOU £pYOU Kal adeloddX0o
— Trou OgVv TTEPIAAUPBAVEI OIKOVOUIK) auvaAlayr wg TTpoUuttéBeon yia Tn XpRon i
TTPOCRacn oTo £pyO

— TT0U Ogv TTPOOTIOPICEl OTO dIAVOUED TOU £pyou Kal adeI0dOXO EUPMETO OIKOVOUIKO
OpeAOC (TT.X. dla@nuiceIc) atrd Tnv TTPOROAN Tou £pyou o€ dIadIKTUAKO TOTTO

* O dIKAIOUXOG UTTOPEI VO TTAPEXEI OTOV AdEI0DOX0 CeEXWPIOTH Adela va
XPNOIUOTIOIEI TO £PYO YIA EUTTOPIKA XPNON, EPOCOV auTd Tou {NTNOEI.



2NUEIWpa Ava@opag

Copyright MNavemoTtipio Kpntng, Bayyéang Xappavddapng 2015.
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Chains Monte Carlo». 'Ekdoon: 1.0. HpakAglo 2015. AiaBEoiyo atrd n
dIKTUOKT) dlEUBUvVON:
https://opencourses.uoc.gr/courses/course/view.php?id=228.



Alatnpnon ZNUEIWHATWY

OTtroiadnTroTe avartrapaywyn n 0lIa0Keun Tou UAIKOU Ba
TTPETTEI VO OUMTTEPIAQUBAVEL:

" TO ZNuEiwpa Avagopag

" TO Znueiwpa AdeioddTNONG

" TN ONAwon Alatripnong ZNUEIWPATWY

» 70 2nueiwpa Xprions Epywv Tpitwv (@OCoV UTTAPXEI)

uadi Ue TOUC OUVOOEUOUEVOUG UTTEPOUVOEDOUC.



