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Optimization

O Basic Definitions:




Optimization: The Problem




Stochastic Exploration




Monte Carlo Maximization:
A First Example

e Recall the function A(z) = [cos(50x) + sin(20z)]>.

e we try our naive strategy and simulate uy, ..., u,;, ~ U(0,1), and
use the approximation h; = max(h(u,), ..., h(ty))
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Monte Carlo: A Tough Minimization

e Consider minimizing

h(z,y) = (zsin(20y) + ysin(20z))? cosh(sin(10z)x)
+ (z cos(10y) — ysin(10z))* cosh(cos(20y)y) ,

whose global minimum is 0, attained at (z,y) = (0, 0)




Monte Carlo: A Tough Minimization




Monte Carlo: A Tough Minimization

Deterministic Gradient Methods

e The gradient method is a deterministic numerical approach to the
problem
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e [t produces a sequence (6;) that converges to the maximum when
e o the domain © C R?

o the function (—h)

are both convex.

e The sequence () is constructed in a recursive manner through
ﬁj+1 = &j + G}Th(ﬂj) ; a; >0,
Here
o V h is the gradient of h

o @ Is chosen to aid convergence



Monte Carlo: A Tough Minimization

Stochastic Variant

e There are stochastic variants of the gradient method
e They do not always go along the steepest slope
e This is an advantage, as it can avoid local maxima and saddlepoints

e The best, and simple version is Simulated Annealing/Metropolis
Algorithm



Simulated Annealing

¢ This name is borrowed from Metallurgy:

¢ A metal manufactured by a slow decrease of temperature (anneal-
ing) is stronger than a metal manufactured by a fast decrease of
temperature.

e The fundamental idea of simulated annealing methods is that a
change of scale, called temperature, allows for faster moves on the
surface of the function h to maximize.

o Rescaling partially avoids the trapping attraction of local max-
1ma.

o As T decreases toward 0, the values simulated from this distri-
bution become concentrated in a narrower and narrower neigh-
borhood of the local maxima of h



Simulated Annealing/Metropolis
Algorithm

(] Basic Idea:

¢ Simulation method proposed by Metropolis et al. (1953)
e Starting from 6, ( 1s generated from

¢ ~ Uniform in a neighborhood of 6.

e The new value of 6 is generated as
5 ¢ with probability p = exp(Ah/T) A 1
L 6y with probability 1 — p,
o Ah = h(¢) — h(6h)
o If h(¢) = h(fy), C is accepted
o If A(C) < h(fy), ¢ may still be accepted
o This allows escape from local maxima



Simulated Annealing/Metropolis
Algorithm

Metropolis/Simulated Annealing Algorithm

e In its most usual implementation, the simulated annealing algo-
rithm modifies the temperature 7" at each iteration

e [t has the form

1. Simulate ( from an instrumental distribution
with density g(|/¢( —6;);

2. Accept 0,1 = ( with probability
Pi = Chp{ﬁh;fﬂ} AN 1_;

take 0,1 =6, otherwise.
3. Update 1; to 1;.4.



Simulated Annealing/Metropolis
Algorithm

1 Important Comments:

1. Simulate ( from an instrumental distribution
with density g(|( —6;));

2. Accept #;;1 = ( with probability
Pi = EKP{&h;j/T;;} A 1;
take ;.1 =0, otherwise.

3. Update T; to T;.;.

e All positive moves accepted

e AsT | 0
o Harder to accept downward moves
o No big downward moves

e Not a Markov Chain - difficult to analyze



Simulated Annealing/Metropolis
Algorithm

U Simple Example (as before):
e Recall the function h(z) = [cos(50z) + sin(20x)]?
e The specific algorithm we use is
Starting at iteration t, the iteration is at (2, h(z®)):
1. Simulate u ~ U(ay,b;) where a; = max(z¥'—r,0) and b; =

min(z® 47, 1)

2. Accept z("*!) =y with probability

] r T : .rl{t)
pm = min {ex]:r (h(u) il )) ?1} :
T

take z(tY = z(1) otherwise.
3. Update T; to 1;.;.

o The value of r controls the size of the interval around the current
point (staying in (0, 1))

o The value of T; controls the cooling.



Simulated Annealing/Metropolis

The Trajectory

=

function(x) mci(x) (x)

o Lett Panel is the function
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mci(xval)
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o Right Panel is the Simulated Annealing Trajectory



Simulated Annealing

Simulated Annealing Property

e Theorem 5.7: Under mild assumptions, the Simulated Annealing
algorithm is guaranteed to find the global maximum

O Maximization problem (as before):

Return to the difficult maximization

e Apply simulated Annealing
e Different choices of T;

o Results dependent on choice of T;
oT; o< 1/log(z + 1) preferred



Simulated Annealing: Examples

Simulated Annealing Runs

¢ g ~ Uniform(—.1,.1)
e Starting point (0.5, 0.4)

Case T O h(6r) | min; h(6;) |Accept. rate
1 1/107 (—1.94, —0.480) | 0.198 4.0210°° 0.9998
2 | 1/log(141) |(—1.99,—-0.133)| 3.408 |3.823 x 107  0.96
31100/ log(1 +4) | (—0.575,0.430) | 0.0017 |4.708 x 10=°|  0.6888
4 |1/10log(1 +14)| (0.121, —0.150) |0.0350|2.382 x 10~7|  0.71

e Case 3 explores “valley” near the minimum

e Recommended T; ~ I'/log(i + 1) for large I




Examples

Simulated Annealing
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Simulated Annealing
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Simulated Annealing: Examples

T, = 100/ log(i + 1)
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Evpwnaiki Evwon KH
E iix6 Konvunixo Tapeic
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XpnuarodoTnon

To TTapOV eKTTAIDEUTIKO UAIKO €XEI avaTiTuxBei oTa TTAaiola Tou
EKTTAIOEUTIKOU £pyou ToU OIOACKOVTQ.

To épyo «AvolkTa Akadnuaika Madnuarta oto MaverioTAuio
Kpntng» £xel XpnuaTodoTAoel JOvo TN avadiauop@waon Tou
EKTTAIOEUTIKOU UAIKOU.

To €pyo uAoTtroigiTal oTo TTAQicIo Tou Emixeipnoiakou NpoypaupaTog
«EkTtTaideuon kal Aia Biou MaBnon» kai ouyxpnuartodoteital atrd
TNV Eupwtraikn ‘Evwon (EupwTtraikd Koivwviko Taueio) kal atro
€0VIKOUG TTOPOUG.

EMIXEIPHEIAKO MPOIMPAMMA
EKMAIAEYZH KAI AIA BIOY MABHIH == Ez rIA

= H )

YNOYPTEIO MAIAEIAL KAl @PHIKEYMATAQN
EvpwnaikiiEvwon E!AIKH YMHPEZIA AIAXEIPIZHE

E K6 K 6 Tapei
UpuTAHO TOIVIS TAHE® Me ™ ouyxpnparodotnon tng EAAGdag kat tng Evpwnaikig ‘Evwong
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2NUEIWPA adEI0dOTNONG

» To mrapdv UAIKO diaTiBeTal ue Toug 0pouc TnG adciag xpnong Creative Commons
Avagopd, Mn Eutropikr) Xprion, Oxi MNapaywyo ‘Epyo 4.0 [1] 4 yeTayeveéaTepn,
AieBvnic'Ekdoan. EcaipouvTal T QUTOTEAN £pya TRITWV TT.X. PUWTOYPAPIEG,
dlaypAuuaTa K.A.TT., TA OTTOIQ EUTTEPIEXOVTAI OE AUTO KAl TA OTTOI AVAPEPOVTAI
Madi JE TOUG OPOUG XPNONG TOUG OTO «ZNMEiwpa Xpnong Epywyv Tpitwv».

(@0l

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

* Q¢ Mn EpTtropikiy opileTal n xprion:
— TTOoU OV TTEPIAAUPBAVEI APEDCO I EJPECO OIKOVOUIKO OPENOG ATTO TNV XProN ToU £pyou,
yIa TO dIAVOPEQ TOU £pYOU Kal adeloddX0o
— Trou OgVv TTEPIAAUPBAVEI OIKOVOUIK) auvaAlayr wg TTpoUuttéBeon yia Tn XpRon i
TTPOCRacn oTo £pyO

— TT0U Ogv TTPOOTIOPICEl OTO dIAVOUED TOU £pyou Kal adeI0dOXO EUPMETO OIKOVOUIKO
OpeAOC (TT.X. dla@nuiceIc) atrd Tnv TTPOROAN Tou £pyou o€ dIadIKTUAKO TOTTO

* O dIKAIOUXOG UTTOPEI VO TTAPEXEI OTOV AdEI0DOX0 CeEXWPIOTH Adela va
XPNOIUOTIOIEI TO £PYO YIA EUTTOPIKA XPNON, EPOCOV auTd Tou {NTNOEI.
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OTtroiadnTroTe avartrapaywyn n 0lIa0Keun Tou UAIKOU Ba
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