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Avtikeipevo Madnuatikng BioAoyiag

d T eivat n Madnuatikn BioAoyia (Mathematical Biology);

> E(appOYEC TwV Hadnuatikwy otn BloAoyia.

d Xkomo¢ tng Madnuatikng BioAoyiag:
> MeA£Tn BloAoyIKwV TPOBANUATWY UE HAONUATIKA.
> Xpnon/avamtuén/Tpomomoincn XwpPo-XPOVIKWY HOVIEAWY CE

BioAoylKka cuoctnpartd.

O Xwpo-XpoVvIKO Hadnuatiko HovieAo otn BioAoyia: Eva ocuvoAo
UTTOOECEWYV Yia KATolo BIOAOYIKO CUCTNHA EKWYPPACHEVO HE
HAONUATIKEG £EI0WOEIG, TO omoio e€aptatal (EUMEPLEXEL) ATIO TO XWPO

Kdl TO XPOVoO.
Maénpatikn BloAoyia: Elcaywyn



Sy Kivhtpo Mabnuatikng BioAoyiag

d O1 mEPIGOOTEPEC TEXVOAOYIKEC AVAKAAUWEIC Tou 20° aiwva
Baoi{otav otn DUOCIKN, AVAPEVETAL Ol TTEPIOCOTEPEG TEXVOAOYIKEG

avakaAUWelg tou 21°¢ aiwva va Bacilovtal otn BloAoyia.

d’Evag KAAGog Twv (DETIKWY) EMOTNHWY BewpEital «wWPINOG> €AV N
Hadnpatikn Oswpia Tou KAAdou €Xel avamtuxOei, Kal gival o€
ouppwvia Je ta melpapgata: n BioAoyia v gival (AKOUn) «wpIipn»

EMOTAMN.

Maénpatikn BloAoyia: Elcaywyn



d (From the preface of Murray’s book “Mathematical Biology”)
> Why use mathematics to study something as intrinsically

complicated and ill understood as development, angiogenesis, Mathematical
wound heeling, interacting population dynamics, regulatory Biology
networks, marital interaction and so on? We suggest that e v

mathematics, rather theoretical modelling, must be used if -y sl
we ever hope to genuinely and realistically convert an e
understanding of the underlying mechanisms into a predictive
science. Mathematics is required to bridge the gap between
the level on which most of our knowledge is accumulating (in
development biology it is cellular and below) and the
macroscopic levels of patterns we see.

>The aim in all these applications is not to derive a mathematical model that
takes into account every single process because, even if this were possible, the
resulting model would yield little or no insight on the crucial interactions within
the system. Rather the goal is to develop models which capture the essence of
various interactions allowing their outcome to be more fully understood. As more
data emerge from the biological system, the models become more sophisticated
and the mathematics increasingly challenging.

Maénpatikn BloAoyia: Elcaywyn



MaOnuatika MovtéAa otn BloAoyia

d (From the preface of Murray’s book “Mathematical
Biology”)

> |n development (by way of example) it is true that we are
a long way from being able to reliably simulate actual
biological development, in spite of the plethora of models
and theory that abound. Key processes are generally still
poorly understood. Despite these limitations, | feel that AN
exploring the logic of pattern formation is worthwhile, or NS
rather essential, even in our present state of knowledge. It \ 4
allows us to take a hypothetical mechanism and examine its

consequences in the form of a mathematical model, make

predictions and suggest experiments that would verify or

invalidate the model; even the latter casts light on the

biology.
> TI%e very process of constructing a mathematical model can be useful in its

own right. Not only must we commit to a particular mechanism, but we are
also forced to consider what is truly essential to the process, the central
players (variables) and mechanisms by which they evolve. We are thus involved
in constructing frameworks on which we can hang our understanding. The
model equations, the mathematical analysis and the numerical simulations
that follow serve to reveal quantitatively as well as qualitatively the
consequences of that logical structure. MaBnpatikn BloAoyia: Eloaywyn
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MaBnpatika MovteAa otn BioAoyia

d (From the preface of Murray’s book “Mathematical Biology”)
> Models can provide biological insight and be very useful in summarizing,

interpreting and interpolating data.

> There is no “right” model: producing similar temporal or spatial patterns to
those experimentally observed is only a first step and does not imply the model
mechanism is the one which applies.

> Mathematical descriptions are not explanations. Mathematics can never
provide the complete solution to a biological problem on its own.

> Modern biology is certainly not at the stage where it is appropriate for
mathematicians to try to construct comprehensive theories.

Maénpatikn BloAoyia: Elcaywyn
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Ta Muotnpla tng Zwng
4 (From the preface of Stewart’s book “Life’s Other Secrets”)

> Until the middle of the twentieth century, it was totally unclear whether life had any
kind of inorganic basis. The discovery of the first secret of life, the molecular structure
of DNA (deoxyribonucleic acid), solved that particular riddle. Life is a form of chemistry
but chemistry unlike any that ever graced a test tube, chemistry so complex that it
makes an industrial city look like a village. Inside every living creature on Earth- and we
know of none off it—a complex molecular code, a Book of Life, prescribes the creature’s
form, growth, development, and behavior. Our fate is written in our genes.

> Without any question, this discovery was one of the most significant ever made. It
irrevocably changed our views about the living world: it opened up entirely new ways to
unravel many of life’s secrets but not all of them. Some secrets lie deeper than the
genetic code. Genes are fundamental to earthly life, but their role in determining form
and behavior tends to be overstated-especially in the media. Genes are not like
engineering blueprints; they are more like recipes in a cookbook. They tell us what
ingredients to use, in what quantities, and in what order-but they do not provide a
complete, accurate plan of the final result. Every cook knows that a recipe is not the
same as a meal: Between the cook and the dining table lie the intricacies of ovens, grills,
pots and-pans, seasoning to taste and the maddeningly obtuse behavior of ingredients.
Last week, the recipe for bread worked perfectly, but this week’s bread is as flat as a
pancake. You won’t find out why by studying the recipe, or the oven, or even both; you
must also take account of the physical and chemical laws that A%C%Yﬁgpm\lg]vgg%wlgj%%%ngr?te
of soda, hot air, and sticky dough-and a thousand other things. '



Ta MuoTtripla t™ng Zwng

d (From the preface of Stewart’s book “Life’s Other Secrets”)
>|n trying to understand life, however, it is so tempting just to look at life’s recipe book-
its DNA code sequences. DNA is neat and tidy; organisms are messy. DNA can be captured
by little more than a list of symbols; the laws of physics require sophisticated
mathematics even to state them. Also, the amazing growth in our understanding of
genetics has opened up so many fruitful lines of research that it will take decades to
follow up the most obvious ones, let alone the more elusive ones. As a consequence, we
are in danger of losing sight of an important fact: There is more to life than genes. That
is, life operates within the rich structure of the physical universe and its deep laws,
patterns, forms, structures, processes, and systems. Genes do their work within the
context o physical laws, and if unaided physics or chemistry can accomplish a task then
the genes can safely leave them to it. Genes nudge the physical universe in specific
directions, to choose this chemical, this pattern this process, rather than that one, but
the mathematical laws of physic; and chemistry control the growing organism’s response
to its genetic instructions.

> The mathematical control of the growing organism is the other secret—the second
secret, if you will—of life. Without it, we will novel solve the deeper mysteries of the
living world-for life is a partnership between genes and mathematics, and we must take
proper account of the role of both partners. This cognizance of both secrets has run like
a shining thread through the history of the biological sciences—but it has attracted the
mavericks, not the mainstream scientists. Instead of thinking the way most biologists
think, these mavericks have been taking a much different approach to biology by thinking
the way that most physical scientists and mathematicians thinKrH 'difrARtES fgveyn
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Evoeiktika MNeplexopeva

e KepaAaio 1 - Elcaywyn otn Madnpatikn BlioAoyia: XZtoxol Kai

avaykaiotntad.

e KepaAaio 2 - Mabnuatikn povreAonoinon: Baoikeg evvolec. MoviEAa

(PUCLKWV EMOTNHWY.
o KepaAaio 3 - MovtéAa MANOUGHWY £vOC €i00UG: AlAKPITA KAl CUVEXN.

e KepaAaio 4 - MovteAa aAAnAemoépwVviwy MANOUCHWY: Alakpitd Kal

OUVEXN.

e KepaAaio 5 - Auvapikn BioAoyikwyv cuotnpatwyv: Kivntikn ev{Upwy.
E€EMEN emoOnpiwy. E€icwon diaxuong, BioAoyika kupata. Xaotika

cuotnuartda.

e KepaAaio 6 - E1dika O<pata I: Ixnuatiopog dopwyv otn BloAoyia.

Fevetikn. Moplakn e€EAIEn. DuAoyevetika 0Evopa.

Mabnpuatikni BloAoyia: Elcaywyn
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2Toxol Madnuarocg

Meta tnv oAoKARpwon Tou Hadnuatog Oa MPEMEL va EXETE

KATAVONOEl

> Baolka yadnuatika povtéAa otn BloAoyia,

Kdl va €iote o€ Bgon:
> Na avaAuetal/XpnoIPoToLEiTAl UTTApXouoa Hadnuatikda
BloAoyIKa HOVTEAQ.
> Na tpomoTmoleital/avantuocseTdl Kalvouplda Hadnuatika
BloAoylKd HOVTEAQ.

> Na «€EMKOIVWVEITE» KaAutepa He BloAoyouc!

Maénpatikn BloAoyia: Elcaywyn
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Mapadeiypata Madnpatikwyv MovteAwy otn
BioAoyia

% MovteAa mAnbucpwy (population biology): mavida n avlpwmol .

% Bloxnuika (biochemical) povtéAa: Baktnpia, HIKPOOPYAVIOUOI, ....

“ EmonuioAoyia (epidemiology): eAovooia, AIDS, Ebola, SARS, ...).

% MovtéAa mepiBaAAovtog (environmental science model): poAuvon.

% MoVTEAA XNHIKWY avTIOPACEWY Kdl OXNHUATIGHOC (PUCIKWYV OOHWYV
(natural pattern formation).

% Mopwoyeveon (morphogenesis): d¢ppa twv {wwv ((Bpa, Tiypn,
AgomapdaAn, ....)

% MovtéAa veupwVIKwV OIKTUWYV (neural network models):
EYKEQPAAOG, VEUPOAOYIKO cUcTNUA.

Maénpatikn BloAoyia: Elcaywyn



=7/ Ma@nuatikn - YmoAoyiotikn MovteAomoinon

 OQupnOBeite: H yabnpatikn povreAomoinon MOAUTTAOKWY
mPoBANUATWY cuxva (6XeO0V MAVTA) ATAITEL TN XPNON UTTOAOYIOTIKWY
HEOOOWYV (UTTOAOYIOTIKN HovTteEAoToincn).

Real World

Problem

Interpret Represent

Results/ Mathematical
Conclusions Model

Simulate Translate

Computational
Model

Maénpatikn BloAoyia: Elcaywyn



~ Ma@npatikd BioAoyikd MovtéAa: Katnyopieg

4 Zuvexeic Alagpopikeg E€lowoeig (Z.A.E.),
1 Mepikeg Alagopikeg EElcwosig (M.A.E.),

J ZtoxaoTtiKkd MoVvTEAa

v Alakpitd vs ZUvexn
v Mnxaviotika vs Meprypawika (n Epmeipika)
v Tpappika vs Mn Mpappika

v Xpovo-e€aptopeva vs Xpovo-aveEaptntd

Maénpatikn BloAoyia: Elcaywyn



MaOnpatika MovtéAa otn BloAoyia

1 BioAoyika Xwpo-Xpovikd Madnpatika MovteAa

Ot ouvaptnoelg (oxedov) o€ OAA Ta BLOAOYIKA HOVIEAQ
eEaptwvtal amo:
v Xwpo, X : 1D (x) n 2D (x,y) n 3D (x,Y,z)

v Xpovo, t

v F(t, X)

Maénpuatikn BloAoyia: Elcaywyn



Madnuatika MovtéAa otn BloAoyia

1 BloAoyika Xwpo-xpovika Madnuatika MovteAa

v O Xwpo¢ avtimpoowteUel To mePIBAAAoV (T.X. Epyactnplo, 6acog,
Aipgvn, yn, ...). To medio opiopou tou xwpou (spatial domain or domain

or region) dnAwvetal wg Q.

v O xpovog gival yetaBAntn piag diactaong pe medio opiopgou (time
interval): (-00, + 00) n [0, T]

Maénpuatikn BloAoyia: Elcaywyn



MaOnuatika MovteAa otn BloAoyia

Mapadsiyua: TMAnOucpoi Zwwyv o€ €va AAcog

Bewpoupe wc O to dacoc (Eva medio oplopou o€ 2 diactaocelg, 2-D)

> R(t, x, y): mukvotnta mAnbucpou Aaywy otn tomobeoia (X, y) Kal o€

XpOvo t.

> Q(t, x, y): mukvotnta mAnBucpou aAemoudwy otn tomobeoida (X, Y)

KAl € XpOvo t.

> [lukvotnta mAnBucpou = (GUVOALKOC TTANBUGHOC o€ pla meploxn) /

(TTEpLoxn)

Mabnpatiki BloAoyia: Elcaywyn



MaOnuatika MovteAa otn BloAoyia

Mapadsiyua: TMAnOucpoi Zwwyv o€ €va AAcog

A Xwpo-xpoviko Madnuatika MovteAo: Ot e€lowWCEIC TTOU

TEPLYPAPOUV TNV XWPO-XPOVIKN EEAMEN TwV R, Q.

OR(t, X)
ot

= F (t,R(t, X),0(t, X )

GQS; D) F (4R X),0(, X))

Mabnpatiki BloAoyia: Elcaywyn



& Napadetypa: Aoylotiko MovteAo (Logistic Model)

2tox0o¢: MpoBAewn - HeEAETN TOU MANOUGHOU £vOg €100UG (T1.X. TIOUAIWYV).

YmoOeosIG:

d Oswpoupe tov MAUBUGCHO opoyevn 6€ OAO TO Xwplo Q (T.X. TO
daoog), Osv e€aptatal amo 10 Xwpo X.

A Ymapxel SlabEcipo MOAU-«dATTELPO> (PAYNTO.
d Aev umtapxouv £x0pol Twv TTOUALWYV

% ‘Eotw N(t) o mAnBuopog twv MouAlwy o€ xpovo t. H xpovikn €EEAEN Tou

dN (t) - AN (1)

dt >Tati;

mAnBucpou Ba divetal wg:

> ‘Omou A: (otabepog) pubpog auénong, A >
0

Mabnpatikn BloAoyia: Elcaywyn



* Mapadetypa: AoyloTiké MovtéAo (Logistic Model)

& Me apxikn ouvOnkn: N=N, yia t=0 At
PXIKN KN oY N(t)= Noe

> Mpoocoxn: Nat = o, N > oo (Agv €ival UCIOAOYIKN-TIPAYHATIKN
CUUTTEPLPOPA)

d Aoyiotikn e€icowon, AE, (Logistic equation):

N _nf(1-N S A(N

dt K N K

> 'Omou K: (otaBepa) xwpntikotnta mePIBAAAOVTOC

- Mopen tng AE;

Mabnpatikn BloAoyia: Elcaywyn



T Evvoeital NMwcg Nvwpiloupe:

Q uvaptnoelc moAAwv petaBAntwy - EmavaAnyn - Baoikoi Opiopoi
J’Eoctw ouvaptnon f(t, X). OupnOeite Mwc opiloups:
v MepiKn mapaywyog
v AvadeAta - KAion (gradient):
[Mpoooxn: N KAion o€ €va onyeio ival diavuopd. H kKAion ocuvaptnong
gival Olavuopatikn mapaywyog (vector field)

v lakwBiavn (Jacobian)

v AamAaciavn (Laplacian)

Maénpuatikn BloAoyia: Elcaywyn



AB) r : :
=~/ Auvapika Zuotnuata (Dynamical Systems)
d l'evikog Opilopog: Auvapiko cuotnpa (AX) gival n meplypagn TG XPOVIKN

€€EAPTNON EVOC ONUEIOU OE EVA YEWHETPLIKO XWPO.

d Opiopog: Auvapiko ocuotnua (AX) sival £€va cuotnpa SldPOopPIKWY

eEI0WOEWYV TO OMoio sumepIEXEl (E€EapTatal Kal Amo) To XpOvo.

> [eVIKNA Hop®n: dA F (t A)
dt ’

> ‘Omou A(t): petaBAntn mou e€aptatal amo Tov xpovo t Kat F(t,A) pua

ouUVApTNON TTOU TTEPLYPAWPEL TNV XPOVIKN HEEEALEN TNC A.

> H xpovikn €€€AI€n eival vietepuivioTiKn (deterministic): dedopevng tng
apXIKNG Katdotaong o€ t, odNyoUHAoTE GE Hid HOVO Katdotaon o€ t,+dt,

A(ty) > A(ty+dt).

Maénpatikn BloAoyia: Elcaywyn



Auvapika Xuotnuata (Dynamical Systems)

3 Opiopog: Znueio 1ooppomiag (Z.1.) ovopaletal n TN TNG
HETABANTNG, Yid TNV OToid N MApAYwYog TNG HETABANTNG w¢ MPOC TO

xpovo eivai 0.

> Jnueia 1coppomiac: d_A = () F (t 1& )= 0
dt A=A | |

A Euotabng icopportia: To cucTnUA HETA Amo Jikpn diatapaxn

EMOTPEPEL 0TNn O€0N 100ppoTiac.

d Aotabng icoppotia: To cUCTNHA HETA Amo HIKeN olatapaxn O0sv

EMOTPEPEL 0TNn O€0N 100ppoTiac.

Maénpatikn BloAoyia: Elcaywyn



Auvapika Xuotnuata (Dynamical Systems)

d Fevikotepa yia £va cuotnua Ola@opIKwY £EICWOEWYV:

dA

7; = E (Al,Azr"ﬂAN)
M

dA

T;V = FN (A1,A29°"9AN)

> Z.I. (A, A,, ..., Ay) ivai o1 AUosI¢ Tou cuoTApAToG:

F(4,4,,..,4,)=0
M
Fo(4,4,,...,4,)=0

Maénpuatikn BloAoyia: Elcaywyn



Auvapika Zuotnuata - AvaAuon looppoTiag

3 Avamrtuypa Taylor yUpw amo éva X.1., A = A:

F(A)=F(z)wf(fa)(A_[a)m"(,a)(A ‘f)z - (,a)(A;f)”

d"F
dA"

F™ (A)E

> 'Eotw piKpn Siatapaxn, €, yUpw amo to A :

A(t)sflﬂz (t)

Maénpuatikn BloAoyia: Elcaywyn



Auvapika Zuotnuata - AvaAuon looppoTiag

> Kpatwvtag Hovo Toug 6U0 TPWTOUG OPOUC GTO AVATITUYHd:

dt dt d

i _d(re) -0 (5) -A)06)

o (4
A=A

dt dA
d A<0,e>0: 10 2.l. eival tomkKa suctabsg (T.E.)
dAA>0, € > ©: 1o X.l. €lval TomKa aoctabeg
(T.A.)

Maénpuatikn BloAoyia: Elcaywyn



Auvapika Zuotnuata - AvaAuon looppoTiag
A Fevikotepa yia E€va cuotnua Ola@opIKwyY £EICWOEWYV:
> OEWPOUNE HIKPEG O1ATAPAXEG, (&,, €, ..., £y) YUPW amo ta Z.l.

> F,, ..., Fympoogyyilovtal amo Toug 2 mpwToug 0POUG TOU

avantuypatog Taylor

A A A ol ol of
Fl(Al,Az,...,AN)=Fl(Al,Az,...,AN)+el(—l) +82(—1) +...+8N(8A1)
* * N

94 94, *

M

AoA ~ oF oF oF

F,(A.,4,,...4, )=F, (4,A4,,...4, e | —2| +e,| —2| +...4¢, | —

Y R
> oémou: | 9: gival n mapaywyog oto 2.l.

0A.
J [

Maénpatikn BloAoyia: Elcaywyn



Auvapika Zuotnuata - AvaAuon looppoTiag

 O1 diatapaxeC Ikavomolouv To cucTnua:

de

—L=J & +J, &, +...+J &,

dt

M

de

—a’N =J & +J &, +..+ S Ey
4

> omou J gival n lakwBlavn tTou ocuotnHAtog :

[ J JIN\ OF
J = K K Ji' = —
’ aAJ’ *
\Jm JNN)

Maénpatikn BloAoyia: Elcaywyn



Auvapika Zuotnuata - AvaAuon looppoTiag

d H suotaBeia kaBopiletal amo TIC IOI0TIHES TOU

mivaka J:

det(J-AI)=0

A MNapadeypa: Xuotnpa 2 X 2:

det J11_7\' J12 0
J21 Jzz_}‘

M = Chut Jpdlst Caulsa s wdaniad

trJ detJ

> |6l0TIpEG: A = (trJ + \/B)/ 2, D= (trJ)2 —4detJ

Maénpatikn BloAoyia: Elcaywyn



Auvapika Zuotnuata - AvaAuon looppoTiag
1 KaBopiopog 1coppormiac:

% D>0, A, A,civat U0 TPAYHATIKEG AUCEIG:

£, (t) =, EXp (7\1t)+ c,, EXp (7\2t)
£, (t) = C,, EXp (7\11)+ C,, EXP (kzt)

> Av A,, A, < 0: euotaBng 1ooppomia - guoctadng kKopBog (stable

node).

> Av A,, A, > 0: actaOng 1coppomia - actadng kopBog (unstable

node).

> Av A A, < 0: caypato€ld€g onpeio (saddle poimtdumanxi Boroyia: Ewayeyn



Auvapika Zuotnuata - AvaAuon looppoTiag

1 KaBopiopog 1coppormiac:

$D<0, A, A, civat 6Uo culuyEiG HIYAOIKEG Aﬁg\flgza +Bi, M=o —Pi
5 : ) =

€, (t)= exp (oct)(c11 cos Pt +c,, sin Bt)
€, (t)= exp (oct)(c21 cos Pt +c,, sin Bt)

> Av a < 0: euotadng 1ocoppomia - euctadng omeipa (stable spiral).
> Av a > 0: aotadng 1coppomia - aoctadng omeipa (unstable spiral).

> Av a = 0: oudstepo KEvTpo (neutral center).

Maénpuatikn BloAoyia: Elcaywyn



Auvapika Zuotnuata - AvaAuon looppoTiag

Q Kpitnptlo evuotadsiag Ruth - Hurwitz: Av
IGXUEL

trd =(J,, +J,,)<0

detJ = (J,J,, = JpJ5 )> 0

>To 2.l. eival TomKa euotabEc.

Maénpuatikn BloAoyia: Elcaywyn
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