Appendix B. Mathematical Formulations of Binary and Multicategory SVMs

Below we summarize mathematical formulations of binary and multicategory Support Vector Machines. Refer to papers cited
in text for full descriptions of the algorithms.

1. Binary SVMs

Given n training instances of dimension m: X, € R™ and corresponding class labels y, € {—=1,+1} (i =1,2,..,n), the margin

between two classes is optimized via a solution of the following quadratic constrained optimization problem:

N -
min—w w+C)» & subject to
wb.& D ; !

y.(WD(x,))+b)>1-E& and & >0 for i=12,..,n

where w € R" is a vector of weights of training instances; b is a constant; C is a real-valued tradeoff (cost) parameter; é’i isa

penalty parameter (slack variable); and @ is a map from the input space R"” to the typically much larger dimensional feature
space R" ([Vapnik1998] and [Burges1998]). This optimization problem is quadratic in n variables and » constraints and
depends on the data only through dot products K(x;,x,) = D(x,)" D(x ;). Hence, there is no need to know mapping @

explicitly, since one has to use only the function K (called a kernel function) to solve the optimization problem. Among
commonly used kernel function are:

. _ T X
1. Linear kernel: K(x;,x;)=x; X,;
2. Polynomial kernel: K (x,,x;) = (]/-xl.Txl. +7)”, where y,r e R ;
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3. Radial-basis kernel: K'(x;,x,) = exp(— O-Hxi - xf” ), where o € R

Given w and b, one can classify an instance x using the decision function:

f(x) =sgn[w’ ®(x)+b].

2. Multicategory SVMs

In formulations of multiclass SVM methods described below adopt the following notation: Xx; € R"™ are m-dimensional

training instances and y; € {1,2,...,k} (i =1,2,..,n) are corresponding class labels.

One-vs-rest (OVR). The margins between each of & classes and the remaining classes are optimized via solution of the
following constrained QP optimization problem:
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where p e{l,2,...k}; w, € R™ is a vector of weights of training instances; bp € R ; Cis a real-valued tradeoff (cost)

parameter; & is a penalty parameter (slack variable); and @ :R" — R" ([Kressel1999]). In total one needs to solve k

constrained QP problems (for & values of p) with n variables and » constraints. Given optimal weights w and b, the following
decision function is used for classification of an instance x:

f(x)=arg max[w;CD(x) +b,].

p=l,....k



Note, that for the case k=2, this technique is equivalent (i.e. its hyperplane is identical) to the binary SVMs.

One-vs-one (OVO). The margins between each pair of & classes are optimized via solution of the following constrained QP
optimization problem:
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where pe{l,2,...k}; ge{l,2,...,k}\p; n, <n is the number of training instances with class labels p and g;

w,, € R™ is a vector of weights of training instances; b,, € R; Cis a real-valued tradeoff (cost) parameter; EMisa

penalty parameter (slack variable); and @ :R" — R ([Kressel1999]). In total one needs to solve [kJ: k(k=1)
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constrained QP problems (for all distinct pairs of p and g) with 72, variables and 7, constraints. If different classes have the

n
same priors in the training dataset, then 7, 27. Given optimal weights w and b, individual decision functions for all

distinct pairs of p and g are computed for an instance x:
_ T
Spg(X)=sgn[w, ®(x)+b, ].

There are various methods to combine votes of the individual decisions functions into a final decision. A common approach,
so-called Max Wins strategy, is to assign an instance to a class which has the largest number of votes [Friedman1996].

Note, that for the case k=2, this technique is equivalent (i.e. its hyperplane is identical) to the binary SVMs.

DAGSVM. The margins between each pair of k classes are optimized via solution of the constrained QP optimization
problem, same as for OVO. When all QP problems are solved, a new instance x is classified using DDAG, a rooted binary
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the classification decisions [Platt2000]. The choice of the class order in the DDAG list can be arbitrary as shown empirically
in [P1att2000].

Method by Weston and Watkins (WW). The margins between all & classes are optimized via solution of the following
constrained QP optimization problem:

decision directed acyclic graph, constructed on the basis of (kj individual classifiers (nodes) and k leaves corresponding to
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where w, € R"™ is a vector of weights of training instances; b € iRk; C is a real-valued tradeoff (cost) parameter; fip isa

penalty parameter (slack variable); and @ :R" — R’ [Weston1999]. This optimization problem is quadratic in (k-1)n
variables and (k-1)n constraints. Given optimal weights w and b, the following decision function is used for classification of
an instance x:

Note, that for the case k=2, this technique is equivalent (i.e. its hyperplane is identical) to the binary SVMs.
In our experiments we used a modified formulation of this algorithm, called bounded formulation, which is obtained by

k
adding a term Zbi to the objective function of the optimization problem stated above. By doing so, the dual formulation of

m=1



SVM problem is simplified, which can lead to easier optimization problem solvable by robust decomposition techniques (see
[Hsu2002] for details).

Method by Crammer and Singer (CS). The margins between all & classes are optimized via solution of the following
constrained QP optimization problem:
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where W, € R™ is a vector of weights of training instances; C is a real-valued tradeoff (cost) parameter; &, is a penalty

0if y, =
parameter (slack variable); @ :R” — R"; and eip = 7 =P ([Hsu2002] and [Crammer2000]). This optimization

Lif y, #p
problem is quadratic in (k-1)n variables and only # constraints. Given optimal weights w, the following decision function is
used for classification of an instance x:

f(x) = argmax w, d(x).

p=l....k

Similarly to WW, in our experiments we used a bounded formulation, which can lead to a significant speed-up in the solution
of the optimization problem (see [Hsu2002] for details).
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