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Outline and Reading

N

& Flow networks
s Cut (§812)

@ Maximum flow
= Augmenting path (88.2.1)
= Maximum flow and minimum cut (88.2.1)
= Ford-Fulkerson’s algorithm (88.2.2-8.2.3)
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Flow Network

N

@ A flow network (or just network) N consists of

= A weighted digraph G with nonnegative integer edge weights,
where the weight of an edge e is called the capacity c(e) of e

= Two distinguished vertices, s and t of G, called the source and sink,

respectively, such that s has no incoming edges and t has no
outgoing edges.

® Example:
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Flow

& A flow f for a network N is is an assignment of an integer value
f(e) to each edge e that satisfies the following properties:

Capacity Rule: For each edge e, 0<f(e) <c(e)
Conservation Rule: For each vertex v =st Z f(e)= Z f(e)

ecE " (v) ecE" (V)
where E-(v) and E*(v) are the incoming and outgoing edges of v, resp.

& The value of a flow f, denoted |f|, is the total flow from the source,
which is the same as the total flow into the sink

& Example:

N
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N

Maximum Flow

& A flow for a network N is
said to be maximum if its
value is the largest of all
flows for N

® The maximum flow
problem consists of

212

finding a maximum flow Flow of value 8 =2+3+3=1+3+4

for a given network N
& Applications

Hydraulic systems
Electrical circuits
Traffic movements
Freight transportation

212
Maximum flow of value 10 =4+ 3 +3 =3 +3 + 4
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N

Cut

& A cut of a network N with source s
and sink t is a partition y = (V,,V,)
of the vertices of N such that s e
Viandt eV,

= Forward edge of cut y: origin in V,
and destination in V,

s Backward edge of cut y: origin in

V, and destination in V,

@ Flow f(y) across a cut y: total flow 7
i \
of forward edges minus total flow
of backward edges

& Capacity c(y) of a cut y: total
capacity of forward edges

& Example:
[ ] C(Z) =24
= f(3)=8
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Flow and Cut

N

Lemma:
The flow f(y) across any
cut y is equal to the flow Vi 22p
value |f|

Lemma:

The flow f(y) across a cut
y iIs less than or equal to
the capacity c(y) of the cut

Theorem: ;22 v
The value of any flow is ' \
less than or equal to the
capacity of any cut, i.e., C(Zl) =12=64+3+14+2
for any flow f and any cut c(r,)=21=3+7+9+2
7, we have 2 =8

[Tl < c(x)
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N

Augmenting Path

® Consider a flow f for a
network N

@ Let e be an edge from u to v:

= Residual capacity of e from
uto v: 4(u, v) =c(e) —f (e)
m Residual capacity of e from

v to u: A(v, u) =f(e)
@ Let 7 be apath fromstot
= The residual capacity A(x)
of zis the smallest of the
residual capacities of the

edges of xin the direction
fromstot

& Apath zfromstotis an
augmenting path if 4(z) >0
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Flow Augmentation

N

Lemma:

Let 7 be an augmenting path
for flow f in network N. There 9
exists a flow f’for N of value

216

4/5
| 7] =[f |+ 4(~) 2/5
Proof: 5/2 ﬂ Hi=7
We compute flow f”by
modifying the flow on the L am=1
edges of

= Forward edge:

f7(e) = 1(e) + A(n)
m Backward edge:

f7(e) = 1(e) — A(n)
3/5
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N

& Initially, f(e) =0 for each
edge e

@ Repeatedly

m Search for an
augmenting path =

= Augment by 4,(n) the
flow along the edges
of &

@ A specialization of DFS
(or BFS) searches for an
augmenting path

= An edge e is traversed

from u to v provided
A(u,v) >0
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Ford-Fulkerson’s Algorithm

Algorithm FordFulkersonMaxFlow(N)
for all e € G.edges()
setFlow(e, 0)
while G has an augmenting path =z
{ compute residual capacity 4 of z}
A<« ©
for all edgese € 7
{ compute residual capacity dof e }
if e is a forward edge of =
0 < getCapacity(e) — getFlow(e)
else { e is a backward edge }
0 < getFlow(e)
if o< 4
Ao
{ augment flow along 7}
for all edgese € «
if e is a forward edge of =
setFlow(e, getFlow(e) + A)
else { e is a backward edge }
setFlow(e, getFlow(e) — A)
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Max-Flow and Min-Cut

& Termination of Ford-Fulkerson’s Theorem:

algorithm The value of a maximum
= There is no augmenting path flow Is equal to the
from s to t with respect to the capacity of a minimum cut
current flow f
@ Define Z\

V, set of vertices reachable from s
by augmenting paths

V, set of remaining vertices
@ Cut y=(V,V, has capacity
c(z) = Iff
m Forward edge: f(e) = c(e)
s Backward edge: f(e) =0

12/2
@ Thus, flow f has maximum /
value and cut ¥ has minimum )
capacity c(y)=|f|=10
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Example (2)
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Analysis

@ In the worst case, Ford-
Fulkerson’s algorithm
performs |f*| flow
augmentations, where f* is a
maximum flow

& Example 1/50

= The augmenting paths found
alternate between =z, and 7,

= The algorithm performs 100
augmentations
& Finding an augmenting path 1/50
and augmenting the flow
takes O(n + m) time

& The running time of Ford-
Fulkerson’s algorithm is
O(*|(n + m)) 1/50
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TeAoc EvoTnTac

EMIXEIPHIIAKO MPOFPAMMA Ezn
EKMAIAEYEH KAl AIA BIOY MAGHEH — w%

T : - 2007-2013
=m
YNOYPIEIO NAIAEIAL & GPHEKEYMATON. NOAITIEMOY & ABAHTIZMOY  EYPONAIKO KOINONIKO TAMEIO
EvpumdikiEvwon EI!AIKH YMHPEZIA AIAXEIPIIHE

Eupuwnaiké Korvenis Tapeis
. Me tn ouyxpnuatodétnon g EAAadag ka g Evpwnaixrg Evwang
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XpnuatodoTnon

To napov eknaldeuTiko UAIKO €€l avanTuxOei oTa nAaioia Tou
eknal®euTIKOU €pyou Tou O10AoKovTa.

To €pyo «Avoikta Akadnuaika Maénuarta oTo MavenioTnuIo
KpnTnc» £xel xpnuaTtodoTnoel Jovo Tn avadiauopPpwan Tou
eKNal®euUTIKOU UAIKOU.

To epyo uhonoieiTal oTo nAaioio Tou Enixeipnoiakou MpoypappaTtog
«Eknaideuon kai Aia Biou Maénon» kai ouyxpnuatodoTEiTal ano
TNV Eupwnaikn 'Evwon (Eupwnaiko Koivwviko Taueio) kar ano
£0vIKOUC NOpouC.

EMIXEIPHEIAKO NMPOIPAMMA

*

R EKMAIAEYZH KAI AlA BIOY MAGHZH / Ez nA

x ™ ErLEVIYEN STV UOYWVid TNE YVWON 2007-2013
* 5 Kk E“ npéypappa ya tv avdntuén

YONOYPFEIO MAIAEIAZ KAl BPHIKEYMATQON EYPanAiko KOINQONIKO TAMEIO

Evpwnaikn ‘Evwon EIAIKH YIMHPEZIA AIAXEIPIZHZX

E 6 K 5 Tauei
vpUnAo Tolvivie@ THES Mme N ouyxpnpatodotnon tn¢ EAAGdag kat tn¢g Evpwnaikig ‘Evwong

*
*




2NUEIWUATA



2NUEiwpa adeiodoTnong

« To napov UAIKO OlaTiBeTal HE TOug opouq TN¢ adesiac xpnong Creative Commons
Avacpopa Mn Epnopikn Xpnon, Oxi I'Iapaywyo Epyo 4.0 [1] N psmysvsmspn,
Alsevnq 'Ekdoon. EEcupOUVTcu Td CIUTOTE)\r] epya TpITO)V Mn.x. cpo)Toypacplsq,
6|aypa|JuaTa K.A.M, T0 onoia sunsplsxowm O€ QuTO Kal Ta onoia ava(pspovml
padi pe Touc OpouC xpncnq TOUC 0TO «Znueiwpa Xpnong ‘Epywv Tpitwv».

©OS0)

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

« Q¢ Mn Eunopikn opileTal n xpnon:
— nou Ogv nNePIAAPBAVEI AUETO 1 EYUETO OIKOVOUIKO OPEAOC anod TNV XPnon Tou £pyou,
yia To dlavopuEa Tou £pyou kal adelodoxo

— nou 0ev nepIAapBavel oikovopikn ouvaliayn wc npolndBeaon yia Tn xpnon n
npooBacn oTo £pYo

— nou 0ev npoonopilel oTo SlIAVOUEa TOU £pyou Kal adelodOX0 EPHETO OIKOVOUIKO OPENOC
(n.x. dlapnuioceic) anod TV NPoBoAr Tou Epyou o€ 01adIKTUAKO TOMO

« O dikalouxoc unopei va napexel otov adelodoxo EExwpioTn adeia va XpnoIUOonoIEi
TO £PYO YIA EUMOPIKN XpNon, EPOoov auTto Tou {NTNOEI.



>nueiwpa Avagopdc

Copyright Maveniotnuio Kpntnc, Iwavvnc ToAANg 2015. «AAyopiBuol
kal noAunAokotnta. Maximum Flow». 'Ekdoon: 1.0. HpakAeio 2015.
AlaB@eoipo ano tn dikTuakn dleubuvon:

https://opencourses.uoc.gr/courses/course/view.php?id=368



https://opencourses.uoc.gr/courses/course/view.php?id=368

AlaTnpnon ZNUEIWUATWV

OnoladnnoTe avanapaywyn n dl1aokeun Tou UAIkoU Ba npenel va
oupnepIAaupavelr:

= TO Znueiwpa Avagopdac

= TO Znueiwpa AdeiodoTnoNG
= TN ONAWoN AIaTrpNonNg ZNUEIWPATWV
= TO 2nueiwpa Xpnonc Epywv Tpitwv (EpOocov unapxel)

uadi e TOUC OUVOOEUOPEVOUC UNEPOUVOETIOUC.



