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Outline and Reading

N

@® Minimum Spanning Trees (87.3)
= Definitions
= A crucial fact

@ The Prim-Jarnik Algorithm (87.3.2)
& Kruskal's Algorithm (87.3.1)

& Baruvka's Algorithm (87.3.3)
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Minimum Spanning Tree

Spanning subgraph
= Subgraph of a graph G ORD) 19

-~

containing all the vertices of G SN
- : PIT
Spanning tree

= Spanning subgraph that is
itself a (free) tree
Minimum spanning tree (MST)
= Spanning tree of a weighted
graph with minimum total
edge weight
€ Applications
s Communications networks
= Transportation networks
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Cycle Property

N

Cycle Property:

m Let T be a minimum
spanning tree of a
weighted graph G

m Lete be an edge of G
that is not in T and C let
be the cycle formed by e

with T

m For every edge f of C,
weight(f) < weight(e)

Proof:

= By contradiction

= If weight(f) > weight(e) we
can get a spanning tree

of smaller weight by
replacing e with f

4

Replacing f with e yields
a better spanning tree

Minimum Spanning Trees




Partition Property
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Partition Property:

= Consider a partition of the vertices of
G into subsets U and V

m Let e be an edge of minimum weight
across the partition

= There is a minimum spanning tree of
G containing edge e

Proof: Replacing f with e yields
= Let T be an MST of G ﬂ another MST
m If T does not contain e, consider the U V

-

cycle C formed by e with T and let f

be an edge of C across the partition 7 g 4
= By the cycle property, 9
weight(f) < weight(e) 3
= Thus, weight(f) = weight(e) T~ o
e ~ 3

= We obtain another MST by replacing
f with e
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Prim-Jarnik’s Algorithm
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@ Similar to Dijkstra’s algorithm (for a connected graph)

€ We pick an arbitrary vertex s and we grow the MST as a
cloud of vertices, starting from s

& We store with each vertex v a label d(v) = the smallest
weight of an edge connecting v to a vertex in the cloud

@ At each step:

= We add to the cloud the
vertex u outside the cloud
with the smallest distance
label

= We update the labels of the
vertices adjacent to u
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€ A priority queue stores
the vertices outside the
cloud

= Key: distance
m Element: vertex
& Locator-based methods

= insert(k,e) returns a
locator

m replaceKey(l,k) changes
the key of an item

€ \We store three labels
with each vertex:
= Distance
s Parent edge in MST
= Locator in priority queue

Prim-Jarnik’s Algorithm (cont.)

Algorithm PrimJarnikMST(G)
Q <« new heap-based priority queue
S« avertex of G
for all v e G.vertices()
if v=s
setDistance(v, 0)
else
setDistance(v, o)
setParent(v, &)
| <« Q.insert(getDistance(v), v)
setLocator(v,l)
while —Q.isEmpty()
u < Q.removeMin()
for all e € G.incidentEdges(u)
Z < G.opposite(u,e)
r < weight(e)
iIf r < getDistance(z)
setDistance(z,r)
setParent(z,e)
Q.replaceKey(getLocator(z),r)
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Example
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Example (contd.)
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Analysis

N

& Graph operations
» Method incidentEdges is called once for each vertex
& Label operations

m  We set/get the distance, parent and locator labels of vertex z O(deg(z))
times

m Setting/getting a label takes O(1) time
& Priority queue operations

m Each vertex is inserted once into and removed once from the priority
gueue, where each insertion or removal takes O(log n) time

= The key of a vertex w in the priority queue is modified at most deg(w)
times, where each key change takes O(log n) time

& Prim-Jarnik’s algorithm runs in O((n + m) log n) time provided the
graph is represented by the adjacency list structure

= Recall that X deg(v) = 2m
€ The running time is O(m log n) since the graph is connected
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Kruskal’'s Algorithm

€ A priority queue stores
the edges outside the
cloud

= Key: weight
m Element: edge

& At the end of the
algorithm

= We are left with one
cloud that encompasses
the MST

m A tree 7which is our
MST

Algorithm KruskalMST(G)

for each vertex V in G do
define a Cloud(v) of < {v}
let Q be a priority queue.
Insert all edges into Q using their
weights as the key
TC O
while T has fewer than n-1 edges do
edge e = T.removeMin()
Let u, v be the endpoints of e
if Cloud(v) # Cloud(u) then
Addedgeeto T
Merge Cloud(v) and Cloud(u)
return T

Minimum Spanning Trees
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Data Structure for
Kruskal Algortihm

‘@ The algorithm maintains a forest of trees
€ An edge is accepted it if connects distinct trees

€ We need a data structure that maintains a partition
l.e., a collection of disjoint sets, with the operations:

-find(u): return the set storing u

-union(u,v): replace the sets storing u and v with
their union

Minimum Spanning Trees
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Representation of a
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Partition
JO Each set is stored in a sequence

€ Each element has a reference back to the set

= operation find(u) takes O(1) time, and returns the set of
which u is a member.

= In operation union(u,v), we move the elements of the
smaller set to the sequence of the larger set and update
their references

= the time for operation union(u,v) is min(ny,n,), where n,
and n, are the sizes of the sets storing u and v
€ Whenever an element Is processed, it goes into a
set of size at least double, hence each element is
processed at most log n times
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Partition-Based
Implementation

N

& A partition-based version of Kruskal's Algorithm
performs cloud merges as unions and tests as finds.

Algorithm Kruskal(G):
Input: A weighted graph G.
Output: An MST T for G.

Let Q be a priority queue storing the edges of G, sorted by their weights
Let T be an initially-empty tree
while Q is not empty do

(u,v) <« Q.removeMinElement()

Let P be a partition of the vertices of G, where each vertex forms a separate set.

if P.find(u) != P.find(v) then

Running time:
Add (uv)toT

O((n+m)log n)

P.union(u,v)
return T

Minimum Spanning Trees
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Kruskal
Example
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Example
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Baruvka'’s Algorithm

@ Like Kruskal's Algorithm, Baruvka's algorithm grows many
“clouds” at once.

Algorithm BaruvkaMST(G)
T € V {just the vertices of G}
while T has fewer than n-1 edges do
for each connected component C in T do
Let edge e be the smallest-weight edge from C to another component in T.
if e is not already in T then
Addedgeeto T
return T

& Each iteration of the while-loop halves the number of connected
compontents in T.

= The running time is O(m log n).
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TeAoc EvoTnTac

EMIXEIPHIIAKO MPOFPAMMA Ezn
EKMAIAEYEH KAl AIA BIOY MAGHEH — w%

T : - 2007-2013
=m
YNOYPIEIO NAIAEIAL & GPHEKEYMATON. NOAITIEMOY & ABAHTIZMOY  EYPONAIKO KOINONIKO TAMEIO
EvpumdikiEvwon EI!AIKH YMHPEZIA AIAXEIPIIHE

Eupuwnaiké Korvenis Tapeis
. Me tn ouyxpnuatodétnon g EAAadag ka g Evpwnaixrg Evwang
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XpnuatodoTnon

To napov eknaldeuTiko UAIKO €€l avanTuxOei oTa nAaioia Tou
eknal®euTIKOU €pyou Tou O10AoKovTa.

To €pyo «Avoikta Akadnuaika Maénuarta oTo MavenioTnuIo
KpnTnc» £xel xpnuaTtodoTnoel Jovo Tn avadiauopPpwan Tou
eKNal®euUTIKOU UAIKOU.

To epyo uhonoieiTal oTo nAaioio Tou Enixeipnoiakou MpoypappaTtog
«Eknaideuon kai Aia Biou Maénon» kai ouyxpnuatodoTEiTal ano
TNV Eupwnaikn 'Evwon (Eupwnaiko Koivwviko Taueio) kar ano
£0vIKOUC NOpouC.

EMIXEIPHEIAKO NMPOIPAMMA

*

R EKMAIAEYZH KAI AlA BIOY MAGHZH / Ez nA

x ™ ErLEVIYEN STV UOYWVid TNE YVWON 2007-2013
* 5 Kk E“ npéypappa ya tv avdntuén

YONOYPFEIO MAIAEIAZ KAl BPHIKEYMATQON EYPanAiko KOINQONIKO TAMEIO

Evpwnaikn ‘Evwon EIAIKH YIMHPEZIA AIAXEIPIZHZX

E 6 K 5 Tauei
vpUnAo Tolvivie@ THES Mme N ouyxpnpatodotnon tn¢ EAAGdag kat tn¢g Evpwnaikig ‘Evwong

*
*
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2NUEiwpa adeiodoTnong

« To napov UAIKO OlaTiBeTal HE TOug opouq TN¢ adesiac xpnong Creative Commons
Avacpopa Mn Epnopikn Xpnon, Oxi I'Iapaywyo Epyo 4.0 [1] N psmysvsmspn,
Alsevnq 'Ekdoon. EEcupOUVTcu Td CIUTOTE)\r] epya TpITO)V Mn.x. cpo)Toypacplsq,
6|aypa|JuaTa K.A.M, T0 onoia sunsplsxowm O€ QuTO Kal Ta onoia ava(pspovml
padi pe Touc OpouC xpncnq TOUC 0TO «Znueiwpa Xpnong ‘Epywv Tpitwv».

©OS0)

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

« Q¢ Mn Eunopikn opileTal n xpnon:
— nou Ogv nNePIAAPBAVEI AUETO 1 EYUETO OIKOVOUIKO OPEAOC anod TNV XPnon Tou £pyou,
yia To dlavopuEa Tou £pyou kal adelodoxo

— nou 0ev nepIAapBavel oikovopikn ouvaliayn wc npolndBeaon yia Tn xpnon n
npooBacn oTo £pYo

— nou 0ev npoonopilel oTo SlIAVOUEa TOU £pyou Kal adelodOX0 EPHETO OIKOVOUIKO OPENOC
(n.x. dlapnuioceic) anod TV NPoBoAr Tou Epyou o€ 01adIKTUAKO TOMO

« O dikalouxoc unopei va napexel otov adelodoxo EExwpioTn adeia va XpnoIUOonoIEi
TO £PYO YIA EUMOPIKN XpNon, EPOoov auTto Tou {NTNOEI.



>nueiwpa Avagopdc

Copyright Maveniotnuio Kpntnc, Iwavvnc ToAANg 2015. «AAyopiBuol
kal noAunAokotnta. Minimum Spanning Trees». 'Ekdoon: 1.0.
HpakAeio 2015. AilaBeaipo ano tn OiIkTuakn dieubuvon:
https://opencourses.uoc.gr/courses/course/view.php?id=368
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AlaTnpnon ZNUEIWUATWV

OnoladnnoTe avanapaywyn n dl1aokeun Tou UAIkoU Ba npenel va
oupnepIAaupavelr:

= TO Znueiwpa Avagopdac

= TO Znueiwpa AdeiodoTnoNG
= TN ONAWoN AIaTrpNonNg ZNUEIWPATWV
= TO 2nueiwpa Xpnonc Epywv Tpitwv (EpOocov unapxel)

uadi e TOUC OUVOOEUOPEVOUC UNEPOUVOETIOUC.



