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Outline and Reading &li

N

@ Definitions (813.1-2)
= NP is the set of all problems (languages) that can be
+ accepted non-deterministically (using “choose”
operations) in polynomial time.
+ verified in polynomial-time given a certificate y.
@ Some NP-complete problems (813.3)
= Problem reduction
s SAT (and CNF-SAT and 3SAT)
= Vertex Cover
= Clique
= Hamiltonian Cycle
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Problem Reduction &li

N

@ A language M is polynomial-time reducible to a
language L if an instance x for M can be transformed in
polynomial time to an instance X’ for L such that x is in M
If and only If X’ Is In L.

= Denote this by M—L.

@ A problem (language) L is NP-hard if every problem in

NP is polynomial-time reducible to L.

& A problem (language) is NP-complete if it is in NP and
|t |S NP-haI’d Inputs:
@ CIRCUIT-SAT is NP-complete: ;

s CIRCUIT-SAT is in NP
= For every M in NP, M — CIRCUIT-SAT. 7| 'DO '

AP prt”
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Transmvr[y of Reducibility

0IfA—>BandB—>C then A — C.

= An input X for A can be converted to x’' for B, such that x isin A
If and only if X’ is in B. Likewise, for B to C.

s Convert X' into x” for C such that x’ is in B iff X" is in C.

s Hence, if Xxisin A, X isin B, and x” is in C.

m Likewise, if X" isin C, X Isin B, and x is In A.

= Thus, A — C, since polynomials are closed under composition.

@ Types of reductions:

s Local replacement: Show A — B by dividing an input to A
iInto components and show how each component can be
converted to a component for B.

= Component design: Show A — B by building special
components for an input of B that enforce properties needed

for A, such as “choice” or “evaluate.”
NP-Completeness 4
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SAT

@ A Boolean formula is a formula where the
variables and operations are Boolean (0/1):
s (a+b+-d+e)(—a+-c)(—b+c+d+e)(a+—-c+—e)
= OR: +, AND: (times), NOT: —

€ SAT: Given a Boolean formula S, is S
satisfiable, that is, can we assign O0’s and 1's
to the variables so that S is 1 (“true”)?

= Easy to see that CNF-SAT is in NP:

+ Non-deterministically choose an assignment of O’'s and
1's to the variables and then evaluate each clause. If
they are all 1 (“true”), then the formula is satisfiable.
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SAT Is NP-complete

"~ @ Reduce CIRCUIT-SAT to SAT.

= Given a Boolean circuit, make a variable for every
Input and gate.

= Create a sub-formula for each gate, characterizing
Its effect. Form the formula as the output variable
AND-ed with all these sub-formulas:
+ Example: m((a+b)«-e)(c——f)(d——g)(e«—h)(ef-i)...

Inputs:

a e h

b:D_EDQL The formula is satisfiable
f i X if and only if the

0_4 Dot ot Boolean circuit

8 . | ] J—WL is satisfiable.
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JBSAT H

N

# The SAT problem is still NP-complete even if
the formula is a conjunction of disjuncts, that
IS, It Is In conjunctive normal form (CNF).

@ The SAT problem is still NP-complete even if
It Is In CNF and every clause has just 3 literals
(a variable or its negation):

s (a+b+-d)(—-a+-c+e)(—-b+d+e)(a+-c+-e)
@ Reduction from SAT (See §813.3.1).
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Vertex Cover

N

& A vertex cover of graph G=(V,E) is a subset W of V, such
that, for every edge (a,b) InE, aisin Wor b isin W.

€ VERTEX-COVER: Given an graph G and an integer K, is
does G have a vertex cover of size at most K?

€ VERTEX-COVER is in NP: Non-deterministically choose a
subset W of size K and check that every edge Is covered
by W. NP-Completeness 8




Vertex-Cover I1s NP-complete

N

" @ Reduce 3SAT to VERTEX-COVER.

@® Let S be a Boolean formula in CNF with each clause
having 3 literals.

@ For each variable x, create a node for x and —x,
and connect these two: o o
X —1X

& For each clause (a+b+c), create a triangle and

connect these three nodes.
a

VAN

C b
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Vertex-Cover I1s NP-complete

N

& Completing the construction

@ Connect each literal in a clause triangle to its copy
In a variable pair.

€ E.g., a clause (—x+y+2)

@ Let n=# of variables
® Let m=# of clauses
& Set K=n+2m
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Vertex-Cover I1s NP-complete

'@ Example: (a+b+c)(=a+b+—c)(=b+—-c+-d)

& Graph has vertex cover of size K=4+6=10 iff formula is
satisfiable.

a —a b —-b C —C d -d

T

11 13 21 23 31 33
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Cligue

& A clique of a graph G=(V,E) is a subgraph C that is
fully-connected (every pair in C has an edge).

€ CLIQUE: Given a graph G and an integer K, Is there a
cligue in G of size at least K?

This graph has
a cligue of size 5

& CLIQUE is in NP: non-deterministically choose a
subset C of size K and check that every pair in C has

an edge in G.
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CLIQUE iIs NP-Complete

€ Reduction from VERTEX-COVER.

@ A graph G has a vertex cover of size K if and only if
It's complement has a clique of size n-K.

N\
A/
N

G G
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Some Other
NP-Complete Problems

NP

N

@ SET-COVER: Given a collection of m sets, are
there K of these sets whose union is the
same as the whole collection of m sets?

= NP-complete by reduction from VERTEX-COVER
& SUBSET-SUM: Given a set of integers and a

distinguished integer K, Is there a subset of
the integers that sums to K?

= NP-complete by reduction from VERTEX-COVER
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Some Other

NP-Complete Problems &li

N

'@ 0/1 Knapsack: Given a collection of items with
weights and benefits, is there a subset of weight
at most W and benefit at least K?

= NP-complete by reduction from SUBSET-SUM

# Hamiltonian-Cycle: Given an graph G, Is there a
cycle in G that visits each vertex exactly once?
= NP-complete by reduction from VERTEX-COVER

@ Traveling Saleperson Tour: Given a complete
weighted graph G, is there a cycle that visits each
vertex and has total cost at most K?

= NP-complete by reduction from Hamiltonian-Cycle.
NP-Completeness 15
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XpnuatodoTnon

To napov eknaldeuTiko UAIKO €€l avanTuxOei oTa nAaioia Tou
eknal®euTIKOU €pyou Tou O10AoKovTa.

To €pyo «Avoikta Akadnuaika Maénuarta oTo MavenioTnuIo
KpnTnc» £xel xpnuaTtodoTnoel Jovo Tn avadiauopPpwan Tou
eKNal®euUTIKOU UAIKOU.

To epyo uhonoieiTal oTo nAaioio Tou Enixeipnoiakou MpoypappaTtog
«Eknaideuon kai Aia Biou Maénon» kai ouyxpnuatodoTEiTal ano
TNV Eupwnaikn 'Evwon (Eupwnaiko Koivwviko Taueio) kar ano
£0vIKOUC NOpouC.
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2NUEiwpa adeiodoTnong

« To napov UAIKO OlaTiBeTal HE TOug opouq TN¢ adesiac xpnong Creative Commons
Avacpopa Mn Epnopikn Xpnon, Oxi I'Iapaywyo Epyo 4.0 [1] N psmysvsmspn,
Alsevnq 'Ekdoon. EEcupOUVTcu Td CIUTOTE)\r] epya TpITO)V Mn.x. cpo)Toypacplsq,
6|aypa|JuaTa K.A.M, T0 onoia sunsplsxowm O€ QuTO Kal Ta onoia ava(pspovml
padi pe Touc OpouC xpncnq TOUC 0TO «Znueiwpa Xpnong ‘Epywv Tpitwv».

©OS0)

[1] http://creativecommons.org/licenses/by-nc-nd/4.0/

« Q¢ Mn Eunopikn opileTal n xpnon:
— nou Ogv nNePIAAPBAVEI AUETO 1 EYUETO OIKOVOUIKO OPEAOC anod TNV XPnon Tou £pyou,
yia To dlavopuEa Tou £pyou kal adelodoxo

— nou 0ev nepIAapBavel oikovopikn ouvaliayn wc npolndBeaon yia Tn xpnon n
npooBacn oTo £pYo

— nou 0ev npoonopilel oTo SlIAVOUEa TOU £pyou Kal adelodOX0 EPHETO OIKOVOUIKO OPENOC
(n.x. dlapnuioceic) anod TV NPoBoAr Tou Epyou o€ 01adIKTUAKO TOMO

« O dikalouxoc unopei va napexel otov adelodoxo EExwpioTn adeia va XpnoIUOonoIEi
TO £PYO YIA EUMOPIKN XpNon, EPOoov auTto Tou {NTNOEI.



>nueiwpa Avagopdc

Copyright Maveniotnuio Kpntnc, Iwavvnc ToAANg 2015. «AAyopiBuol
kal noAunAokotnta. NP-Completeness (2)». 'Ekdoon: 1.0. HpakAeio
2015. AilaBeoipo ano tn OIKkTUakn dleubuvon:

https://opencourses.uoc.gr/courses/course/view.php?id=368
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AlaTnpnon ZNUEIWUATWV

OnoladnnoTe avanapaywyn n dl1aokeun Tou UAIkoU Ba npenel va
oupnepIAaupavelr:

= TO Znueiwpa Avagopdac

= TO Znueiwpa AdeiodoTnoNG
= TN ONAWoN AIaTrpNonNg ZNUEIWPATWV
= TO 2nueiwpa Xpnonc Epywv Tpitwv (EpOocov unapxel)

uadi e TOUC OUVOOEUOPEVOUC UNEPOUVOETIOUC.



