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Apant seic

1. Na eurejeÐ o metasqhmatismìc Laplace tou s matoc

x(t) = e−αtu(t− t0).

Ac eÐnai to s ma
y(t) = Ae−αtu(−t− t1).

Gia poièc timèc twn A kai t1 h algebrik  èkfrash twn metasqhmatism¸n twn shm�twn x(t) kai
y(t) eÐnai Ðdia; Poi� eÐnai h perioq  sÔgklishc gia ton kajèna apì touc parap�nw metasqh-
matismoÔc;
Ap�nthsh

X(s) =
e−(s+α)t0

s + α

Y (s) = A

∫ −t1

−∞
e−(s+α)tdt = −Ae(s+α)t1

∫ 0

∞
e(s+α)tdt = −A

e(s+α)t1

s + α

'Ara prèpei A = −1 kai t1 = −t0.

2. Na eurejeÐ o antÐstrofoc metasqhmatismìc Laplace tou

X(s) =
2(s + 2)

s2 + 7s + 12

me perioq  sÔgklishc <[s] > −3.
Ap�nthsh

X(s) =
2(s + 2)

s2 + 7s + 12
=

2(s + 2)
(s + 3)(s + 4)

=
4

s + 4
− 2

s + 3

x(t) =
(
4e−4t − 2e−3t

)
u(t)

3. Ac eÐnai to grammikì, qronik� amet�blhto kai aitiatì sÔsthma tou opoÐou h sqèsh eisìdou
exìdou dÐdetai apì thn akìloujh diaforik  exÐswsh

d3y(t)
dt3

+ (1 + α)
d2y(t)
dt2

+ α(1 + α)
dy(t)
dt

+ α2y(t) = x(t).

(a) Na eurejeÐ o metasqhmatismìc Laplace thc kroustik c apìkrishc h(t) autoÔ tou sust matoc.
Ap�nthsh

H(s) =
1

s3 + (1 + α)s2 + α(1 + α)s + α2
=

1
(s + 1)(s2 + αs + α2)

Oi pìloi tou sust matoc eÐnai

−1,−α(1± i
√

3)
2

H perioq  sÔgklishc eÐnai to dexiì hmiepÐpedo pou orÐzetai apì to mègisto tou prag-
matikoÔ mèrouc twn riz¸n.



(b) Na eurejeÐ h kroustik  apìkrish h(t). Gia poièc timèc tou α to sÔsthma eÐnai eustajèc;
Ap�nthsh To sÔsthma eÐnai eustajèc gia α > 0. Gr�foume me ta antÐjeta twn riz¸n

H(s) =
1

(s + 1)(s + ρ)(s + ρ̄)
=

A0

s + 1
+

A1

s + ρ
+

A2

s + ρ̄

A0 =
1

1 + α + α2
, A1 =

α + 1 + ρ

(ρ̄− ρ)(1 + α + α2)
, A2 = Ā1

H(s) =
1

1 + α + α2

(
1

s + 1
− s + 1 + α

(s + ρ)(s + ρ̄)

)

H(s) =
1

1 + α + α2

(
1

s + 1
−

s + α
2(

s + α
2

)2 + 3
4α2

−
1 + α

2(
s + α

2

)2 + 3
4α2

)
Epomènwc

h(t) =
1

1 + α + α2

(
e−t − e−

α
2

t cos

(
α
√

3
2

t

)
− 2 + α

α
√

3
e−

α
2

t sin

(
α
√

3
2

t

))
u(t)

(c) Ac eÐnai
dh(t)

dt
+ h(t) = g(t).

Na eurejoÔn oi pìloi tou G(s).
Ap�nthsh

G(s) = (1 + s)H(s) =
1

s2 + αs + α2

Oi pìloi tou sust matoc eÐnai

−α(1± i
√

3)
2
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